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Abstract: The purpose of this paper is to present a numerical approach
based on the artificial neural networks (ANNs) for solving a novel fractional
chaotic financial model that represents the effect of memory and chaos in
the presented system. The method is constructed with the combination of
the ANNs along with the Levenberg-Marquardt backpropagation (LMB),
named the ANNs-LMB. This technique is tested for solving the novel problem
for three cases of the fractional-order values and the obtained results are
compared with the reference solution. Fifteen numbers neurons have been
used to solve the fractional-order chaotic financial model. The selection of the
data to solve the fractional-order chaotic financial model are selected as 75%
for training, 10% for testing, and 15% for certification. The results indicate
that the presented approximate solutions fit exactly with the reference solution
and the method is effective and precise. The obtained results are testified to
reduce the mean square error (MSE) for solving the fractional model and
verified through the various measures including correlation, MSE, regression
histogram of the errors, and state transition (ST).

Keywords: Financial model; chaotic; fractional-order; reference dataset; arti-
ficial neural networks; levenberg-marquardt backpropagation

1 Introduction

During the last few years, the terminology of econophysics has been used to simulate real-life
models describing the complex behavior of financial models and economic systems. This terminology
was invented by those researchers who are working in the field of simulating financial and economic
systems. Economic data, erratic and microeconomic fluctuations, irregular growth, and overlapping
developments of economic systems are some of these newly rising topics in the financial field that needs
some new tools to understand. The researchers are describing these models in a simple form without
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the effect of any external forces and undergo stationary equilibrium behavior. Then, the system is
augmented with some shock variables whose behavior can be assumed to come from external forces
outside the system along with their effects. These variables are displaying irregular behavior with the
effect of these forces is assumed to be random. These variables may have various forms including
weather behaviors, political events, and human or other related factors. The irregular behavior may be
translated through chaotic behavior in the economic system and this may provide some explanations
to the complexity of the behavior of these systems [1]. This was one of the main reasons that reach
recently tries to invest deep in the application of Chaotic behaviors in similar systems.

Fractional calculus has been used in mathematical modeling in science, engineering, and biology
since it was first established back in the last century. It has proven to be an effective tool to simulate such
problems and to better understand the dynamics of various physical processes and systems [2,3]. These
systems include biological forms, fluid dynamics, neurons processes, analytical chemistry, and life
science [4]. Likewise, it has been used to simulate the financial models of regular and chaotic behaviors.
For example, Wen et al. [5] investigated the complex evolution of some chaotic financial systems from
the stability point of view of the fractional equilibrium point and the chaotic phenomenon. A brief
preview of the application of fractional calculus in the field of finial systems was introduced in [6] by
Tarasov. In addition, a new algorithm based on the definition of the variable-order fractional calculus
was examined for a chaotic financial system by Soradi-Zeid in [7]. A numerical verification and circuit
realization in the perspective of fractional calculus have been presented in [8] by Chen et al. The
application of the fractional calculus has been whitened to expand to more physical as in [9] while
dealing with problems in the field of nanotechnology. Kulish et al. in [10] investigated the application
of fractional calculus in the field of fluid mechanics through some model problems. The branch of
viseloacitity has its share in simulating through the fractional calculus and was studied in [11] by
Bagley et al. by proposing a well-known Bagley-Torvik equation. Some new insights through novel
results were found while simulating some of the basic problems in the view of fractional calculus by
Rossikhin et al. in [12]. Other related problems of fractional order include economic systems [13], solid
propellants simulation [14], and duffing type equations [15], and other nonlinear systems of paramount
significance [16–20].

This study aims to present a real-life financial model with the effect of memory and chaos in the
presented system. The memory effect can be witnessed clearly in the fractional-order models and this
was the reason behind studying the presented model. The presence of financial variables such as the
foreign exchange rate, interest rates, and stock market prices has a long memory effect [21,22]. The
basic model of the fractional incommensurate-order model can take the following form:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

dαψ1

dtα
= ψ3(t) + (ψ2(t) − F) ψ1(t), ψ1(0) = l1,

dαψ2

dtα
= 1 − Mψ2(t) − ψ 2

1
(t), ψ2(0) = l2,

dαψ3

dtα
= −ψ1(t) − �ψ3(t), ψ3(0) = l3.

