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Abstract: It is of high interest to study laminar flow with mass and heat transfer
phenomena that occur in a viscoelastic fluid taken over a vertical plate due to its
importance in many technological processes and its increased industrial applica-
tions. Because of its wide range of applications, this study aims at evaluating the
solutions corresponding to Casson fluids’ oscillating flow using fractional-deriva-
tives. As it has a combined mass-heat transfer effect, we considered the fluid flow
upon an oscillatory infinite vertical-plate. Furthermore, we used two new frac-
tional approaches of fractional derivatives, named AB (Atangana—Baleanu) and
CF (Caputo—Fabrizio), on dimensionless governing equations and then we com-
pared their results. The Laplace transformation technique is used to get the most
accurate solutions of oscillating motion of any generalized Casson fluid because
of the Cosine oscillation passed over the infinite vertical-plate. We obtained and
analyzed the distribution of concentration, expressions for the velocity-field and
the temperature graphically, using various parameters of interest. We also analyzed
the Nusselt number and the skin friction due to their important engineering usage.

Keywords: AB and CF fractional derivatives; generalized Casson fluid; heat and
mass transfer; oscillation

1 Introduction

Flows in oscillating bodies play an important role in engineering and the industrial field. It is of high
interest to study unsteady flows of fluids, which are incompressible non-Newtonian created by oscillatory
flat-plates, because of their applications in the assessment of numerical methods performance while
computing transient flows have various industrial applications. These flows have generated theoretical
and fundamental interest, in addition to their usability in biological-industrial processes such as
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fluctuating unsteady boundary layer blood flow (quasi-periodic), cardio-vascular systems and an oscillating
body surrounded by acoustic streaming.

Focusing on the advantages of viscoelastic flows, several studies have been carried out and published.
Ross [1] was the first to investigate the history of fractional calculus and studied the pioneers of fractional
calculus, because the viscoelastic fluids have an elastic nature, while fractional calculus is more
convenient to discuss the memory effect. Choudhury et al. [2] observed the viscoelastic behavior of the
fluid with the help of fractional calculus. Zheng et al. [3] used generalized derivatives and studied the slip
effects of the viscoelastic fluid. Meral et al. [4] researched the use of a viscoelastic fluid with fractional
calculus in the medical field. Cao et al. [5] investigated the fractional Maxwell model for second grade
viscoelastic fluid. They discussed the parametric influence of various embedded parameters on the velocity
profile of viscoelastic fluid. Sheikh et al. [6] investigated the idea of the CF derivatives of fractional order
on MHD flow of second-grade fluid, while radiative heat transfer has been taken into account.

The exact work becomes rare if one considers the analytical solution of the Casson fluid model through a
fractional derivative. When it comes to the comparison between fractional calculus and classical, it has been
observed that for several fluids between elastic and viscous materials, the fractional constitutive relationship
model is much more important as compared to the customary constitutive relationship model. The fractional
derivative has very fruitful result when it comes to describing more complex dynamics. Ali et al. [7] studied
the properties of MHD for the blood flow when blood is characterized as an example of Casson fluid, together
with magnetic particles in a horizontal cylinder. Vazquez [8] used the time-fractional derivative and obtained a
diffusion equation for fractional, which has had very fruitful results in the field of computational fluid
dynamics. It has been reported that Vieru et al. [9] conducted very interesting research using the time-
fractional derivative to study the free convection flow of an incompressible viscous fluid when the fluid is
flowing near the vertical plate; moreover, the Newtonian heating and mass diffusion has been taken in the
presence of chemical reaction. Sin et al. [10] has studied viscoelastic properties. The constitutive equations
have been solved with fractional derivatives, and the exact solutions have been calculated for the
generalized Maxwell model. Research has discovered that rest state stability of a target fractional calculus
model has been built up, which is a significant finding that invigorates the physical premise of these
fractional models [11]. Furthermore, the study has found that when fractional derivatives are used for
constitutive equations, one can obtain better experimental data. Khan et al. [12] investigated Casson fluid
over an oscillating plate with the help of Caputo time-fractional derivative.

