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Abstract: The present article aims to examine the heat and mass distribution in
a free convection flow of electrically conducted, generalized Jeffrey nanofluid
in a heated rotatory system. The flow analysis is considered in the presence
of thermal radiation and the transverse magnetic field of strength By. The
medium is porous accepting generalized Darcy’s law. The motion of the fluid
is due to the cosine oscillations of the plate. Nanofluid has been formed
by the uniform dispersing of the Silver nanoparticles in regular engine oil.
The problem has been modeled in the form of classical partial differential
equations and then generalized by replacing time derivative with Atangana—
Baleanu (AB) time-fractional derivative. Upon taking the Laplace transform
technique (LTT) and using physical boundary conditions, exact expressions
have been obtained for momentum, energy, and concentration distributions.
The impact of a number of parameters on fluid flow is shown graphically.
The numerical tables have been computed for variation in the rate of heat and
mass transfer with respect to rooted parameters. Finally, the classical solution
is recovered by taking the fractional parameter approaching unity. It is worth
noting that by adding silver nanoparticles in regular engine oil, its heat transfer
rate increased by 14.59%, which will improve the life and workability of the
engine.

Keywords: Jeffrey fluid; silver nanoparticles; engine oil; Atangana—Baleanu
fractional derivatives; Laplace transform technique

1 Introduction

Fluids that show non-linear relation between shear stress and shear strain are termed as
non-Newtonian fluids e.g., castor oil, engine oil, colloidal solutions, and blood, etc. The non-
Newtonian fluid has different rheological behavior than Newtonian fluids and has very substantial
uses in the area of engineering, medical sciences, industries, electrochemistry, and mechanics [1].
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Due to the mentioned significance, it gathered great attention from researchers and scientists.
Jeffrey fluid model has two generalized parameters A; and A,. The models of Newtonian and
second-grade fluid can also be recovered from it by neglecting the effects of their generalized
parameters. Due to the above-stated facts, the Jeffrey fluid model has been dealt with by many
researchers [2-5]. After further examination, researchers reported that the thermal transport
properties of the considered regular fluid are low. To boost the heat transport properties of
regular fluids, researchers and scientists used the idea of suspended solid particles in the assumed
conventional base fluid. As solid particles possess high heat transport properties as compared to
regular fluids, it consequently enhances the heat transport properties of the base fluid. Keeping
in view the above-addressed features of the solid particles, Maxwell [6], in 1873, used micro-sized
solid particles in regular fluids. However, the significant blemish of microfluid was smaller scale
estimated particles that typically stuck in the microchannel that block the apparatus. Besides,
microparticles settled quickly in the base liquid and made issues of clogging, pipe disintegration,
and surface wear. To circumvent the flaws of micro-sized solid particles in 1995, Choi et al. [7],
introduced the idea of dispersing of nano-sized solid particles in conventional fluids to augment
the thermal transport features of the conventional fluids. The resultant fluid that is obtained from
the suspension of nanoparticles in the base fluid is referred to as nanofluid. Nanoparticles have
widespread uses in different zones, for example, cooling power, vitality sparing, and medicate
conveyance, and so forth. Different studies have been reported on the uses of nanoparticles [8—10].
From the analysis, the researchers came to the point that nanoparticles are more stable and
increase the conductive properties than micro size particles. Researchers also highlighted that
nanoparticles decreases the problem of sedimentation and increase the stability of the regular
fluid. Ali et al. [I1] discussed the impact of silver nanoparticles in regular engine oil. Several
other studies regarding nanoparticles applications can be seen in [12—15]. By keeping in view the
importance of nano-particles.

