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Abstract: Spatial diversity plays a significant role in wireless communication
systems, including the Fourth Generation (4G) and Fifth Generation (5G)
systems, and it is expected to be a fundamental part of the future wireless com-
munication systems as well. The Multiple-Input Multiple-Output (MIMO)
technology,which is included in the IEEE802.16j standard, still holds themost
crucial position in the 4G spectrum as it promises to improve the throughput,
capacity, spectral, and energy efficiency of wireless communication systems in
the 2020s. This makes MIMO a viable technology for delay constrained medi-
cal and health care facilities. This paper presents an approximate closed-form
expression of the ergodic capacity for the Decode-and-Forward (DF) proto-
col MIMO-Orthogonal Frequency Division Multiplexing (OFDM) relaying
network. Although MIMO-OFDM is highly valuable for modern high-speed
wireless communication systems, especially in the medical sciences, its per-
formance degrades in multi-hop relay networks. Therefore, in this paper,
an approximate closed-form expression is derived for an end-to-end ergodic
capacity of multi-hop DF MIMO-OFDM wireless communication system
has been presented. Monte-Carlo simulations are conducted to verify the
performance of the presented analysis regarding the capacity (bits/s/Hz) for
different SNR-dB values for single, 2× 2, 4× 4, and multi-hop DF MIMO-
OFDM systems. The presented results provide useful insights for the research
on the end-to-end ergodic capacity evaluation.

Keywords: Multiple-input multiple-output system; decode-and-forward
protocol; orthogonal frequency division multiplexing; ergodic capacity

1 Introduction

The Multiple-Input Multiple-Output (MIMO) technology as persisting on the Physical Layer
(PHY-L) still holds the Promising Primary Position (PPP) in the current Fifth Generation (5G)
technology, and it is expected to remain if the Massive MIMO with envisioned protocols takes its
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place in the future. The MIMO technology prevails and contributes to the Fourth Generation (4G)
and 5G contemporary technologies. In MIMO technology, the foremost guidelines pre-dominantly
strengthen the performance of the irregularities, but there are some major challenges that need
to be addressed. At the same time, due to the overcoming multipath fading, to achieve higher
throughput and high data rate improvement in its spectral efficiency, it is necessary to improve
the existing infrastructure for future networks [1,2]. Likewise, deploying a multi-hop transmission
strategy at the transmitter side can improve the performance of a wireless system. Currently, the
multi-hop transmission, i.e., relaying communication systems, represents a promising solution to
meet the requirements of the next-generation broadband wireless services, including range exten-
sion, power saving, and connectivity. Therefore, both 5G and future Sixth Generation (6G) systems
include relaying technology in their architectures [3,4]. Communication systems are equipped with
relays to realize a long-distance propagation of signals from between transmitter and receiver.
Namely, in order to achieve successful communication between the transmitter and receiver, relays,
such as Decode-and-Forward (DF) or Amplify-and-Forward (AF) protocols, have been widely
used to boost the performance of the overall system [5]. In a DF relaying system, the relay node
decodes the received signal, regenerates, and re-transmits it to the next hop, and in an AF relaying
system, the relay node amplifies the received signal and transmits it to the next hop. Due to
the numerous advantages of relaying, there has been extensive research on relaying protocols for
wireless communication systems. For instance, a three-terminal-channel-based multi-hop protocol
was presented in [6]. The performance of the dual-hop relay using an AF protocol for an end-to-
end system was examined in [7], where the authors presented the tight lower bounds and derived
expressions for the closed form of the statistical harmonic mean of two independent distinctions
for the error rate behavior of the system. In [8–11], the multi-hop relaying in fading channels was
investigated to determine the outage probability and error rate, while the capacity for the upper
bounds of a Gaussian relay channel was analyzed in [12]. In [13–15], the capacity of both single-
and multi-relay channels and their power constraints of the AF-OFDM-based relay networks with
additive white Gaussian noise (AWGN) were evaluated. The ergodic capacity due to hopping loss
of MIMO-DF cooperative relaying network was obtained in [16] while the capacity of the multi-
hop non-linear MIMO-OFDM relaying network was derived in [17]. The existing 4G wireless
communication systems and an OFDM comprehensive analysis were discussed in [18]. A thorough
analysis of MIMO-OFDM in a cooperative frequency selective fading channel was conducted
in [19]. Recently, the Doppler effect was studied for the cyclic delay diversity scheme in the
MIMO-OFDM-based system [20]. Also, it should be noted that the application of MIMO-OFDM
in UAV communication systems has undoubtedly been an emerging area of research targeted by
many authors [21]. An approach for exploiting an AF and DF mixed concept for non-orthogonal
multiple access (NOMA) using an application for device-to-device networks was presented in [22].
Motivated by the previous studies on MIMO-OFDM and DF relaying protocols, in this work,
the closed-form of expressions is derived using a simplified integral summation approach.