In the new world of fractional calculus, different methods are used but the most common fractional
calculus to be found are Caputo and Riemann—Liouville fractional calculus operators, while Riemann—
Liouville and Caputo operators come up with some deficiencies i.e., in the world of calculus, it is very
common that whenever the derivative of a constant is taken, it always gives zero, but in case of
Riemann-Liouville fractional derivatives, this property was not satisfied and the derivative was not zero.
At the same time, Caputo has investigated a kernel for the fractional derivatives, which is a singular
function. In 2015, Michele Caputo and Mauro Fabrizio heightened the need to put an end to this
deficiency and introduced another fractional method in which the kernel is in exponential order and this
exponential kernel is having no singularities [13]. Khan et al. [14] utilized the possibility of the CF
fractional calculus to generalize the starting solutions of the flow of second-grade fluid over a vertical
plate and acquired the exact answers to the utilization of the Laplace model approach. In other papers,
Ali et al. [15] examined the influence of various shapes for MoS, nanoparticles on engine oil taking the
study of generalized Brinkman-type fluid model into account with the non-singular kernel. The CF time-
fractional derivatives are useful in the application of the Laplace transform. Zafar et al. [16] studied
incompressible viscous fluid that was flowing on an infinite plate and the non-integer order derivative, in
which the kernel was taken non-singular. Atangana et al. [17] together used the idea of the non-local and
non-singular kernel of fractional derivatives and solved a model known as the Cattaneo-Hristov model.
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Alkahtani et al. [18] used CF fractional derivative and studied different wave motions that take place on the
surface of low water. Atangana [19] used the interesting properties of Caputo and Fabrizio fractional-order
derivative and brought very interesting modifications in Fisher’s reaction for diffusion equation. Atangana
et al. [20] applied the Caputo—Fabrizio derivative to investigate the behavior of groundwater flow within
the confined aquifer. However, some problems rose when one of the fractional calculus methods, named
Caputo—Fabrizio fractional approach, was used because the kernel in the integral for the mentioned
approach was non-singular as well as non-local. To overcome the lack of non-locality of the kernel, two
mathematicians, Atangana and Baleanu, introduced a very fruitful work in the field of fractional calculus.
The new fractional derivative was similar to w the Caputo and Riemann-Liouville fractional model and
based on the generalized Mittag-Leffler function. Machado et al. [21] made a very good research on
fractional dynamics and used the idea for mathematical physics, which is still the center of interest of
many physicists and mathematicians. Saqib et al. [22] studied Caputo—Fabrizio time-fractional derivative
and obtained closed-form solutions for Jeffery fluid. Reddy et al. [23] studied Casson ferrofluid over an
upper convective surface having a parabolic revolution, in which the fluid is studied in the presence of
viscous dissipation and non-linear thermal radiation. Reddy et al. [24] made a research on transitive
radiative free convective hydro-magnetic Casson fluid in the presence of entropy heat generation. Ajayi
et al. [25] investigated the two dimensional Casson fluid, which is flowing in a horizontal melting
surface; moreover, the fluid is taken in a thermally arranged medium. Ali et al. [26] investigated
Cattaneo-Christov heat flux model in the presence of a variable source and non-linear radiation effect.
Sandeep et al. [27] studied the nature of magneto-hydrodynamic Casson fluid in the presence of heat and
mass transfer and came up with some theoretical results about the Brownian moment of the fluid
particles. Mehmood et al. [28] investigated Casson fluid and studied a micro-rotation in the presence of
mixed convection flow of the fluid. Ali et al. [29] investigated Casson fluid, coupled with the energy
equation with the help of the fractional derivative.

Fractional calculus unlocked new research areas and enabled researchers to study high complex physical
phenomena in daily life. Ali et al. [30] researched the effects of magneto-hydrodynamics on the oscillating
blood flow in a cylinder. Algahtani [31] carried out a comparison between two different kernels of AB and
CF fractional operators to get a solution of the Allen—Cahn model, which is based on Crank—Nicholson
scheme. Ullah et al. [32] studied the effect of slip condition on magnetic-hydrodynamics free convective
flow in the presence of Newtonian heating. Sheikh et al. [33] studied comparison on a coupled fractional
derivatives, which are based on the exponential kernel suggested by Caputo and Fabrizio. Tateishi et al.
[34] carried out a detailed study on the behavior of anomalous diffusion with the help of the fractional
derivative and ended with a fruitful investigation. A comparative investigation of RL and RC electrical
current has been carried out by Abro et al. [35] using Atangana-Baleanu and Caputo-Fabrizio derivative.
Sheikh et al. [36] obtained a generalized nanofluid model using the AB and CF fractional approach to
enhance the performance of solar collectors. Sheikh et al. [37] carried out a comparison between two
different fractional models, namely as AB and CF fractional models, and studied the chemical reaction
for the flow of Casson fluid. Abro et al. [38] obtained the same results for the generalized second-grade
fluid model along with heat and mass transfer. Jassim et al. [39] investigated the second kind Volterra
integrodifferential equation with the help of the local fractional Adomian decomposition method and
obtained the analytical solution through fractional approach.