The study of magnetic properties of those fluids which allow electric current is known as
magneto-hydrodynamic. Saltwater, engine oil, electrolytes, kerosene oil are examples of MHD
fluid. The core work on MHD has given by Alfvén [16], and for this contribution, he got Nobel
Prize in 1970. Magnetohydrodynamic or MHD for short, is the study of these motions in the
case where the fluid can be treated as a continuum. On the basis of the above applications,
Hayat et al. [17] developed a series form solution via the Homotopy analysis method for second-
grade fluid. They considered the fluid in between two porous walls under the consideration of
binary chemical reaction [18] studied the Maxwell fluid flow in a rotatory coordinate system.
Seth et al. [19] also discussed unsteady electrically conducted fluid in a rotating channel and
observed that fluid flow shows acceleration/deceleration when the magnetic field is varied. Abelman
et al. [20] found a numerical solution for the time-independent flow of 3rd-grade fluid. Ali
et al. [21] investigated the effect of the magnetic field on fractionalized Brinkman-type fluid
flowing in a heated system. The authors modeled their mathematical model by inserting relative
constitutive relations, and for their solution, they used the tool of Laplace transformation. For the
interpretations of inserted parameters, they sketched the graphs. In their study, they highlighted
that the magnetic parameter decline the velocity profile due to Lorentz forces occurs in the fluid.
Khan et al. [22] inspected the effect of wall shear stress on conducting fluid flow for Newtonian
fluid with variable ramped temperature.

Due to multidimensional features, the non-integer order calculus is fascinating to the attention
of scientists and researchers [23-25]. Fractional calculus is an important and fruitful tool for
describing many systems, including memory effects. In the last few years, fractional calculus is
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used for many purposes in various fields, such as electrochemistry, transportation of water in
ground level, electromagnetism, elasticity, diffusion, and in conduction of heat process [26]. In
2015, Caputo et al. [27] worked together in the field of non-integer order calculus and presented
a new expression for the fractional non-integer order derivative with the non-singular kernel. So
keeping in sight the importance of the CF operator, many researchers used the CF operator
in their studies such as [28] examined the MHD flow of Walter’s-B fluid by using the non-
singular operator of CF. Several other studies regarding the uses of CF operators can be found
in [29-31]. But despite many properties, the kernel of the CF operator found local, and due to
this deficiency, it was not remain reliable for describing the memory effect. So to fill the gap
and solve this issue occurred in the CF operator, in the year 2016, [32] modified the operator
of CF derivative by utilizing the Mittag—Leffler function and made its kernel non-singular and
non-local. AB fractional operator has the beauty that it gives information about the original
function, and one can also achieve the original function as well by letting the parameter of the
fractional operator tends to zero. So due to the worth mentioned properties and advantages of
AB fractional operator, [33] inspected the influence of thermo-diffusion on Jeffrey nanofluid in a
rotating frame. They formed nanofluid by dispersing the metallic silver nanoparticles in regular
Mobil oil. They have been acquired that velocity boosts up for increasing the magnitude of
the fractional parameter. Jan et al. [34] discussed the impact of molybdenum disulfide nano-size
particles in engine oil using the Atangana—Baleanu fractional model. Saqib et al. [35] acquired an
exact expression for generalize Casson nanofluid, using AB fractional derivative.

Keep in mind the above literature review; we find a gap that no one has investigated Jeffrey
nanofluid flow in a rotating frame with time-dependent temperature and concentration in initial
and boundary conditions. To fill this gap, we considered fractionalized Jeffrey fluid flow in a rotat-
ing system. The governing equations containing the system of PDEs are developed by following
the assumption of Boussinesq’s approximation [36]. The classical model of the considered problem
has been fractionalized via Atangana—Baleanu fractional operator. The mathematical tool of the
Laplace transform technique has been utilized to acquire the solution mathematical model. The
involvement of the constructive parameters on fluid motion, heat distribution, and concentration
profile has been sketched. Change in the rate of heat and mass transfer was found numerically
and computed in tabular form.

2 Mathematical Modeling and Solution

Consider a Cartesian coordinate system for unsteady electrically conducted free convection
flow of an incompressible Jeffrey nanofluid past over an infinite rigid plate saturated in a porous
medium under the effect of transverse magnetic field B,. The plate is taken vertically upward in
the direction of the x-axis. The rotation with constant angular velocity “Q” of the fluid is assumed
about z-axis, which is normal to the plate, as shown in Fig. I.

