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Abstract: The Cellular Neural Network (CNN) has various parallel processing
applications, image processing, non-linear processing, geometric maps, high-
speed computations. It is an analog paradigm, consists of an array of cells
that are interconnected locally. Cells can be arranged in different configu-
rations. Each cell has an input, a state, and an output. The cellular neural
network allows cells to communicate with the neighbor cells only. It can
be represented graphically; cells will represent by vertices and their inter-
connections will represent by edges. In chemical graph theory, topological
descriptors are used to study graph structure and their biological activities.
It is a single value that characterizes the whole graph. In this article, the
vertex-edge topological descriptors have been calculated for cellular neural
network. Results can be used for cellular neural network of any size. This
will enhance the applications of cellular neural network in image processing,
solving partial differential equations, analyzing 3D surfaces, sensory-motor
organs, and modeling biological vision.
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1 Introduction

Graph theory is a vast field and is used to solve real problems and natural phenomena. That’s
why it has applications in molecular chemistry, robotics, physics, networks, computer science,
statistics, biological activities, and data science. It represents real scenarios in the graph based on
vertices and edges.

A topological descriptor is a single value that characterizes the whole graph [1-3]. In chemical
graph theory, they are used to estimate biological activities and atomic movements [4—6]. The first
topological descriptor Wiener index was introduced by Wiener in 1947 [7]. Hosoya polynomial,
Schultz index, atom bond connectivity, geometric-arithmetic index are other famous topological
descriptors [4,8,9]. Topological descriptors can be categorized on the basis of the mechanism of
calculation involved [10-17]. Nowadays vertex-edge topological descriptors are gaining importance
in applied sciences [18].
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Let G be a simple connected graph with vertex sets V' (G) and edge sets E(G). The degree
of a vertex ¢, denoted by d(e), is the number of edges that are incident to the €. The open
neighbourhood of ¢ is defined as N(¢) ={c € V(G): ec € E(G)} and closed neighbourhood N[e]=
N(e)U{e} [19]. The ve-degree, denoted by d,.(¢), of any vertex € € V' is the number of different
edges that are incident to any vertex from the N[e]. In [20] defined the ev-degree of the edge
e=c¢ € E, denoted by d,,(¢), the number of vertices of the union of the closed neighborhoods
of € and . For details see [21-27].

The ve-degree and ev-degree topological indices are defined as: > g (du(©))?,
_1
ZeeV dve(é)za ZegeE (dye(€) + dye()), ZegeE (dye(€) X dye(e)), ZegeE (dye(€) x dye(€))™ 2,
1 1
-1 dye(€)+dve(e)=2 )2 2(dye(€) Xdve(€)) 2 2
ZelE dve(el) 2’ ZGSGE < dv(:()e)de(j()E) > ’ ZGSGE (dve((?)idve(é))) ’ ZGSGE dye(€)+dye(€) and
Y cecr (dye(e) +dve(e))_% are named as: ev-degree Zagreb (M,,) index, the first ve-degree Zagreb

o (Mall ) index, the first ve-degree Zagreb g (M 1V€) index, the second ve-degree Zagreb (Mfe)

index, ve-degree Randic (R,.) index, the ev-degree Randic (R.,) index, the ve-degree atom-
bond connectivity (4BCy.) index, the ve-degree geometric-arithmetic (GA,.) index, the ve-degree
harmonic (H,.) index and the ve-degree sum-connectivity (x,.) index, respectively.

ve

2 Applications and Importance

The Cellular Neural Network (CNN) is an array of cells that are interconnected locally. It
is an analog paradigm with various applications including image processing, parallel processing,
and high-speed computations. Each cell has an input, an output, and its state. A cell can interact
with neighbor cells only. A neighbor cell of a cell is in its radius. A neighborhood includes
the cell itself and its eight neighboring cells [28,29]. Fig. 1, consists of two diagrams (a) and
(b). Diagram (a), is a graph of two-dimensional CNN, in which a neighborhood is representing
red and blue colors. Diagram (b), is the internal structure of the red cell of diagram (a), this
cell can interact with all blue cells in this neighborhood. In this article, vertex-edge topological
descriptors have been calculated for CNN. The results are generalized and can be used for CNN
of any structure and size. This will enhance the applications of CNN in image processing, parallel
processing, image processing, non-linear processing, geometric maps, high-speed computations,
solving partial differential equations, analyzing 3D surfaces, sensory-motor organs, and modeling
biological vision [30].

