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Abstract: Variance is one of the most vital measures of dispersion widely
employed in practical aspects. A commonly used approach for variance esti-
mation is the traditional method of moments that is strongly influenced by
the presence of extreme values, and thus its results cannot be relied on. Find-
ing momentum from Koyuncu’s recent work, the present paper focuses first
on proposing two classes of variance estimators based on linear moments
(L-moments), and then employing them with auxiliary data under double
stratified sampling to introduce a new class of calibration variance estima-
tors using important properties of L-moments (L-location, L-cv, L-variance).
Three populations are taken into account to assess the efficiency of the new
estimators. The first and second populations are concerned with artificial
data, and the third populations is concerned with real data. The percentage
relative efficiency of the proposed estimators over existing ones is evaluated.
In the presence of extreme values, our findings depict the superiority and
high efficiency of the proposed classes over traditional classes. Hence, when
auxiliary data is available along with extreme values, the proposed classes of
estimators may be implemented in an extensive variety of sampling surveys.

Keywords: Variance estimation; L-moments; calibration approach; double
sampling; stratified random sampling

1 Introduction

Planning is an integral part of the administrative process for the development of any field.
Among the most important outputs of the planning process are the plans and programs that
institutions seek to execute. One of the most important pillars of planning success is the avail-
ability of data and information that enables the decision-maker to conduct scientific analysis. In
statistical literature, the additional information attached to each element is referred to as auxiliary
(or ancillary, supplementary, supporting, concomitant) information. Whatever type of information
is offered, it can be used to identify better sampling strategies. Auxiliary information has been
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used with sampling techniques for many years. The authors of [1,2] were pioneers in the usage
of auxiliary information regarding the development of estimation techniques with high estimation
accuracy. Recently, there have been many interesting works using auxiliary information in different
ways [3—12].

In all sample surveys, the major concern is the derivation of point estimators for various
parameters of interest. Nevertheless, it is equally important to evaluate the performance of these
estimators. The importance of variance estimators lies primarily in the fact that the estimated
variance, of any estimator, is a major component of its quality. Reference [13] pointed out that
the importance of variance estimation lies in the fact that it offers an indicator of the quality of
estimators. It can be used in calculating confidence intervals, and drawing accurate conclusions,
and can provide indicators of data quality. The sampling design that underlies a sample survey
is one of the most important factors determining both the size of sample and the procedure
needed to estimate the variances. More specifically, there are many components of sample designs
related to the estimation of variances, including the number of sampling stages. In single or
one-stage sample designs, the stage is very direct, and the closed formula can be derived for
estimation of variance. In designs with more than one stage, the state becomes complicated since
there is more than one source of variance. At each stage, unit sampling (primary, secondary, etc.)
leads to an additional component of variance. In cases where all other components of sampling
and estimation are rather simple, a closed formula can be obtained by calculating the variance
at each stage. However, common practice is to roughly estimate the variance by estimating the
variation among the initial sampling units, since this is the dominant component of the overall
variance. For example, with double or two-stage sampling, there are two sources of variance
such as variation resulting from the selection of the primary sampling units and the variation
resulting from the selection of the secondary sampling units (for more details, see [14]). There
are also many studies that have employed double sampling for real data [15-18]. In this paper,
we consider double stratified random sampling. With stratified sampling, the population is split
into subpopulations that are not overlapping; these are known as strata and typically describe
homogeneous subpopulations, resulting in reduced overall variability. A random sample is chosen
from each stratum, independently of the other stratum. A stratified sampling pattern may be the
same or different from that of other stratum.