At time ¢t =0 both the plate and fluid are immobile. At ¢ > 0 the plate is disturbed with cosine
oscillation and transmits the disturbance to the fluid, which causes the fluid motion. Temperature
and concentration of the fluid at time ¢t =0 is Too + (T — Too)At and Cs + (Cy — Cxo) At
respectively. Where T, and Co, represent surrounding temperature and concentration, respectively.
Tw and C,, represent wall temperature and wall concentration, respectively. Keeping in view,
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the above consideration applying Boussinesq approximation and using Tiwari and Das nanofluid
model, the momentum, energy, and concentration equations are governed by:

IF) (2,0) : s O\ FiL (50 o
| ——— +2QiF )= l+x— )| ———= —0B;F t
p”f( o T )> T \TRg)) —5 - —ofhhi@n

- % (1 +Az%) Fi 20+ (0BT & (T (2, 1) — Too)
+ (0B & (C(2.0) — Co), (1)
where F| =u+vi is a complex velocity. Energy and concentration equations are:
AT (z, 1) 32T (z,t) dq,
(oer)y =57~ =Kv =~ 52 @
2
8Ca(j, 1) _ nfa (;Z(ZZ, t)’ 3)
pertinent initial and boundary conditions are:
F1(z,0)=0, T(z,0)=Tw, C(z,0)=Cx,,
F10,0)=UyH (t)coswt, TO,0)=T, + (T, —Tx)At, C,t)=C,+(C, — Cx) AL, } . 4)
Fi (c0,t) =0, T (00,1) = T, C(00,1t) = Co.
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Figure 1: The geometry of the flow
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Nanofluid expressions contained in the mathematical model are given in [35]:

The radiative heat flux is given as:

—40*9T*
- 5
= 3oz ©)
Utilizing the Taylor expansion, the T# can be written as:
T*=4TT3, -3T%, ..., (6)
substituting Eq. (6) into Eq. (5), and differentiate with respect to “-” we get:
dqr _ 160*T3 0T (z,1) )
dz 3ky 9022
The thermal transport properties of the base fluid and nano particles are given in Tab. 1.
Table 1: The heat transport properties of Engine oil and Silver nanoparticle [11]
Properties 0 Cp k Bc Br Pr
Engine oil 863 2044 1444  0.00070 0.00007 6428
AgNps (silver) 10500 235 429 54%107%  1.89x 1073
The non-dimensional variables are:
F U tU2 T-T c-G
F=rl, =22 p=b g2 gL ®)
Uy v v Ty— Ty Cyv— Cxo
Incorporating Eqs. (7) and (8), the governing equations will take the form;
OF (z,0) .. a 3\ 9%F (z,0) ay d
———— +2iyFi(z,) = I+r— — l+A— ) Fi(z,t
or ek l+k1(+ 8:) P Kt Ut ) f1En
Ha
_(Cl_> Fl (Z,[)+G}"19(Z,t)+Gm1¢(Z,t), (9)
3
360 (z, 1) 920 (z,1)
= 10
57 =5 (10)
dp(z,H) 1 3%p (2t
00 _ 190 an
at as 9z2
and
Fi(z,0)=0, T'(z,00=0, C(z,0)=0,
F1(0,f)=coswt, T(0,1)=t, C0,0=t, . (12)

Fl(wit):()ﬂ T(wil):()ﬂ C(wﬂt):()ﬂ
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In dimensinoalization process the constants we get:

y = L/ S L) OBy 8By (T~ Teo)
@ T Kok T T
Cz_C
Gm:ngCU( W OO)’ Gri=axGr, Gm| =agGm, Pr:i’
3 .
Uy o
166*T3 c ko+2ke =20 (kr — k
Ri= kak* . Se=—, M1=<1—go)+<p(p")s, = 5K ¢ (kr s)’
A Df (,OCp)f ks+2kf‘|‘(ﬂ(kf—ks)
-1
i 1 (Br)
a1=((1_(p)2.5{(]_(p)+¢_s}> . ay=— (1—90),0f+ BT)s ,
of Pnf (Br)r

+R S. 1
a3=(l—(p)—|—(p&, a4:m2 d’ as = c . ag=— (1—(ﬂ),0f+('3C)s ’
r mi Pr I—¢ Pnf (Bo)y

The term y, A, K, Ha, Gr, Gm, Pr, R;, and Pr represent rotation parameter, Jeffrey fluid
parameter, Permeability parameter, Hartman number, thermal Grashoff number, Mass Grashoff
number, radiation, and Prandtl number, respectively.