Motivated by the above literature, this research paper studies the comparative analysis of CF and AB
fractional derivatives to the convective heat transfer in Casson fluid. Exact solutions for velocity and
temperature are obtained for both cases via the Laplace transformation. Graphs for both cases are formed
with the help of Mathcad software, which shows the behavior of Casson fluid.
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2 Mathematical Formulation

In the current problem, the flow of Casson fluid along with heat as well as mass transfer over an infinite
vertical flat plate has been considered. The x-axis is the direction of the fluid’s flow, while y-axis is considered
normal to the plate. At first, the fluid and plate are static having constant physical properties i.e., temperature
and concentration 77 and C) respectively. After some time ¢ = 0T, the plate starts the to move in its plane
with uniform velocity U as illustrated by Fig. 1. The temperature and concentration levels of the plate
increased linearly to 7,, and C,, with time ¢.
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Figure 1: Geometry of the flow

Since incompressible Casson fluid is considered [4], for which the rheological equation is as below.

Dx
2 +— e, T >~ T,
B (,UT ,———2n> mn c (1)

Tmn =
Px
2 +— emnanc<n’7
<ﬂ" % 2nc>

where p is the dynamic viscosity @ = e, and ey, is the (m, n)th component of deformation rate. For the
non-Newtonian fluid, p, is known as the yield stress, n is known as the product of the component of
deformation rate, m. is the critical value considered for this product, which is based on the non-
Newtonian model and p, is the symbol for the plastic dynamic viscosity. Since the physical quantities i.
e., velocity, temperature and concentration, are functions of (y,#) only, then by the normal Boussinesq
estimation, the free convection flow of the Casson fluid together with the heat as well as the mass transfer
is governed by the following partial differential equations [20]:
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Ou(y,t) B 1 Bzu(y, 1)
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subjected to the following initial and boundary conditions:

u(y70):07 T(yao):TOOa C(yvo):COO
u(0,t) = Uy H(t)cos(wt), T(0,t) =T,, C(0,¢) =Cy Q)

u(oo,t) =0, T(c0,t) = T, C(o0,t) = Cyy

where u denotes the fluid velocity in the x-direction, 7 is the temperature, p is the fluid density, u is the
dynamic viscosity of fluids, f is the material parameter of the Casson fluid, 5, is the thermal expansion
coefficient, g is the acceleration due to gravity, 8. is the coefficient of concentration, c, is the specific
heat capacity of fluids, & is the thermal conductivity and D is the thermal diffusivity.

Using the following dimensionless variables:

u U U? T— Ty C—Cx
= — = — = — = (I) =
v U7 5 Vy7 T vta 0 Tw_Too’ Cw_Coo’
Into Egs. (2)—(5), we get:
(¢, 1) 1\ 9*v(¢, 1)
——=ull+—- | —=—=+Gro Gm® 6
P = (1) T+ G ) + G e ), ©)
0 20
Pra (& 1) _ 0 (% 7) (7)
ot ¢
D 2D
s 22E0) 9 (52’ ) ®)
ot &
v(&,0) =0, 0(&,0) =0, ®(£,0)=0
(0, 1) = cos(wt), 0(0,7) =1, @(0,7)=1 )
v(oo, 1) =0, 0(o0, 1) =0, ®(00,1) =
where 0 c
Gr = vi[i (0, —0), Gm = Vgl’}i (Cy —Cx), Pr= %, Sc :% represents the thermal Grashof
number, mass Grashof number, Prandtl number and Schmidt number, respectively.
2.1 Solution with Atangana-Baleanu Derivatives
To develop the AB fractional model for a generalized Casson fluid, we introduce t:
1 2
D) = (147) 5T 4 Grole o) + G (e, (10)
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2

UDI0(E) = 5o (i
2

BpPp (¢, 1) = é%, (12)

where ABDE(.) is known as AB time fractional operator of order f and is defined as [11]:

B
BB (2) l—ﬁ/ ( Pl —1) )f(r)dt. (13)

(=™
where Eg(—#F) = l;m

Applying the Laplace transformation on Eqgs. (11)—(12) and using the corresponding initial conditions
from Eq. (9), we get:

is the generalized Mittag-Leffler function.