Consider X and Y as the auxiliary and study variables associated with a finite population of
size N, and Q ={vy, v, ..., v,}, where € is stratified into R strata with the /ith stratum including

Nj units. h=1,2,..., R, and 2}1?:1 Nj, = N. For the first stage, a simple random sample with size

ny is chosen from the stratum h without replacement such as lele n, =n*. Then the sample ny,

(nh < nZ) for the second stage is selected. h=1, 2, ..., R, (xz;, Vi) represents the observed values
of X and Y with i=1,2,..., N, and (s;%, sih) and (s;%, Sih) represent the variances of X and

Y for the first and second stage samples, respectively. In view of this double stratified sampling
design, the traditional variance estimator is

R
To=Y_ Wisy, ()
h=1
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It is worth noting that Sih is based on traditional moments and hence is highly affected by

Ny, . .
the presence of extreme values. Note also that W), = ﬁh is the stratum’s weight.

The analysis of sample data is complex. The complexity of the analysis increases when the
data contains unusual points (outliers or extreme values) that affect the robustness of the variance
estimation under traditional central moments. One of the solutions to tackle this issue is to
use L-moments instead of traditional central moments. L-moments provide a robust statistical
framework for the analysis. L-moments [19] are determined by linear combinations of the expected
values of the order statistics (O.S.). Furthermore, calibration estimation is another common
statistical approach that relies on the use of auxiliary information to adjust the original weights
of the design and improve the accuracy of estimators. The authors of [20] were pioneers in the
use of calibration estimation with survey data and several additional works on mean estimation
have been published since (for example, see [21-23]).

In the present paper, our objective is to develop some new classes of variance estimators
for a variable of interest, based on L-moments and the calibration approach under double
stratified random sampling. The remainder of this article is organized as follows. In Section 2,
the L-moments and proposed classes are presented in detail. Numerical illustrations of three
populations are offered in Section 3 to evaluate the performance of the new estimators. Finally,
Section 4 provides conclusions.

2 L-Moments and Proposed Classes

Reference [19] described the L-moments as expectations of the order statistics of certain linear
combinations. L-moments can be specified for any random variable for which a mean exists. They
are used to describe probability distributions and estimate parameters, and their estimates are
used for summarizing and describing the samples of observed data. There are many advantages
of L-moments over traditional moments: they are linear data functions, they suffer less from the
effects of sample change-ability, they are more robust to outliers/extreme values in data, and they
enable safer inferences made from small samples about any fundamental population parameter.
The general population mathematical forms of first four L-moments for the auxiliary variable X
in relation to the stratum / are defined as follows:

Liy=EX1.1)
1
Lyy= EE(XZ:Z - X12)
1
L3y = §E(X3:3 —2X23+ X1:3)

1
Ly = ZE(X4;4 —3X3.4+3X24— X14).

Similarly, we can write second-stage sample L-moments of the auxiliary variable as

ny, o
llxl:< ) > xna)
! d=1
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-1 5
1 (ny U | n—d
by = — _
—1 p,
ny d—1 d—1\ (n—d n—d
-2
d=1
-1 p
1 (ny ! d—1 d—1\ (n—d d—1\ (n—d n—d
laxi =~ -3 3 — )

where xj,4) represents the dth order statistics with binomial coefficient (:). Similarly, we can write
the L-moments expression for the first-stage sample as /7, /5, 5, and [}, Furthermore, we
can write the mathematical expressions of L-moments for the study variable Y by adapting the
structure of auxiliary variable X.

l3xl =

W] =

2.1 First Proposed Class of Estimators

The authors of [9,10] used robust regression and robust co-variance matrices methodologies
for improved estimation of the population’s mean. Their use of robust regression and robust
co-variance matrices allows us to utilize robust moments (L-moments) instead of traditional
moments. Hence, taking motivation from [21], we propose the following class of L-moments based
calibration estimators of variance under double stratified sampling:

R

Vai =Y YiSp 2)

h=1
where the calibrated weights are selected to minimize the measure of chi-square distance

R

Z (vn— Wh)2 3)
el Whon,

is subject to the following calibration constraints

R R
Yo=Y W 4)

h=1 h=1

R R
Z YhDxmh = Z Wi A;kcmh %)
h=1 h=1
l*
2 72 ; NV v x  _ 2xl x2 %2
where Symh = IZyl is the second-stage L-variance of Y; A% . = (xh =L Con = E 1’ Somh = szl)
X