To the best of the authors’ knowledge, the performance analysis of DF relaying in MIMO-
OFDM systems has been an interesting research problem that can be further extended to 5G
technologies depending on the problem’s applicability. Therefore, this paper examines the problem
of DF relaying in MIMO-OFDM systems by deriving approximate closed-form expressions of the
ergodic capacity A MATLAB simulator is used to generate the Monte-Carlo (MC) simulations.
The analytical expressions are validated by the MC simulations.
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2 Materials and Methods

This section analyzes the derived closed-form expressions of the ergodic capacity for an end-
to-end system using a multi-hop DF MIMO-OFDM relaying network.

2.1 System Model
This paper considers a K-hop wireless relaying network, as shown in Fig. 1. In the considered

network, source node S transmits data to a destination node D via R relay nodes. Also, this
work considers a MIMO-OFDM communication model that employs n sub-carriers per OFDM
symbol. The number of transmitting antennas is denoted as M, whereas the number of receiving
antennas is denoted as L. It is also considered that all M transmitting antennas transmit different
symbols simultaneously and operate at the same frequency band. Hence, the considered model is a
conventional L×M MIMO-multiplexing relaying model. Moreover, it is assumed that at each time
slot, only one node transmits, and that only the receiver end has the channel state information
(CSI) available.

S
D

RS

RS

RS

RS

RS

RS

S

D

S = Source D = Destinationmulti-hop relays

IEEE 802.16j multi-hop relay configuration 

Figure 1: Broadband wireless using a multi-hop MIMO multiplexing relay network

Based on this system model, the MIMO’s channel transmission matrix at the ith hop is an
nL × mM diagonal matrix, whose H [k]i diagonal elements are denoted as H [k]i where H [k]i
represents the fading of the kth OFDM subcarrier, which is modeled as an independent and
identically distributed (IID) random variable that obeys complex zero-mean Gaussian random
distribution. The gains of relay channels H0, H1, H2, . . . , HR are independent of each other and
follow the DF relaying scheme. The signal received at the ith relay node is given by:

yi =Hixi−1 + ni i= 0, 1, . . . , R, (1)
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where xi−1 denotes an mM×1 vector that represents the transmitted signal, while ni is an nL× 1
complex additive noise vector at the ith node modeled as an IID with a zero-mean, circular
symmetry, and complex Gaussian random vector with the variance σ 2

k . The transmitted signal
xi from the ith relay node in a DF multi-hop relaying communication system is taken from the
transmitted signal xo from the source node.

2.2 Multi-Hop DF Relaying System Capacity
The ergodic capacity of a multi-hop DF MIMO-OFDM relaying system is given by:

CDF =min {C1, C2, . . . , CR+1} , (2)

where Ci = 1, 2, . . . , R+ 1 represents the ith hop’s capacity and is given by:

Ci = 1
n

n−1∑
k=0

EH[k]i

[
log2

{
det

[
IL+ρiH [k]i H [k]Ti

]}]
, (3)

where E [.] denotes the expectation operator, IL is an L×L identity matrix, ρi = Pi
nMσ 2

0

, and Pi,

i= 0, 1, . . . , R.

In this work, Pi denotes the total transmitted power of the nodes, including both the
source node and relay nodes, at the transmitter end. Let us define Nmin = min (M, L), Nmax =
max (M, L), and Δ = Nmax − Nmin. To express the ergodic capacity, it is necessary to use the

expressions in terms of eigenvalues λk, i1 , λk, i2 , . . . , λk, iNmin
of H [k]i H [k]Ti , where i = 0, 1, . . . , R,

which can be written as:

Ci = 1
n

n−1∑
k=0

Nmin∑
m=1

Ek, iλm
[
log2

(
1+ρλk, im

)]
. (4)

The above-mentioned equation can be simplified as follows:

Ci = Nmin

n

n−1∑
k=0

Ek, iλ
[
log2

(
1+ρλk, i

)]
, (5)

where λk, i is obtained by a random selection from the set of eigenvalues of H [k]i H [k]Ti , which

is denoted as
{
λ
k, i
1 , λk, i2 , . . . , λk, iNmin

}
.