_ 1 —

_ 1 —
(I)(iaq) = Wﬁ (é\/ﬁl—?qv Sc()v m)7 (15)

Using the Laplace transform of Eq. (10) and incorporating Eqs. (14)—(15) in it gives the following
equation:

_ Ry — Ry —
0(¢,9) =%ﬁ<f\/n7,q, 710 m) + SRSV G, 1 m) A (EL g, 7, m)

Gr Gm| —
N (EVg, Prm) = —fl(é\/"q, Pr. m) — 5 A(EVmg, Ser, m) (16)
Gm
- —zfl(é\/—qu Sclv )
where
1 1 1
Ro = Gry + Gmy, R = (Gl’l +Gm1)a1, V=74 —=14+—, m=—,
Yo Y a
1 1
(1+-)Gr (14+-)Gm
Gl’l :7’)), Gl"z = Grlal, Gm1 = —y, sz = Gmlal,
Pry — 7, Sco — 7
1
Prg = Pra, Scy = Sca, ay =1 +B, ay = app.
Applying inverse Laplace transform on Eqgs. (14)—(16), we get:
0(¢,7) = h(t, B) * fi(&y/m, T, Pro, m) (17)

D (&, 1) = h(t, B) * fi(Ey/m; T, Sco, m) (18)
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v(&, 1) = coswt * fi(E/m, T, 71,0, m) + Roh(z, B) * fi(E/m, T, 1, m)
+ Rih(7,0) « fi(Sy/m, T, yi, m) — Grih(z, B) * fi(Sy/m, T, Pro, m)
— Gryh(t,0) * fi(Ey/m, T, Pry, m)
— Gmh(z, ) = fi(E/m, T, Sco, m)ds — Gmah(t,0) * f1(E\/m, T, Sco, m).

where the formula for special functions are as follows:
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where ¢ the Wright function and is defined as

o0
.L.Yl

T (k — np)’

For ff =1 the above-obtained solution can be reduced to a classical solution with the help of the
following properties:

jim D6 = fim LD )]

¢(k7 _.Ba T) =

n=|

2.2 Solution with Caputo—Fabrizio Derivatives

To develop CF fractional model for generalized Casson fluid, we replace partial derivatives concerning s
by CF fractional operator of order a, and Eqs. (6)—(8) becomes as:

D7) = (1 + %) 821(;(752’1) + Gro(¢,7) + Gmp(E, 1), (20)
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where ¥ D?(.) stands for the CF time-fractional operator of order o and is defined as [10]:

D ag(E, =—/exp( )ﬂ()

Using the Laplace transformation on Eqs. (21)—(22) and using the corresponding initial conditions from
Eq. (9), we get:

0(¢.q) =f5(Ei g, Pr, n), (23)

¢(&,q) = h(EV g, Sei, n), (24)

Taking the Laplace transform of Eq. (20) and incorporating Eqs. (23)—(24) in it gives the following
equation.

o Ra —
0(¢,q) = 2fz(équ, 72,0, n) + ffz(é\/f?q, 725 n)+q—§fz(é\/n‘,q, V2, 1)
V3— — GM3—
- —ﬁ(é\/rzqa Plr7 I’l) - 7f2<5\/777Q7 I:I', n) - Tﬁ(g\/ﬁ:‘L SC], n) (25)
Gm
_—4f2(5\/_“b SC]7 )
1 1 1 1
by =——, by = by, R, = Gry + Gmy, %3:(Gr1+Gm1)b1, })1:))0[)0,—:14-—, m=-—,
1 -« Yo Y by
Yo GF YoGm
Gl"l == , Gl’z = Gl’lbl, Gm1 = s GH’Z2 == Gmlbl, Pr= Prbo, SC() == SCb().
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Applying inverse Laplace transform on Egs. (23)—(25), we get:
0(¢, ) = f2(EV/n, 7, Pri,n), (26)
¢(€7T) :ﬁ(é\/ﬁ,T,SC],n), (27)