. . . _ [
is the first-stage L-location, L-cv, and L-variance; and A,,,; = <xh =l Comn= lz_xl’ simh = Z%,d
Ixl -~ ’

is the second-stage L-location, L-cv, and L-variance of X.
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The Lagrange function is given as

R
T=>%" (thhZ;/,h — 211 (Z Yh— Y Wh) 2112 (Z ViDmh = WhA‘cmh) (6)

h=1 h= h h=

where w11 and pp are the Lagrange multiples. To obtain the optimum value for the calibration
weight, we differentiate the Lagrange function with respect to 35, and set it equal to zero. Thus
the weight of calibration can be obtained in the form

Y= Wi+ Wibh (11 + 128 xmn) (7

Now, wu1; and w1 can be obtained by replacing y, in Egs. (4) and (5) with its value given by
Eq. (7). Thus, we obtain a weight of calibration of

- (Z;Ile Wi (A% — D) <Zh | WhehA‘cmh>>

Yh= W+ Wpop p . 3
(Zh Wheh xmh) (Zh:l Wh9h> - (Zh:] H/Izelexm/z)

&)
(S W (A% = ) (S W)

+I/VhehAxmh 2 2 2 5
(Zh:l WhehA;zcmh> (Zh:] I/V/19h> - (Zh:l WhehAxmh>

By substituting the value of y, from Eq. (8) with that from Eq. (2), we can obtain the
proposed estimator of the calibration as follows:

R R
Vai= Z I/Vhs)z;mh + Bev Z Wy, (A;mh - Axmh) )
where
—~ (lele Wheh) (lele WhehAxth)z,mh) - <Z]1521 WhehAxmh) (Zle Whehsimh)

lgcv == ? ? ? P
<Zh:1 Wh@hAim) <Zh:1 Wh9h> - (thl WthAxmh)

(10)

The members of the first proposed class are provided in Tab. 1.

2.2 Second Proposed Class of Estimators

By extending the idea of V,;, we propose the second class of estimators of variance under
double stratified sampling as given below:

R
Voi= D ViSpui (11)
h=1
Through using the distance of chi-square,

(12)
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which is subject to the following three calibration constraints:

R R
D VD =Y Wik,
h=1 h=1

Table 1: First proposed class of estimators

Vai
Va 1

Vaz

ValO

Vati

Vai2

Va3

Vaia

ValS

O

—

Eq

Axmh

Xh

Yh

xh

meh

meh

meh

C*

xmh

C*

xmh

C*

xmh

C*

xmh

C*

xmh

*2
xmh

%2

xmh

*2
xmh

*2
xmh

%2
xmh
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Z VS o = Z Wi (14)
R R
=Y Wi (15)
h=1 h=1

The Lagrange function is given as

R
Yn=Wn)* Wi)?
T= A7 — —2ua1 Z YhDxmh — Z Wil | — 2122 Z VS oo — Z WSt

h=1 h=1 h=1
R R

o (zyh—zwh)
h=1 h=1

After taking the derivative of 7 with respect to y and setting it equal to zero, we get
Y= W+, W) <M21 A + 12257+ M23> : (16)

The following equations system can be obtained by substituting Eq. (16) into Eqgs. (13)—(15)
respectively:

[Pal3«3[Ppl3x1 = [Pclsxi

where
- 2 R _
Z Wi A;kcmh - Z WhAsmn
M2l h=1 h=1
Pp=|un|, Pc= R 5 , and
Z th“’”h Z thxmh
n23 =1
_0 _
R R R -
Z O WhAimh Z On Wi Axmhsimh Z O Wi
h=1 h=1
R
Po= | DOl snS D Oh Wit D0 Wi

h=1 h=1 h=1

R R

R
> W o > O WS > oW

L /1=1 h=1 h=1 -
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Upon solving the equations system for ps, we get