2.1 Fractional Model

To fractionalized the ordinary model of the considered problem given in Egs. (9)—(11) to AB
fractional model, we utilized the operator 48p% instead of % (.), and get:

3F (z,0)  a

a
Aoy (2,0 + 2iy Fi (2,0 = - (143480 ) (1+22¢ ) Fr o

14+ A 922 1+ A
Ha
_<_>F1 (Z,l)+G}’19(Z,Z)+GWI1¢(Z,Z), (13)
as
4B & %0 (z, 1)
0; 0 (2, t)=a4—2, (14)
0z
1 3%2¢(z, 1)
ABGEG (2,0 = — 0, (15)
as 0z

where AB fractional derivative [32] is :

ABgof‘f(t) = ﬁ/rEa (M)f () dt; where N(0O)=N(1)=1 and (16)
—o Jo

l—«

E, is Mittag—Leffler function.
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2.2 Solution of the Problem

2921

Using the Laplace transformation on Eqs. (9)—(11) and utilizing the relevant initial conditions

from Eq. (12), we get:

d*Fi (z,0) (561?“ +37> T (z.p) = —Gri (0 +81)0 (z,p)  —Gmi (p” +81) (2,p)

dz2 st +05) 84p" + 55 Sapt+os
d*0 (z,p) ([ 8™ \ =

— 0 (z,p) =0,

dz? (P"‘ +51> &)

d*¢ (z,p) 8%\ =
- s :05

dz? (P"‘+51>¢(Z P
with transformed boundary conditions as:
_ p — 1 — 1
F Oa = 5 5> 0 Oa = 5> Oa = 5>

10,p) o ©.p) 7 ¢ 0,p) 2l
F1(00,p) =0, 6 (00,p) =0, ¢ (00,p)=0,
where
1 8o ar
8 = , 81=ady, Sh=—, &=ass, bj=14+-—"-—,
0=1"g O1=%%0 2=_., 03=as%, O +k(l+kl)
aj aiAdy Ha ay .

b:—’ = —, b:—+—+2[, 8:b +b,
2T BT Uaar YT TkAaay T T

85 =0281, 86=0180+bs, 087=231Da,

using conditions stated in Eq. (20) the solutions of Eqs. (17)—(19) will be:

— 1 —
0o = g (20 0.62,0.80).

1
p2—0!

& (z,p) = #* (2,p,0,83,0,81),

and
B = i (508607,01,/3) + p%_ (9193 (2.9.0.86.87.621.V/33)
+ Nogps <Z,P,512,56,57,521, /5) + N33 (Z,P,513,56,57,521,\/E)
+ Nagps (Z,P, 0,86, 87, 021, \/a) + Nsp3 (Z,P, I'1, 86,07, 021, \/a)
+ Nep3 (Z,P, "2, 86,687,821, \/a) —R1¢* (2,p,0,8,0,81) — Ro* (z,p, 821,82,0,81)

— N3¢* (2,p,813,62,0,81) — RNad* (2,p, 0,83,0,81) — Nsd* (z,p, T4,83,0,81)
_m6ﬁ (Zapa F2a 833 Oa 81)]

(17)

(18)

(19)

(20)

21

(22)

(23)
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1 mp® +m3
*(z,p,my1,my, M3, My) = exp|—z. | ——— |,
¢” (z,p,m1,mp,m3,my) o p( = ot s

@1 (z,p, my1,my, m3, my) = exp (

—z [mp%+my
mg\ p¥+m3

1 —z [mop® + m3
X (z,p,my, My, M3, M4, M5) = exp| —. [ ———— ),
¢ (z,p,m1, m,m3, my, ms) e P(mS‘/ Py

and

8285 — 8166 — 67 8167 8 5
fg=————, Sg=———, S10=—, O11=4(6 + &9,
8 5205 — 8 9 5205 — O 10=" 11 =1/ (310) 9

82 (81— 813)? (81— 813)°
S12=08104811, 813 =3810—0811, Sla=——, =—, Si6=7——"-—,
312813 312 — 413 313 (813 — d12)
3385 — 8106 — &7 3187 d17 / N
Sfy=———, S1g=——, S19=—, b=+/(6 + 418,
17 5305 — O 18 5304 — ¢ 9= 20 (619) 18

I =6819+60, Hh=089—080, I3

:i - (81 =) = (61 —)?
nr’ nm-rn)’ =)

N1 =Gri614, No=Grid1s, R3=Gridrg, Na=Grlz, NRs=Grly, NRg=Grls.