In 2018, new degree-based topological indices are considered and the analytical sharp bounds
has been derived for neural networks in [31]. In 2019, Imran et al. [32] has been calculated the
degree based topological indices of cellular neural network. Topology optimization and Zagreb
connection indices for cellular neural network are studied in [30,33]. Recently in 2021, the compar-
ison and analysis between the dominating topological indices are determined for the cellular neural
network [34]. Some topological indices have been calculated for cellular neural network, and are
prominence their importance, but still many topological indices have not been calculated. Their
calculation will provide an analytical study of cellular neural network in different applications. The
cellular neural network is also known as the strong product of two paths, which has applications
in different area of research, see [35,36].
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Figure 1: Graph of cellular neural networks. (a) Two-dimensional CNN graph, (b) red cell internal
structure of (a)

3 The Graph of Cellular Neural Networks
The Figs. 2 and 3 show cellular neural network for different values of p and g¢.

@@ O ©

Figure 2: Graph representing cellular neural networks p = 5 (rows) and q = 4 (columns)

The cellular neural network can be arranged either linearly or in a sheet form. A cellular
neural network of p rows and ¢ columns, contains pg vertices and 4pg — 3p — 3¢+ 2 edges, which
are shown in Tab. 1. The number of vertices corresponding to their degrees of CNN are shown
in Tab. 2 and the edge partition based on degree of end vertices of each edge is shown in the
Tab. 3.
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Figure 3: This is an example of cellular neural networks graph for p = 7 and q = 7 along with
sum of degrees of neighborhood vertices

Table 1: Vertices and edges of CNN

Total vertices Total edges

Pq 4dpg—3p—3q+2

Table 2: Number of vertices corresponding to their degrees of CNN

d(e) Number of vertices
3 4

5 8

5 2(p+q) — 16

8 4

8 2(p+q)— 16

8 r—Hg—4
Total Pq

We partitioned the edges of CNN, based on ev-degree in Tab. 4.
In Tab. 5, we partitioned the vertices of CNN, based on ev-degree.
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Table 3: Edge partition of CNN

(d(€),d(e))

Number of edges

(3,95
(3, 8)
(5,5
(5, 8)
(8, 8)
Total

8
4
2p+q—4)
6(p+q) — 32

4pg—11(p+q) + 30
4pg—3p—3g+2

Table 4: Edge partition of CNN

Number of edges dey(€) (d(e),d(e))
8 8 3. 5)
4 11 3, 8)
20+q—4%) 10 (5,5
6(r+q) — 32 13 5, 8)
4pg —11(p+q) +30 16 (8. 8)

Table 5: Vertex partition of CNN, based on ve-degree

Number of vertices dye(€) d(e)
4 18 3
8 29 5
2(p+q) — 16 34 5
4 47 8
2(p+q) — 16 55 8
Pp—Hg—4 64 8

We partitioned the edge of CNN with respect to ve-degrees.

Now we calculated ev-degree and ve-degree based indices such as M,, index,

Ml

ave
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index,

M éve index, Mfe index, Ry, index, R,, index, ABC,, index, GA4,, index, H,, index and x,. index

for CNN.

3.1 The ev-Degree Zagreb Index

The values of ev-degree of each edge is calculated by the sum of degree of its end vertices.
The edge partition according to ev-degree for cellular neural network (CNN) is shown in Tab. 4.
By using ev-degree of CNN from Tab. 4, we compute the ev-degree based Zagreb index:

M®(CNN)= Y (dw(e))’
ecE(CNN)

=8x82+4x 11>+ 2p+2g—28) x 10? + (6p + 6¢g — 32) x 132

+ (4pg —11p — 11g+30) x 16
= 1024pg — 1602p — 1602q + 2468.
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3.2 The First ve-Degree Zagreb a Index

The ve-degree of each vertex is obtained by the sum of all degrees of its neighboring vertices.
We partitioned the vertices of cellular neural network (CNN) according to its ve-degree that is
shown in Tab. 5. Using Tab. 5 we compute the first ve-degree Zagreb « index:

ML (CNN) =Y dye (e)?
eelV
M} (CNN)=4x 18> +8 x29% + (2q +2p — 16) x 34> + 4 x 47% 4+ (2¢ + 2p — 16) x 557
+ (pg —4q —4p + 16) x 64°
= 4096pq — 8022 (p + ¢) + 15500.