Ci

_ Ay _ B
waa =T K2=g

where

el

R

- Z Wi ( xmh

h=1
R

+ Z Wh( Sxmh —

h=1
R

- Z Wh( Sxmh —

h=1

B = (ZR: Wi ( Sxmh — xmh)>

R
*2
- Z Wi (Sxmh

Wh (S*2

xmh —

Wh (S*2

xmh

K23 =

A xmh )

)
(

Sxmh )

)
)
(
)

L)

)

D_la

<
()

R
> o Wh) (Z On WhSimh>
h=1

2

R
Z O Wi A wnh) (Z On VVhSimh)
h=1

o)

R
(Z O Wi Axmh>

Zeh I/Vh S emh xmh)

=1

R R
> o Wh) (Z On Wi Aim)
1 h=1

2

R R
Z On Wi A‘cmh) (Z O Wi A i
h=1
R
Z O Wi Aimh) (Z On thxmh)
h=1 h=1

Z 9h W/’lsxmh xmh)

)

Z O thimh) (Z On thim},Axmh>

xmh
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R R R
= (Z oy Wh> (Z oy th?cmh) (Z oLwy, Aimh)
h=1

h=1 h=1

R 2 /R
- (Z O Wy, Axmh) (Z O I/Vhsimh>
h=1

2

R
(Z g Wh) (Z On thxmhAxmh>

h=1
2

R R
: (zehwhsimh) (zehmimh)

h=1 h=1
R R R
+2 (Z On Wi Axmh> <Z En WhSimh> (Z On Wi Axthimh>
h=1 h=1 h=1

When substituting these ps, into Eq. (16) and then Eq. (11), we obtain the following:

R R R
Vi = Z Ws? Ymh T B3(dnew) Z Wi (A0 — Dmi) + Bacdnew) Z Wi <S;%1h - Simh)
= h=1 h=1

A* B¥
where ,83(dnew) = D_lla /34(dnew) = D_II’ and

R R R
= (Z O H/IzAxmlzs)z;mh) (Z O I/Vh> (Z On thimh)
h=1

h=1 h=1
2

R R
_ (Z o,wy, AXWhSimh) (Z o thimh)
R R
ZQh Wi S ymh> (Z O Wis* mh xmh) (Z O Wh)
h=1

=1

+

it

(ZR; O WS, 1S ymh> (Z O WhAxmh> (,12: O thim,1>
;
-

+

R R R
Z o Wh ) (Z o thimh) (Z oy thimh Axmh)

=1 h=1 h=1

R R R
Z O Wh ) (Z O Wh Axmh) (Z O thimh)
=1

h=1 h=1
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R R R
BT = (Z 6, Wy, Axmhs)z,mh> <Z O Wi Axmh) <Z O thimh)

h=1 h=1 h=1

R R R
(Z On Wi Axth§mh> <Z On Wh) <Z O WhS e Axmh>
h=1 h=1

h=1

R R
2
+ Z 9h thxmh ymh) <Z 0}! Wh) <Z 0}! WhAxmh)
h=1
2

R
Z O I/Vh xmh ) (Z O Wy, Axmh)

h=1

R R R
Z O Wi, ymh) (Z O Wy, Axmh) (Z O thimhAxmh>

h=1 h=1

R R R
Z OnWh ymh) (Z On Wi Afcmh) (Z On thimh>

h=1 h=1

The members of the second proposed class are listed in Tab. 2.

Table 2: Second proposed class of estimators

Vi On A
Vi1 1 X
1 _
Vo — Xh
Xh
1 —
Vi3 X
Sxmh
1 _
Via - X
Smh
v 1 _
b5 Xn
meh
Ve 1 Cmh
1
Vb7 — meh
Xn
1
Vb8 meh
Sxmh
1
Vo > Cymh
Smh
1
V1o Cmh

A*

xmh

xmh

C*

xmh
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3 Numerical Illustrations

Here, we evaluate the performance of the proposed estimators through three populations.