Inverting the Laplace transform on Eqs. (21)—(23), we get:

0(z,t)=d () x¢*(z,1,0,82,0,61), (24)
¢ (z,t)=d () x ¢ (z,1,0,83,0,81), (25)
and

Fi (z,0) =coswr 67 (,1,86,87,821,v/83 ) +d (1) 5 [ 3105 (2,1,0,86,67,621,/04

where

+ N (Z, t,512,56,57,521,\/5) + N30 (Z, t,513,56,57,521,\/5)
+ 945 (2,1,0,06,87,821,v/64) + 9563 (2, T1.,86, 67,821, /54

+ 63 (21,72, 86,87,821,1/84 ) = 16" (2,1,0,82,0,61)
- 5“2¢* (Za ta 8215 825 05 51) - 5“3¢* (Za t: 8135 825 05 51) - 5“4(1)* (Zapa 03 835 03 81)
_9{5(1’* (Za t: F43 835 03 81) - m6¢* (Za t: r25 835 05 51)] (26)

. 1o oo . o
¢1(z,t,m1,m2,m3,rn4)=; o, W1 (z,u,¢1,¢2,¢3,¢4)exp(tr1 — rarf cosam ) sin (ror§ sinam ) dridrs,
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d); (Za ZamlamZam3am4am5): ;/ / \IJZ (Zaua C1,C2,C3,C4, CS)eXp (trl _Vzr(fl COS(X7T)
o Jo
x sin (1§ sinar) dridrs,
X 1 o ) o
O (z,t,m1,my,m3,my) = — W (z,u,¢1,¢2,¢3,¢4)exp(tr) —ror cosam ) sin (ror§ sinam ) dridra,
7Jo Jo

in which

—Z
—i/C1 S e 00 l 2
Wy (z,t,¢1,¢00,03,04) =€ ¢4 —— 6’10/ - —cr )0 (2V(62—6’1€3)72[)d72-
2¢4+/ c4r2

—Z
—Cit= T/ _ Z/a = Lemat —z2
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e desry
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exp | c1t —cat — 4— —
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=

x I (2«/ (c3 —cacy) }”zl) dtdr,.
And

—1 1 _ _ 1 l—o
t [pz-“} =d0=rE o

2.3 Classical Exact Expression
For « — 1 and using the following property,

lflfl orF) (z,0) = hm L~ [ll {ABgofFl (z, f)}]

R W _
asl  (l—a)p*+a }—[' {PF1 (z.p) — F1 (z,0)}

=7 '[c{F/ o) =F/ 0,

the exact expression for velocity distribution obtained in Eq. (24) reduced to

Fy(z.f)=cosmixe VT2 4 - ,/ / / ZCOS‘“(’_Z) —Lis—hLs 11<2\/L3hs>dhdsdl

dl /t —dr(t—D—z . dl L3 trel o0 z —dy(t— _i_ —§)—/
L4 2 (=D==vVL2 sinh (da (t— T)) d + ~— _/ / / _E =D —Li=s)—hL,
d3 Jo ¢ (@s( ) 2d3V 7 Jo Jo Jo h./l—se
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t
x sinh(ds(t—1))-I (2\/L3h(z— )dhdsdl—d— / e~ 2=D==VLaginh (dy (1—I))dI
3J0

22 z z/t = | ds [' .
NG —ds(t=D=2vLaginh (d= (1 — I dI
X |:< )erfc(zﬁ> a4ne v +d5/0 e sinh(ds(t—1))
o~ dalt= 1)* —Li(t—s)—hL, _ _
2d5 6 L3 / / / hd_ sinh(ds (1—1)) -1 (2\/L3h(t )dhdsdl

d6 ! —dy(t—D)—z/L3 Zza5 z [as z/ast —zas
R - h —I)dI- ) iy el Bk At v
de/o e sinh(ds (t=D)dl | | 14— |erfe( 5,/ N ,