3.3 The First ve-Degree Zagreb 8 Index

The edge partition of cellular neural network (CNN) with respect to ve-degree is shown in
Tab. 6. Using Tab. 6 we compute the first ve-degree Zagreb S index:

M (CNN) = 3 (dhe (€) +doe ()

eceE
My, (CNN) =8 x (184+29) +4 x (18 +47) +4 x (29+29) + 8 x (29+34) + (2p + 2q — 20)

X (34+34)+8 x 29+47) +8 x (29+55) + 8 x (34 447) + (6p + 6 — 56)
X (34+55)+8 x (47 +55)+4 x (47 +64) + (2p +2q — 16) x (55+55) + (6p + 6 — 56)
x (55+64)+ 2pg — 8p — 8q + 32) x (64 + 64)

=256pg+ 580 (p+¢) —6112.

Table 6: Edge partition of CNN, based on ve-degree

Number of edges (dye(€),dye(€)) (d(€),d(g))
8 (18, 29) 3,5
4 (18, 47) (3, 8
4 (29, 29) (5,5
8 (29, 34) (5,5
2(p—5)4+2(g—9) (34, 34) (5, 5)
8 (29, 47) (5, 8)
8 (29, 55) (5, 8)
8 (34, 47) (5, 8)
2(3p—14)+23q —14) (34, 55) (5, 8)
8 47, 55) 8, 8)
4 47, 64) (8, 8)
2p+q—29) (55, 55) 8, 8)
6(p—6)+6(q—6)+16 (55, 64) 8, 8)

20 -4 (g —4) (64, 64) 8, 8)
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3.4 The Second ve-Degree Zagreb Index
Using Tab. 6 we compute the second ve-degree Zagreb index:

M7, (CNN)= )" (dye(€) X dyc (&)

eceE

Mfe(CNN)=8>< (18x29)+4x (18 x47)+4 x (29 x29) + 8 x (29 x 34) + (2p + 29 — 20) x (34 x 34)
+8x (29 x47)+8 x (29 x 55) + 8 x (34 x 47) + (6p + 6 — 56) x (34 x 55)
+8 X (47 x55)+4x(47Tx64)+ (2p+2g—16) x (55 x 55) 4 (6p + 69 — 56)
x (55 x 64)+ 2pg — 8p — 8¢ + 32) x (64 x 64)
=8192pq+ 7934 (p + q) — 154316.

3.5 The ve-Degree Randic Index
Using Tab. 6 we compute the ve-degree Randic index:

R (CNN) =Y (dye (€) X dhe ()2

ceekl

Rye(CNN) =8 x (18 % 29)"% +4 x (18 x 47)"% +4 x (29 x 29)"% + 8 x (29 x 34)~2 + (2p +2¢ — 20)
X (34 % 34)7 +8 x (29 x 47) "3 +8 x (29 x 55)~3 +8 x (34 x 47)"2 + (6p + 6 — 56)
X (34 x 55)72 £ 8 x (47 x 55)77 +4 x (47 x 64)™2 + (2p+2¢ — 16) x (55 x 55)"2

4 (6p+6q — 56) X (55 x 64)7 + (2pg — 8p — 8¢ +32) x (64 x 64)~2

4 2 13081 4 23 223 8
57V 8 TV T 5230 T 393V 30 Tas0?  Taso?d T e Y O
8 4 | 8 |

° A — —56)4/1 ° N V4
+ 1595 VI35 + 555 VIS8 + o (69 + 6 — 56) VIBTO + 2o V/2585 4 o v/47

1 |
+m(6p+6q—56)v55+§pq

| 3 23 3 4 2 13081 4

- 1870 — == 4+ /35 V38— oh— 2 L /986

3Pt (935 7480 T 220 ) P9+ g7Vo8+ 1 54230 ' 493
bt 1598 — 22 T8T0 4+ o T363 4 —— /T595 + AT+ — /3585 — /55