3.1 Simulation Design ( Population-1)

In this article, we consider the population with size N = 1000. Utilizing an equal allocation
of a sample with size 100 is selected from hth stratum, and the total sample size n, = 400.
Furthermore, for stratum h, random variables X;, and Y}, are defined as follows:

Y, =8+ KX, +¢eX?, for the i stratum (17)
where X}, for 2=1, 2, 3, 4 follows Gamma distributions with parameter values as given below:
X1~Gy(2.6,3.8), for h=1

Xr~Gy(2.0,3.1), for h=2

X3~ Gy (1.5,2.7), for h=3

X4~ Gp(29,3.1), for h=4.

¢ follows a standard normal distribution, and § =5, p=1.6, and K =2.

Figs. 1-4 show the scatter plots for each stratum. The existence of extreme values is clearly
demonstrated by these figures and are therefore fitting for evaluating our proposed estimators.

.
v
p=is
.
- .
® L
e .«
o % .. . L .
- ™ .
. .
*.‘
>~ .
L
.. - .
e s
*
.
L
o L
L

1 T T T 1 1
0.0 05 1.0 15 20 25

X

Figure 1: Population-1, h=1

The simulation steps are as below:
Step 1: Select a random sample with size n; through SRSWOR from stratum h.

Step 2: Find the value of variance estimate, say w = V;, Vp; where ai =1,2,...,15 and
bi=1,2,...,10 .

Step 3: Repeat Steps 1 and 2 for L =5000 times. Obtain w1, wy, ..., oL .
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Step 4: Compute the mean square error (MSE) as
| L
_ —2
MSE(a))_Zzl:(a)—a))
1=

Step 5: Compute the percentage relative efficiency (PRE) as

R = LD 1

Ob 05 10 15 20 25 30 35

Figure 2: Population-1, h=2

Figure 3: Population-1, h=3
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Figure 4: Population-1, h=4
The estimators’ PRE obtained from the above five steps are provided in Tab. 3.
Table 3: PRE for Population-1
Val — Vas Vas = Vaio Vair = Vais Vb1 — Vs Vs — Vbio
Va1 =422.00 Va6 = 188.39 Va1 =478.67 Vi1 = 140.80 Ve = 134.25
Vi =412.72 Va7 =186.00 Va2 =475.95 Vo = 140.67 V7 =134.86
Va3 =417.20 Vs =187.29 Va3 =478.54 Vi3 =140.86 Vg = 134.44
Vs =410.80 Va9 = 185.05 Vaa =475.64 Vg = 140.79 Vo = 134.44
Vs =422.86 Vao=187.10 Va5 =476.58 Vs = 140.72 Vo= 133.43

3.2 Real Life Data

The apple fruit is one of the most common types of fruits. It is native to Central Asia, but
today it grows worldwide with different colors and sizes. The apple fruit is rich in fiber, vitamins,
and antioxidants and has many health benefits.

In the present article, we use collected apple fruit data used by [24], where

Population-2: X =number of apple trees in 1999, Y =level of apple production in 1999.

Population-3: X =level of apple production in 1998, Y =level of apple production in 1999.

It should be noted that we consider 477 villages in four strata in 1999, termed (1: Marmarian),
(2: Agean), (3: Mediterranean), and (4: Central Anatolia). The scatter plots of extreme values
for each stratum are shown in Figs. 5-12. The estimators’ PREs are computed as defined in
Subsection 3.1, and are presented in Tabs. 4 and 5. The first-stage samples with sizes nj, n3, n}
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and nj are selected, and then from these samples the second-stage samples with sizes nj, na, n3,
and ny4 are selected:

N1 =106, N>,=106, N3=94, Ny=171,
ny=58, n3=>58, ny=52, nj=94,

n =29, n=29, n3=206, ng4=47.
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Figure 5: Population-2, h=1
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Figure 6: Population-2, h=2
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Figure 7: Population-2, h =3
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Figure 8: Population-2, h=4

3.3 Findings
1: From Tab. 3, we can see that the results (V,;, V3;) of Population-1 indicates that
PRE (V411-15) > PRE (V,1_5) > PRE (V,46_-10), W.r.t. Vi
PRE (Vy1_5) > PRE (Vis_10), W.L.t. Vi,

The proposed estimators V,i; and Vj3 record the highest efficiency compared to other
competitor estimators.
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Figure 9: Population-3, h=1
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Figure 10: Population-3, h=2

2: Meanwhile, the results (V,;, Vjp;) of Population-2 in Tab. 4 indicate that
PRE (Va11-13, Vais) > PRE (Vai1-s, Va1a) > PRE (V6-10), W.r.t. Vi
PRE (Vy1_s) > PRE (Vi6-10), W.L.t. Vp;.