(1)

The detail of each parameter is presented in Tab 1 as:
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Table 1: Parameters details in the model (1)

Parameters Description

α Order of fractional derivative
F Saving amount rate
M costs per investment
� The elasticity of demand of commercial

markets
l1, l2, and l3 Initial conditions (ICs)

With the importance of model (1) in the field of financial systems, the need for an effective tool
for simulating this was a priority. One of the most effective methods that have been developed is
artificial neural networks (ANNs). This tool has been used extensively during the last few years to
simulate stiff and complicated problems. For example, a singular model with Neumann–robin and
Dirichlet was investigated in [23] by Sabir et.al using the last-mentioned method. The application of
this effective approach has been used in the field of neuroscientists as in [24]. The application of the
ANNs technique has been used in the field of medicine as well. For example, El-Mahelawi et al. in
[25] investigated the simulation of the models representing the classification of the types of tumors
through applying this effective approach. Also, the method has some application in microgrids has
been indicated in [26] by Lopez-Garcia et al. which proves to be a tool to help overcome said challenges
in the electrical network. In addition to the last-mentioned areas of application, and has been used to
simulate some of the small-world topologies as in [27]. Liu et al. in [28] investigated the application
of the proposed technique in modeling composite materials revealing some of the new constitutive
laws with some new potential solutions. Generating some urban and architectural designs which may
help to customize some geometric data structures through trained ANN as in [29]. With these wide
and several applications of this method, researchers have been trying to expand the application of the
basic technique and apply some modifications to it to make it more suitable to other related more
complex applied problems.

This work aims to solve the nonlinear chaotic financial system represented in Eq. (1) using a
modification of the artificial neural networks (ANNs) method inspired from recent relevant reputed
reported studies [30–32]. This modification includes the merging of the (ANNs) along with the
Levenberg-Marquardt backpropagation (LMB), i.e., ANNs-LMB. This ANN-LMB is based on
authentication, testing, and training of some sample data and the results proves the method to be
accurate and reliable. The ANNs have proven to be an effective numerical tool to simulate such
problems. For example, Raja et al. in [33] investigated the application of a novel stochastic computing
paradigm for simulating the heat-conducting model that presents the distribution of heat in the human
head representing these through a nonlinear singular problem to be able to better understand their
dynamics. In addition, the ANNs procedures have been used to solve a nonlinear multi-singular third-
order Emden–Fowler equation in [34] by Sabir et al. [35]. Also, Sabir et al. in [36] adopted a new solver
based on the fractional Meyer neuro-evolution computing method for solving a doubly singular multi-
fractional order Lane–Emden system. Other fields of application are pantograph models as in [37–39]
and some fractional-order models [40,41]. The previously mentioned advantages have driven us to
investigate more on the application of the existing technique for simulating the presented model. To
the best of our knowledge, the ANNs-LMB is applied the first time to solve this model.



5018 CMC, 2022, vol.72, no.3

The novel features of the ANNs for solving the fractional order financial model are itemized as:

• A new stochastic numerical procedure with the aid of the ANNs-LMB method is adapted to
simulate the chaotic financial models in the system (1).

• Three different cases based on the fractional-order have been presented to solve the chaotic
financial models.

• The correction of the proposed scheme is observed through the comparison of the proposed
and reference solutions.

• The absolute error (AE) is performed in good measures to authenticate the accuracy of the
proposed ANNs-LMB solver.

• The combined features of the ANNs with the LMB enhance the accuracy of the obtained results
in terms of error for solving the financial problem.

• The error histograms (EHs), MSE presentations, correlation metrics, and regression measures
authenticate the novel computing stochastic numerical procedure based on ANNs-LMB.

The organization of the paper is as follows: Section 2 presents the numerical procedure for solving
the chaotic financial models using the ANNs-LMB method. The performance of this novel technique
is illustrated through several measures in tables and figures presented in Section 3. The conclusion for
the work along with the future work can be found in Section 4.