799 935 1363 1595 94 2585 5577

3.6 The ev-Degree Randic Index
Using Tab. 4 we compute the ev-degree Randic index:

Ry (CNN) =" dey (e1) ™2
e E
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Rey(CNN) =8 x (8)"2 44 x (11)"2 4+ (2p+2¢ —8) x (10)"2 + (6p + 6¢ — 32) x (13)"2

F(4pg—11p—11g+30) x (16)™2

4 1 1 111 15
=2\/§+ﬁm+1—0(2p+2q—8)\/m+ﬁ(6p+6q—32)\/E+pq—Zp—zq+7

1 11 6 4 4 32 15
=pq+<§«/E—Z+Ex/l_3)(p+q)+2\/§+ﬁ\/ﬁ—§«/m—ﬁx/ﬁ+7

3.7 The ve-Degree Atom-Bond Connectivity Index
Using Tab. 6 we compute the ve-degree atom-bond connectivity index:

dye (€) + dye (¢) _2>%

ABC,.(CNN)= Y ( dye (€) X die (£)

eceE

. [% 63 56 61 6
ABC,.(CNN) =8 x 35 —= +4x 346 - +4x 341 +8 x 936 + (2p+2q—20) x 115
74 g2 79 87 100
1363 78XV 1305 T8 %\ 1508 (O +60 =36 %y 1e55+8 X/ 55¢3

+4x 310009 +(2p+2q—16) x 310028 + (6p + 6 — 56)><\/315Tz7 + (2pq —8p

—8q+32) x %

=j_2mpq+( VTG00 + /34 52T+ f——f)@+q>+ 2 /2%
TG4 ST 1o JGOTA — 1266 4 TS0 — oV T2690
B A VIR £ VI - TIE — SLVTS 4 VST

3.8 The ve-Degree Geometric-Arithmetic Index
Using Tab. 6 we compute the ve-degree geometric-arithmetic index:

3 2 (dye (€) X diye (2))7

GAye (CNN) = dye (€) +dye (€)

ecceFE
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164522  8+/346 8«/841 16+/986 L 200+2- 20)¢1156 16+/1363
GAy (CNN) =
ve ) a7 T e S8 63 68 76
+16«/1595 16/1598 L 2(6p+6q— 56) /1870 +16«/258 N 843008
84 81 89 102 111
202p+29—16)v/3025  2(6p+6q—56)/3520 2 (2pq —8p — 8¢+ 32) /4096
+ + +
110 119 128
96 48 24 16 16
=2pq + \/187 — 4+ 55 (4 @)+ =58+ =94+ —+/986 + —~/1598
119 47 65 63 81
112

128
——«/1870-1— J1363+ 1¢1595 mf+ 1«/258 «/_

3.9 The ve-Degree Harmonic Index
Using Tab. 6 we compute the ve-degree harmonic index:

2

H,, (CNN) = _—
¢ ) E dye (€) +dye (¢)

€ee

2(2p+2q—20) E E E 2 (6p+6q — 56)

16 8 8 16
Hie (CNN) =12+ =+ 5o+ =

65 ' 58 ' 63 68 76 T8a T 31 89 102
8 2(2p+2g—16) 2(6p+6g—56) 2(2pg—8p—8q+32)
HETHI 110 * 119 * 128
1 959311 959311  30087768559241

=32797 3660040” T 26600407 ~ 33584675843862"

3.10 The ve-Degree Sum-Connectivity Index
Using Tab. 6 we compute the ve-degree sum-connectivity index:

Joe (CNN) = 3 (dye (€) + dhe ()2
cceE

Yoo (CNN) =8 (47) ™3 +4.(65)"% +4(58)"3 +8(63)~7 + (2p +2¢ — 20) (68)~% +8 (76)" +8 (84)~>
+8(81)"3 4 (6p+6q—56)(89)3 +8(102) % +4(111)"% + (2p+2¢ — 16) (110)"2
4 (6p+6q — 56) (119)7% + (2pg — 8p — 8¢ +32) (128)2

=§pq+(%\/@+ W+1—19JT+1/17J_)—1/2I>@+4>+ ~/—+ */_
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2 8 10 4 56 8 4 4 8
V384 T — =TT+ =21 — —/89 — — 110+ — /19 + — /102 + ~
39 58+21‘/_ EASEIEY 5o V8 55 VIO g9+ V0245

4
+2\/_—%¢119+m\/111.