The proposed estimators V,;; and Vps record the highest efficiency compared to other
competitor estimators.
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Figure 11: Population-3, h=3
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Figure 12: Population-3, h=4

3: The results (V,;, Vp;) of Population-3 (see Tab. 5) reveal that
PRE (V411-15) > PRE (V41_5) > PRE (V46-10), w.r.t. Vi
PRE(Vbl, Vis—_g, VblO) > PRE(Vb2_4, ng), w.rt. Vpi.

Hence, the proposed estimators V,j; and Vj; record the highest efficiency of all compared
estimators.
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4. Comparing the two proposed classes for each population, leads us to the following findings:
Population-1: PRE (V41_15) > PRE (Vb1-10):

Population-2: PRE (V,1_15) > PRE (Vbl—lo) ;

Population-3: PRE (Vi—s, Vai1-15) > PRE (Vp1-10) -

5: Overall, all the members of new classes have PRE > 100 with respect to 7,, and this
clearly indicates that the performance of the proposed estimators is better than that of traditional
estimators.

6: Furthermore, the proposed variance estimator Vi is the best estimator among all pro-
posed estimators, having PREs of 478.67,28051.41, and 77307.88 for populations 1-3, respectively.

Table 4: PRE for Population-2

Valr = Vas Vas — Valo Va1t — Vais Vo1 — Vs Vs — Vbio

V1 = 22054.22 V6 = 10802.69 Va1 = 28051.41 ¥, = 4679.23 Vs = 2920.96
V5 = 19909.06 V7 =10657.67 V15 = 25287.50 Vo = 4568.57 Vi =2712.07
V,3 = 19482.79 V8 = 10556.63 V13 = 24738.15 Vi3 = 4555.36 Vg = 2679.75
V0= 14317.23 V,0 = 8598.21 V14 = 18935.43 Vi = 4054.82 Vyo = 2316.42
V,s = 21880.95 V10 = 10848.33 V15 =27712.04 Vs = 4689.26 V10 = 2901.67

Table 5: PRE for Population-3

Val - VaS

Va6 - ValO

Va1t — Vais

Vi1 — Vs

Ve — V1o

Va1 =38630.57
Vi =39188.94
V.3 =39183.04
Vs =39160.33
Vs =38630.45

Ve =4710.165
V7 =5415.428
V.8 = 5430.796
Va9 =4463.861
Va0 =4745.627

Va1 =77307.88
Va2 =76371.62
Va3 =76342.05
V14 =73964.38
Va5 =177297.10

V1 =29995.12
Vo = 24700.47
V3 = 24669.71
Vs = 18395.29
Vs = 29953.95

Ve = 28542.51
V7 = 27754.20
Vg = 27732.49
Vo = 24642.28
V1o = 28544.35

4 Conclusion

The difficulty of data analysis arises from the presence of extreme values that adversely impact
the variance estimation based on central moments. One of the ways to solve this issue is to
use L-moments that provide a robust statistical structure for analysis. Calibration estimation is a
common statistical approach that relies on the use of auxiliary information to adjust the original
weights of design and to improve the accuracy of estimators. Motivation by [21], we propose
new classes of estimators to estimate the population variance based on L-moments and present a
calibration approach for double stratified random sampling. The percentage relative efficiency is
adopted to compare the performance of the proposed estimators through three populations and
through a simulation as well as application to real-life data. Our numerical results show that the
proposed estimators are always superior and more efficient to existing estimators.
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