2 Methodology: ANNs-LMB

In this section, the proposed method based on the ANNs-LMB is given in detail for solving the
chaotic financial model. The main steps for solving the system can be categorized in the following
main steps:

1. Some explanation regarding the use of the stochastic numerical-based ANNs-LMB technique
is provided.

2. The implementation of the proposed technique for solving the chaotic financial model
validates the exactness and effectiveness of the method for solving the chaotic financial system.

These steps for approximating the solution of the financial model with the proposed technique
for simulating the financial model are illustrated in Fig. 1 via actions of the multilayer procedure. In
addition, Fig. 2 shows the solution based on a single neuron based on SNNs-LMBT. The solution is
presented through ‘nftool’ build-in command in ‘Matlab’ using the selection of data for solving the
fractional-order chaotic financial model are selected as 75% for training, 10% for testing, and 15% for
certification.
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1. Methodology

Computational Framework
A multi-layer construction through the ANNs-

LMB solver for the fractional order chaotic 
financial model

Reference Solutions
A dataset through the proposed ANNs-LMB 
solver to solve the fractional order chaotic 

financial model 

Neuron Model

2. Simulations of Results

EHS

Obtained ANNs-LMB results based 
Fitness, EHs, STs, MSE, regression and 

correlation values to solve the 
fractional order chaotic financial model

AE

AE is presented to solve the 
comparison of the ANNs-LMB results 
and the reference solutions to solve the 
fractional order chaotic financial model

Figure 1: Workflow diagram of the proposed ANNs-LMB for the fractional-order chaotic financial
model
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Figure 2: Proposed framework of the single neuron

3 Numerical Validation

In this section, the performance of the obtained results is presented for solving problem 1 with
different three cases using the proposed ANNs-LMB technique. The mathematical representation of
each of the obtained cases is solved for � = 0.3, M = 0.2 and � = 0.1. Then, problem (1) will be in
the form
dαψ1

dtα
= ψ3 + (ψ2 − 0.3) ψ1,

dαψ2

dtα
= 1 − 0.2ψ2 − ψ 2

1 ,

dαψ3

dtα
= −ψ1 − 0.1 ψ3,

(2)

The ICs for system (2) is ψ1 (0) = ψ2 (0) = ψ3 (0) = 0.2. Each case with a different value of the
fractional-order α. Case I is simulated for system (2) with α = 0.4, Case II with α = 0.6, and Case III
with α = 0.8.

The numerical simulations are done through the application of the proposed ANNs-LMB for
solving the fractional-order chaotic financial model with the input span of [0, 1]. Fifteen numbers
neurons have been used to solve the fractional-order chaotic financial model. The selection of the data
to solve the fractional-order chaotic financial model are selected as 75% for training, 10% for testing,
and 15% for certification. The performance of the obtained results is tested in Fig. 3.

Figure 3: Schematic diagram for the proposed technique for solving the financial chaotic system

The plotted graphs for solving the fractional financial system using the proposed technique are
given in Figs. 4–8. The efficiency of the used technique is first demonstrated in Figs. 4a–4d using the
performance and transitions of the method. The measures for the MSE are provided in Figs. 4a–4c and
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the values of the STs are given in Figs. 4d–4f for all three cases. It can be noticed from these figures that
the best curves, training, and testing for case I are drawn at epoch 63 which produces an error between
4.93 × 10−10, 4.11 × 10−08, and 9.58 × 10−08, respectively for each case. Also, the gradient values for
solving the financial system using the ANNs-LMB are found to be 9.52 × 10−08 for case I, 3.26 × 10−08