0(57 T) = Cos w1t *ﬁ(f\/l’l_,‘[, Y2 Oa n)
+ Roh(,0) * f2(Ev/n, T, 72, m) + Rsh(7,0) * /2 (Ev/m, 7,7, 1)

28
— Gry * fo(Ev/n, 7, Pry,n) — Grsh(t,0) * fo(Ey/n, T, Pry, n) 28)
— Gmy * fo(Ev/n, T, 8ci,n) — Gmsh(t,0) = f2(Ev/n, T, 8¢y, n).
2.3 Nusselt Number
The expression for the rate of heat transfer is given as:
00
Nu = (6’ ) (29)

T |,
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The convergence of the fractional model to the classical model is shown in Tab. 1. The Nusselt number
gradually decreases for a small value of time in AB fractional derivatives, while in CF fractional derivatives it
increases. Put another way, for a larger value of time, both fractional models gradually decrease when we
converge to the classical model. This is because the Nusselt number is the ratio of convective heat
transfer to conductive heat transfer.

Table 1: Comparison of rate of heat transfer for time and fractional parameters

t o Nu(AB) p Nu(CF)
0.1 0.2 2.299 0.2 1.242
0.1 0.5 1.483 0.5 1.495
0.1 0.7 1.097 0.7 1.777
0.1 0.9 0.608 1 2.037
1 0.2 2.629 0.2 3.39
1 0.5 1.659 0.5 2.72
1 0.7 0.934 0.7 1.799
1 0.9 0.233 0.9 0.681
0.1 0.2 2.299 0.2 1.242

3 Graphical Discussion

The focus of our study is the achievement of accurate solutions, using Laplace transform technique, free
convection flow of Casson fluid (generalized) on a vertical-plate having infinite oscillation. We analyzed the
combined effect of mass and heat transfer. To apply the recently introduced fractional calculus definitions,
two pairs of mathematicians, Caputo and Fabrizio and Baleanu and Atangana, took Casson fluid’s
generalized fraction-model in 2015 and 2016, respectively. Both pairs used graphs and tables to compare
the accuracy of solutions in each case. Moreover, various embedded parameters such as thermal Grashof
number (Gr), Casson fluid (y), number of mass Grashof (Gm), Schmidt number (Sc), and Prandtl number
(Pr) for the obtained solutions of Casson fluid’s AB fractional-model are represented graphically. Fig. 2
shows a fluid motion comparative study between CF and AB. We observed greater velocity for less time
(z = 0.02) using the AB approach than the CF approach, while for the case of greater time (z = 5), we
observed greater velocity using the CF approach than the AB approach. However, we found the two
velocities identical via both approaches for unit time (z = 1).

Fig. 3 shows parameter y of Casson fluid influencing v(¢, 7). The velocity shows a direct relation with the
values of y due to the reduction of the thickness of the boundary layer with the reduction in y values.

The effect of Gm and Gr on v(&, ¢) is represented in Figs. 4 and 5. An increase in Gm and Gr increases
v(&,t) due to buoyancy force enhancement, which is caused by concentration gradients and temperature.
Physically, Gr and Gm signify the relative effect of buoyancy forces concentration and thermal on the
viscous hydrodynamic force, respectively. An increase in Gr and Gm values increase concentration
gradients and temperature, which signifies buoyancy contribution near the plate, hence, causes a short rise
in v(&, t) value near the plate.

Figs. 67 show Pr that and Sc has an inverse relation with v(&, ¢). Increase in values of Pr and Sc reduces
thermal and concentration boundary layer thickness, respectively. The ratio of thermal and momentum
diffusivity is signified by the Pr. Thermal boundary layers and Pr controls relative thickening of the
momentum in heat transfer problems. Therefore, we can use Pr it to increase the cooling rate.
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4 Conclusion

Using AB and CF approaches, we carried out a comparative analysis for generalized Casson fluid flow
with mass and heat transfer. We summarized that the behavior of fluid velocity is opposite for different t
values using AB and CF approaches where (tr = 1) is the point of transition. An increase in the values of
Gr, Gm, and y increases the fluid velocity, while a increases in the values of Pr and Sc decreases the fluid
velocity.

An increase in the values of Pr and Sc decreases the temperature and the levels of concentration,
respectively.
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