27)

where

bs=bszas, dy=

asby, — by de— (bras — b1)2 + 4bybs _ Gmy
2bs 0 T 2bs ’ ‘

3 Nusselt Number and Sherwood Number

In the non-dimensional form, the Nusselt number and Sherwood number are presented as:

k .
Nu— 99 (28)
kf 9z z=0
Sh=—D,y <a¢>) : (29)
z=0

4 Results and Discussion

This portion of the article devote to the physical arguments and detailed descriptions of
the outcomes. Using relative constitutive equations, the governing system of PDEs is formulated.
Nano-liquid has been made by the distribution of nano-silver in Mobil oil. The classical model of
electrically conducted, incompressible Jeffrey nano-liquid is transformed into AB fractional model.
Exact solutions have been gotten for the governing equations. To check the impact of inserted
parameters on fluid motion, various sketches are portrayed.

The impact of Gr and Gm has been sketched in Figs. 2 and 3. Both the sketches show
enchantment in the velocity profile for larger values. This happened due to a decrease in the
density and increase in the bouncy forces which leads to speed up the velocity. The effect of Jeftrey
fluid parameter A and volume fraction ¢ can be reported from Figs. 4 and 5. When the values
of the material parameter A and volume fraction of nanoparticles ¢ rise, the viscous forces in the
fluid increase; as a result, the friction force between the fluid particles increases, which leads to
slow down the velocity of the fluid. It is concluded from Fig. 6 that for larger values of magnetic
parameter Ha, the momentum of the fluid decelerates. A rise in the magnitude of Ha tends to
increase the Lorentz forces which works as a drag force and retards the fluid motion. Moreover,
the effect of angular rotation y is drawn in Fig. 7. It can be noted from the sketch that velocity
decreases for a large value of y. From the mathematical relation of y it can be seen that y it has
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a direct variation with viscous forces of the fluid so larger the magnitude of y the fluid motion

decrease.

F(z,t)
F(z,1)

0 055 1.1 165 22 275 33 3.85 44 495 55 0 055 11 1.65 22 275 33 3.85 44 495 55
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0 e
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z

Figure 2: Effect of thermal Grashof number Gr on the velocity profile
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Figure 4: Effect of retardation time parameter A on the velocity profile
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Figure 5: Effect of volume fraction ¢ on the velocity profile
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Variation in the Sherwood numbers has been discussed in Tab. 2. As the volume fraction ¢
increases, the rate of mass distribution decrease. By introducing nano-silver in the mobile oil bring
enhancement in the density; as a result, the fluid becomes denser, which leads to slow down the
rate of mass distribution.

Table 2: Variations in Sherwood number

0] Sc o t Sh %
0.00 5 0.2 1 0.048 —
0.01 5 0.2 1 0.045 6.6
0.02 5 0.2 1 0.040 17.77
0.03 5 0.2 1 0.037 24.44
0.04 5 0.2 1 0.035 28.88

Tab. 3 shows a change in the rate of heat transfer of Engine oil with Silver nanoparticles.
It can be seen from the table that by increasing the volume fraction of Ag nanoparticles, the
heat transfer rate has been increased by 14.59%. It is physically true that by adding silver
nanoparticles in regular engine oil, its mechanical properties e.g., improving the load-carrying
capacity, adsorption and deposition, and minimization of skin friction which will consequently
improve the workability of the engine.

Table 3: Variation in Nusselt number

1) Rd o t Nu %
0.00 2 0.2 1 0.185 —
0.01 2 0.2 1 0.191 3.24
0.02 2 0.2 1 0.198 7.02
0.03 2 0.2 1 0.205 10.81
0.04 2 0.2 1 0.212 14.59

5 Concluding Remarks

In the present work, the role of nano-silver on the life span and mechanical properties of
engine oil has been investigated. For the mentioned analysis, Jeffrey nanofluid model has been
assumed in a rotating frame. The Laplace transform technique has been used to gain the solution
of the governing equations. The key and worthy features that are observed from the study analysis
are presented below:

e Enhancing the order of the fractional parameter « slows down the flow motion.

Both the parameters Gr and Gm boost up the fluid motion.

For higher values of A, y, Sc and ¢ motion of the fluid slow down.

The opposite behavior is noticed for MHD and Permeability.

As the volume fraction increase from 0.00 to 0.04, an efficiency of 14.59% in the heat
transfer rate and 28.8% efficiency was reported for the mass transfer rate.
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