The probability density function (PDF) of λk, i can be expressed as:

f k, iλ (λ)= 1
Nmin

Nmin−1∑
k=0

j∑
j=0

2j∑
l=0

(−1)l (2j) !
22k−lj! l! (Δ+ j)

(
2k− 2j

k− j

)
·
(
2j+ 2Δ

2j− l

)
λΔ+le−λ. (6)
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Then, the cumulative distribution function (CDF) of λk, i can be calculated by integrating the
PDF, which is expressed as:

Fλk, i (λ)=
∫ λ

0
fλk, i (x)dx

= 1
Nmin

⎡⎣Nmin−1∑
k=0

k∑
j=0

2j∑
l=0

(−1)l (2j) !
22k−lj! l! (Δ+ j)

(
2k− 2j

k− j

)(
2j+ 2Δ

2j− l

)∫ λ

0
xΔ+le−xdx

⎤⎦ . (7)

Using
∫ u

0
xne−μxdx= n!

μn+1 − e−uμ
n∑

m=0

n!
m!

um

μn−m+1 , the following expression can be obtained:

Fλk,i (λ)=
1

Nmin

⎡⎣Nmin−1∑
k=0

k∑
j=0

2j∑
l=0

(−1)l (2j)!
22k−lj!l!(Δ+ j)

(
2k−2j

k− j

)(
2j+2Δ

2j− l

)⎧⎨⎩(Δ+ l)!−e−λ
Δ+l∑
m=0

(Δ+ l)!
m!

λm

⎫⎬⎭
⎤⎦.
(8)

To the best of the authors’ knowledge, the closed-form expression of Eq. (8) has not been
reported in the related literature, even for a two-hop relaying system. Therefore, this paper presents
the closed-form expressions for the CDF in Eq. (8) and the ergodic capacity of a multi-hop DF
relaying system. Using Eq. (3), the ergodic capacity can be expressed as:

CDF = 1
n

n−1∑
k=0

EH̃[k]

[
log2

{
det

[
IL+ρH̃ [k] H̃ [k]T

]}]
, (9)

where H̃ [k] =min
{
H [k]0 , H [k]1 , . . . , H [k]R

}
. Similarly, by expressing the ergodic capacity using

eigenvalues
{̃
λk1, λ̃

k
2, . . . , λ̃

k
Nmin

}
for H̃ [k]i of H̃[k]i

T i= 0, 1, . . . , R, we get:

CDF= 1
n

n−1∑
k=0

Nmin∑
m=1

Eλ̃m

[
log2

(
1+ρλ̃km

)]
,

= Nmin

n

n−1∑
k=0

Eλ̃
[
log2

(
1+ρλ̃k

)]
.

(10)

where λ̃k is selected from the eigenvalue set of
{̃
λk1, λ̃

k
2, . . . , λ̃

k
Nmin

}
for H̃ [k]i of H̃[k]i

T . To find

the PDF of λ̃k, i.e., f̃λk (λ), it is assumed that the fading per hop is IID. Let
{
Xj
}n
j=1 denote

the IID random variables using the order statistics (X1:n<X2:n . . . <Xn:n), then the PDF of the
ranked random variable (in ascending order) Xj:n (1≤ j≤ n) is given by:

fj:n (x)= 1
B (j, n− j+ 1)

{F (x)}j−1 {1−F (x)}n−j f (x) , (11)
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where F (x) represents the CDF, f (x) represents the PDF, and B (a, b) = ∫ 1
0 t

a−1 (1− t)b−1 dt
denotes a beta function, and it can be expressed as:

B (i, n− i+ 1)= (i− 1) ! 1! (n− i) !
n!