for case II, and 4.78 × 10−08 for case III. In addition, the last-mentioned performance measures showed
by the graphical representation of the convergence based on the ANNs-LMB method can be observed
in Figs. 5a–5f, which presents the fitting curves and the comparison and EHs for each of the presented
three cases. This validates the obtained results and their comparison with the reference solutions. It
can be observed from Figs. 5a–5c, which demonstrates the comparison of the obtained output results
through authentication, testing, and training for the ANNs-LMB technique that the comparison is
the best fitting for all three cases. Also Figs. 5d–5f gives the EHs values for the three cases and we can
notice that the maximum EHs for case I are around −8.3 × 10−05, 1.7 × 10−05 and 6.69 × 10−05 compared
to −9.3 × 10−05, 6.97 × 10−05 and 1.24 × 10−04 for case II and finally, −4.5 × 10−05, −4.5 × 10−06 and
3.61 × 10−05 for case III. The correlation measures of all three cases for solving the fractional financial
model are illustrated in Figs. 6–8 and based on that it indicates the correctness of the proposed ANNs-
LMB technique based on the verification, training, and testing. Tab. 2 gives the training, epochs,
authentication, testing, backpropagation measures, and complexity for solving the fractional financial
model using the ANNs-LMB method.

(a) Case I: MSE (d) Case I: Values of the state transition

(b) Case II: MSE (e) Case II: Values of the state transition

Figure 4: (Continued)
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(c) Case III: MSE (f) Case III: Values of the state transition

Figure 4: MSE and state transitions to solve the chaotic financial system

(a) Case I: Comparison (d) Case I: EHs

(b) Case II: Comparison (e) Case II: EHs

Figure 5: (Continued)
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(c) Case III: Comparison (f) Case III: EHs

Figure 5: Comparisons and EHs values for solving problem (2) using ANNs-LMB

Figure 6: Regression measures for case I using the ANNs-LMB
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Figure 7: Regression measures for case II using the ANNs-LMB

Figure 8: (Continued)
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Figure 8: Regression measures for case III using the ANNs-LMB

Table 2: Acquired results to solve the chaotic financial system

Case MSE Performance Gradient Mu Epoch Time

[Training] [Verification] [Testing]

I 2.86 × 10−09 4.93 × 10−10 2.75 × 10−10 2.87 × 10−09 9.52 × 10−08 1.00 × 10−10 63 2
2 3.08 × 10−08 4.11 × 10−08 4.56 × 10−08 3.09 × 10−08 3.26 × 10−08 1.00 × 10−09 9 1
3 1.48 × 10−09 9.58 × 10−08 1.20 × 10−09 9.57 × 10−09 4.78 × 10−08 1.00 × 10−10 7 1

The plot of the comparison for different cases is illustrated in Figs. 9 and 10 for solving the chaotic
financial model. The obtained results and the reference solutions overlapped, which indicates that the
proposed technique is efficient in simulating the chaotic financial model using the ANNs-LMB. Fig. 9
gives the obtained results for the three cases compared to the reference solutions for solving the chaotic
financial model. Fig. 10 provides the measures of the absolute error for the three cases using the ANNs-
LMB method. It can be noted that the presented solutions using the ANNs-LMB method are precise
and accurate for solving the chaotic financial model.
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(a) Results for case I (b) Results for case II

(c) Results for case III

Figure 9: Comparison of the results for the financial system

(a) AE: case I (b) AE: case II

Figure 10: (Continued)
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(c) AE: case III

Figure 10: Measure of AE for the financial system

4 Concluding Remarks

The purpose of this article is to investigate the dynamics of the fractional nonlinear chaotic
financial system using a new modification of the ANNs-LMB technique. This technique is performed
using the form of the ANNs method combined with the LMB for simulating the proposed system. The
fractional-order derivative is defined in the Caputo sense and the method is tested for several values
of the fractional-order through three cases. The solutions of the nonlinear, fractional order, financial
differential model is not easy to present, however, ANN-LMB is an efficient solver to solve these types
of models. The solution is presented through ‘nftool’ build-in command in ‘Matlab’ using the selection
of data for solving the fractional-order chaotic financial model are selected as 75% for training, 10% for
testing, and 15% for certification. The results acquired by the ANNs-LMB method are demonstrated
through the graphs representing the proportional measures of MSE, correlation, EHs, regression, and
STs. This indicates that the proposed algorithm is effective in simulating the fractional system with high
performance and can be extended in the future for solving the different problems related to biology,
fluid mechanics as well as other problems in science and engineering [42–46].
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