4 Numerical and Graphical Representation

In this section, we determine the numerical values of the Mollve, M éve, Mfe, Rey, ABC\p, GAye, Rye, Hye, Xves

in Tabs. 7-9. We represented these results graphically in Figs. 4-6.

ove’

Table 7: Numerical comparison of My,,, Mg, and Mj,

[p. ql M}, Mg, M,

[5, 5] 12304 6088 129824

[6, 6] 20364 10064 235804

[7, 7] 30472 14552 358168

[8, 8] 42628 19552 496916

[9, 9] 56832 25064 652048

[10, 10] 73084 31088 823564

[11, 11] 91384 37624 1011464
[12, 12] 111732 44672 1215748
[13, 13] 134128 52232 1436416
[14, 14] 158572 60304 1673468

Table 8: Numerical comparison of R,,, ABC,, and GA,,

[p, ] Rey ABCe GAye

[5, 5] 20.595 16.952 72.413
[6, 6] 30.688 24.492 110.04
[7, 7] 42.781 32.733 151.67
[8, 8] 56.875 41.676 197.30
[9, 9] 72.968 51.322 246.92
[10, 10] 91.060 61.670 300.55
[11, 11] 111.15 72.718 358.17
[12, 12] 133.25 84.465 419.80
[13, 13] 157.34 96.917 485.43
[14, 14] 183.44 110.07 555.06
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Table 9: Numerical comparison of R,., Hy, and x,,

[pa q] Ry, H, Xve
[5, 5] 1.9915 1.9440 8.3964
[6, 6] 2.7556 2.6994 12.165
[7, 7] 3.5818 3.5174 16.288
[8, 8] 4.4709 4.3979 20.763
[9, 9] 5.4222 5.3408 25.593
[10, 10] 6.4360 6.3463 30.776
[11, 11] 7.5125 7.4143 36.313
[12, 12] 8.6513 8.5447 42.203
[13, 13] 9.8528 9.7377 48.446
[14, 14] 11.117 10.993 55.044
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Figure 4: Graphical comparison of M1 M;lsve and Mfe for CNN
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Figure 5: Graphical comparison of R,,, ABC,, and GA,, for CNN
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Figure 6: Graphical comparison of Ry, Hy, and x,, for CNN

5 Advantages and Limitations
5.1 Advantages

As a machine learning algorithm, CNN can take image as an input, highlight image key
features, and differentiate one image from the other [37]. CNN has powerful function-fitting
capabilities and has great potential to study partial differential equations [38,39]. CNN has been
widely used in analyzing 3D surfaces and facial images applications [40]. The design components
underlying the implementation of the physiologically faithful retina and other topographic sensory
organ models on CNN universal chips. The results obtained through the proposed technique
can better understand the features and characteristics of CNN. It can enhance image process-
ing applications, solve partial differential equations, analyze 3D surfaces, sensory-motor organs,
and model biological vision. Combinations of CNN and artificial intelligence provide enhanced
human-level performance to computer architectures [41]. This article is vital in the implementation
of Human-level visual recognition.

5.2 Limitations

The calculation of vertex-edge topological descriptors carried out in this research are specifi-
cally derived for cellular neural networks. However, with some modifications they can be applied
in other fields like image processing, biological modelling, 3D surface analyzing, and complex
imaging. The applicability of this research still needs to be validated for these fields to identify
the full potential of this research. These open problems can be further studied to get full benefit
of this research.

6 Conclusion

A cell in Cellular Neural Network (CNN), can communicate with neighbor cells only. Due
to its architecture, it is used to manage hierarchical levels, and it has variety of applications. In
applied sciences, graph theory provides different tools and methods to remedy real-world problems.
To solve these problems, it represents them in the form of graphs. Topological descriptors in
graph theory are used to study and characterize biological activities in the form of graphs. In this
article, the vertex-edge topological descriptors have been calculated for the graphic representation
of CNN. Results can be used for the CNN of any size. The proposed technique can enhance
the CNN’s applications in image processing, parallel processing, non-linear processing, geometric
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maps representations, high-speed computations, solving partial differential equations, analyzing 3D
surfaces, sensory-motor organs, and modeling biological vision.
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