. (12)

Using Eqs. (11) and (12), the PDF of the smallest random variable (i.e., f1:n (x)) is given by:

f1:n (x)= n {1−F (x)}n−1 f (x) . (13)

Thus, the PDF of λ̃k can be expressed as a combination of CDF and PDF of λk, i, which is
given by:

f̃λk (λ)= (R+ 1)
{
1−Fλk, i (λ)

}R fλk, i (λ) , (14)

where fλk, i (λ) and Fλk, i (λ) represent the PDF and CDF of λk, i given by Eqs. (6) and (7),
respectively, and R represents the number of relay stations. Using a binomial expansion, a general
expression of Eq. (14) valid for any of relay hops R can be written as:

f̃λk (λ)= (R+ 1) fλk,i (λ)
∞∑
n=0

(−1)n
(
R

n

){
Fλk,i (λ)

}n
= (R+ 1) fλk, i (λ)

[
1−RFλk, i (λ)+

R (R− 1)
2!

{
Fλk, i (λ)

}2 −R (R− 2) (R− 3)
3!

{
Fλk, i (λ)

}3+ . . .] .
(15)

For instance, for R= 1, Eq. (15) becomes:

f̃λk (λ)= 2fλk, i (λ)
{
1−Fλk, i (λ)

}
. (16)

By substituting Eqs. (6) and (7) into Eq. (16), the PDF of λ̃k is obtained as:

f̃λk (λ)= 2

⎡⎣ 1
Nmin

Nmin−1∑
s=0

s∑
t=0

2t∑
u=0

(−1)u (2t) !
22s−ut!u! (Δ+ p)

(
2s− 2t

s− t

)(
2t+ 2Δ

2t− u

)
λΔ+ue−λ

⎤⎦
− 2

⎡⎣⎧⎨⎩ 1
Nmin

N−1∑
m=0

s∑
n=0

2n∑
p=0

(−1)p (2n) !
22s−mp!q! (Δ+ n)

(
2m− 2n

m− n

)(
2n+ 2Δ

2n− p

)
(Δ+ p) !

⎫⎬⎭
×
⎧⎨⎩ 1
Nmin

Nmin−1∑
s=0

s∑
t=0

2t∑
u=0

(−1)u (2t) !
22s−ut!u! (Δ+ t)

(
2s− 2t

s− t

) (
2t+ 2Δ

2t− u

)
λΔ+ue−λ

}]

+ 2

⎡⎣⎧⎨⎩ 1
Nmin

N−1∑
m=0

s∑
n=0

2n∑
p=0

(−1)p (2n) !
22s−mn!p! (Δ+ n)

(
2m− 2n

m− n

) (
2n+ 2Δ

2n− p

)
Δ+p∑
m=0

(Δ+ p) !
m!

e−λλm
⎫⎬⎭

×
⎧⎨⎩ 1
Nmin

Nmin−1∑
s=0

s∑
t=0

2t∑
u=0

(−1)q (2t) !
22s−ut!u! (Δ+ t)

(
2s− 2t

s− t

)(
2t+ 2Δ

2t− u

)
uλΔ+ue−λ

}]
. (17)
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After extensive simplification, the ergodic capacity of a multi-hop DF protocol-based MIMO-
OFDM relaying system given by Eq. (10) can be obtained as:

CDF= Nmin

n

n−1∑
k=0

∫ ∞

0

[
log2

(
1+ρλk

)]
f̃λk
(
λk
)
dλ,

= Nmin

n

n−1∑
k=0

[I1 [k]− I2 [k]+ I3 [k]] .

(18)

where

I1 [k]= 2
Nmin

∫ ∞

0
log2

(
1+eλk

)⎡⎣Nmin−1∑
s=0

s∑
t=0

2t∑
u=0

(−1)u(2t)!
22s−ut!u!(Δ+t)

(
2s−2t

s−t

)(
2t+2Δ

2t−u

)(
λk
)Δ+q

e−λk
]
dλk ,

(19)

I2 [k]= 2

N2
min

∫ ∞

0
log2

(
1+ eλk

)⎡⎣⎧⎨⎩
N−1∑
m=0

s∑
n=0

2n∑
p=0

(−1)p (2n) !
22s−mn!p! (Δ+ n)

(
2m− 2n

m− n

) (
2n+ 2Δ

2n− l

)
(Δ+ p) !

}

×
⎧⎨⎩
Nmin−1∑
s=0

s∑
t=0

2t∑
u=0

(−1)u (2t) !
22s−ut!u! (Δ+ t)

(
2s− 2t

s− t

)(
2t+ 2Δ

2t− u

)(
λk
)Δ+q

e−λk
}]

dλk, (20)

I3 [k]= 2

N2
min

∫ ∞

0
log2

(
1+ eλk

)⎡⎣⎧⎨⎩
N−1∑
m=0

s∑
n=0

2n∑
p=0

(−1)p (2n) !
22s−mn!p! (Δ+ n)

(
2m− 2n

m− n

) (
2n+ 2Δ

2n− l

)}

×
⎧⎨⎩
Nmin−1∑
s=0

s∑
t=0

2t∑
u=0

(−1)t (2u) !
22s−ut!u! (Δ+ t)

(
2s− 2t

s− t

)(
2t+ 2Δ

2t− u

)(
λk
)Δ+u

e−λk
}]

dλk . (21)

The integrals in Eqs. (19)–(21) can be solved using the following approximation:∫ ∞

0
log2 (1+ aλ)λl1+l2e−λdλ≈ (l1+ l2) !

⎡⎣ln (a)− δ+ l1+l2∑
ψ=1

1
ψ

⎤⎦ , (22)

where δ ≈ 0.577. Using the above approximation, Eqs. (19)–(21) can be further expressed in the
approximate closed-form, which is given by:

I1 = 2
Nmin

Nmin−1∑
s=0

s∑
t=0

2t∑
u=0

(−1)u (2t) !
22s−uu! t! (Δ+ t)

(
2s− 2t

s− t

)(
2t+ 2Δ

2t− u

)
(Δ+ q) !

⎡⎣ln (e)−Δ+
Δ+q∑
ψ=1

1
ψ

⎤⎦ , (23)
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I2 = 2

N2
min

N−1∑
m=0

s∑
n=0

2n∑
p=0

(−1)p (2n) !
22s−mn!p! (Δ+ n)

(
2m− 2n

m− n

)(
2n+ 2Δ

2n− l

)
(Δ+ p) !

×
Nmin−1∑
s=0

s∑
t=0

2t∑
u=0

(−1)u (2t) !
22s−uu! t! (Δ+ t)

(
2s− 2t

s− t

)(
2t+ 2Δ

2t− u

)
(Δ+ q) !

⎡⎣ln (e)−Δ+
Δ+q∑
ψ=1

1
ψ

⎤⎦ , (24)

I3 = 2

N2
min

N−1∑
m=0

s∑
n=0

2n∑
p=0

(−1)p (2n) !
22s−mn!p! (Δ+ n)

(
2m− 2n

m− n

)(
2n+ 2Δ

2n− l

)

×
Nmin−1∑
s=0

s∑
t=0

2t∑
u=0

(−1)t (2u) !
22s−uu! t! (Δ+ t)

(
2s− 2t

s− t

)(
2t+ 2Δ

2t− u

)
(Δ+ u) !

⎡⎣ln (e)−Δ+
Δ+u∑
ψ=1

1
ψ

⎤⎦ . (25)

Finally, by substituting Eqs. (23)–(25) into Eq. (18) and conducting some mathematical
manipulations, the expression for the anticipated ergodic capacity in its approximate closed-form
of a multi-hop DF relay protocol for a MIMO-OFDM system can be derived as:

CDF ≈ 2
Nmin

N−1∑
a=0

a∑
b=0

2b∑
c=0

(−1)c (2b) !
22a−cb! c! (Δ+ b)

(
2a− 2b

a− b

)(
2b+ 2Δ

2b− c

)
Δ∑

m=0

(Δ) !
m!

Nmin−1∑
s=0

s∑
t=0

2t∑
u=0

× (−1)u (2t) !
22s−uu! t! (Δ+ t)

(
2s− 2t

s− t

)
×
(
2t+ 2Δ

2t− u

)(
1
2

)Δ+s+t+u
(Δ+ u+m) !

⎡⎣ln (e)−Δ+
Δ+u+m∑
ψ=1

1
ψ

⎤⎦ .

(26)

As a special case, when Δ ≈ 0.557 in the above expressions, and R= 0 in Eq. (15), then by
solving the integral in Eq. (18), the anticipated ergodic capacity in its approximate closed-form of
a single-hop DF relay protocol for a MIMO-OFDM system can be derived as:

CDF ≈
N−1∑
a=0

a∑
b=0

2b∑
c=0

(−1)c (2b) !
22a−cb! c! (Δ+ b)

(
2a− 2b

a− b

)(
2b+ 2Δ

2b− c

)
(Δ+ q) !

⎡⎣ln (ρ)− δ+ Δ+q∑
ψ=1

1
ψ

⎤⎦ . (27)

Table 1: Symbols with descriptions

Symbol Description

CDF Ergodic capacity(decode-forward)
E [.] Expectation operator
Pi Total transmit power
H[k] Channel matrix
IL Identity matrix
λk, i Randomly selected eigenvalue
R Relay
B Beta function
PDF Probability density function
CDF Cumulative distribution function
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2.3 Graphical Results and Analytical Expressions
All figures presented in this paper are obtained using MATLAB software. The analytical work

is validated using MC simulations. Analytical expressions defining some symbols with descriptions
are provided in Tab. 1.
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Figure 2: Simulation-based numerical results of the single- and dual-hop DF capacity of an IEEE
802.16j system

3 Simulation Results

This section presents the numerical and simulation results to verify the proposed system’s
analytical findings of Fig. 1. The comparison of the numerical and theoretical results for the 2×2
and 4× 4 MIMO multiplexing systems conforming to the IEEE 802.16j standard regarding the
two-hop DF capacity performance is presented in Fig. 2. The results were obtained using the
number of antennas and considering the high value of the SNR region. The results in Fig. 2
show that the capacity of the DF MIMO multiplexing relaying network decreased compared
with the network that did not include relays, i.e., when R = 0. The simulation results of the
capacity of 2× 2 and 4× 4 multi-hop DF MIMO relaying configurations are presented in Figs. 3
and 4, respectively, are compared with the theoretical results. As shown in Figs. 3 and 4, higher
losses in capacity were caused by the increase in the order of the MIMO-DF relaying network
configuration. Furthermore, the derived expressions were evaluated for different multi-hop DF
relaying MIMO-OFDM systems. The results of different OFDM systems having different numbers
of carriers, including the single- and multi-carrier configurations, are displayed in Fig. 5. The
performances of the single-carrier, 256-OFDM, and 1024-OFDM systems were evaluated with
2 × 2 MIMO multiplexing using the DF protocol. The relaying approach has been envisioned
in the sub-plots of Fig. 5 considering two setups, i.e., single-hop and three hops, where R = 0
and R= 2, respectively. As shown in Figs. 5a and 5b, for the same SNR value, the capacity was
reduced when relaying was used. For the single-carrier OFDM, the capacity was reduced by 3.82
bits/s/Hz; for the 256-OFDM carrier, the decrease was 3.91 bits/s/Hz; and for 1024-OFDM, the
decrease was 3.9 bits/s/Hz. Thus, based on the simulation result, it can be concluded that there
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is a hopping loss in MIMO-OFDM even if the number of relays exceeds one. Consequently, the
presented results highlight the importance of the proposed expressions that have been derived
through rigorous analysis and validated by MC simulations.

Figure 3: Simulation-based numerical results of a multi-hop DF capacity for a 2 × 2 MIMO
multiplexer
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Figure 4: Simulation-based numerical results of a multi-hop DF capacity for a 4 × 4 MIMO
multiplexer
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Figure 5: Capacity of a multi-hop DF-MIMO system using three different OFDM carriers.
(a): No relaying R= 0, (b): 3-hops relaying R= 2

4 Conclusions

This paper presents the closed-form expressions of the ergodic capacity of a single- and multi-
hop DF-based MIMO-OFDM relaying systems. The derived expressions are validated using a
numerical method. The presented results provide many useful insights, such as the end-to-end
ergodic capacity of the considered system model, which degrades with the increasing number of
hops. It is also shown that the ergodic capacity of a higher-order MIMO is reduced when the
number of hops increases. Moreover, the presented results reveal that the capacity loss of relay-
based MIMO-OFDM is approximately constant for all the OFDM subcarriers. A future research
direction would be to extend our derived results to a massive MIMO multi-hop relaying system
based on the findings presented in this study.
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