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ABSTRACT

The generating functions of special numbers and polynomials have various applications in many fields as well
as mathematics and physics. In recent years, some mathematicians have studied degenerate version of them
and obtained many interesting results. With this in mind, in this paper, we introduce the degenerate r-Dowling
polynomials and numbers associated with the degenerate r-Whitney numbers of the second kind. We derive
many interesting properties and identities for them including generating functions, Dobinski-like formula, integral
representations, recurrence relations, differential equation and various explicit expressions. In addition, we explore
some expressions for them that can be derived from repeated applications of certain operators to the exponential
functions, the derivatives of them and some identities involving them.
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1 Introduction

The Stirling number S,(n, k) of the second kind counts the number of partitions of the set
{1,2,...,n} into k-nonempty disjoint set. The Bell polynomials B,(x) are given by

B,(x) = i S,(n, k)x*, (see [1]).

When x = 1, B, = B,(1) are called the Bell numbers. The Stirling number S, (7, k) of the first kind
counts the number of having permutations of the set {1, 2, ..., n} having k disjoint cycles.

Dowling [2] constructed a certain lattice for a finite group of order m, called Dowling lattice,
and using the Mobius function, he introduced the corresponding Whitney numbers of the first kind
w,.(n, k) and Whitney numbers of the second kind W,,(n, k) (0 < k < n,m > 1), which are independent
of the group itself, but depend only on its order. For the trivial group, we have w,(n, k) = S, (n+1,k+1)
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and W (n,k) = S,(n+ 1,k 4+ 1). Benoumhani [3,4] gave a detailed description of properties of these
numbers.

For x € R, the falling factorials (x), are given by (x), = x(x — 1)---(x — n + 1),
(n>1) and (x), =1, (see[1]).

As a generalization of the the Whitney numbers w,,(n, k) and W,,(n, k) of the first and second kind
associated with Q,(G), respectively, Mezd [5] introduced r-Whitey numbers of the first and second kind
given by

m'(x), = D Wi, (n, k) (mx + 1),

k=0

and

(mx+1)" =" W,,(n,ym"(x),, (1)

k=0

respectively, for n > k > 0. And w,,,(0,0) = 1 and ,,,(0,0) = 1.

When r= 11 Mjm(”s k) = M}m,l(na k) and I/I/m(ns k) = I/I/m,l(na k)'

We note that
wio(n, k) = Si(n, k), Wio(n, k) = S,(n, k)
‘/Vl,r(n7 k) = Sl(n + rak + r)a Wl,r(na k) = SZ(n + V, k + r)
‘/Vm,l (na k) = M}m (na k)> Wm,l (ns k) = Wm (ns k)

Note that the »~-Whitney numbers of the second kind are exactly the same numbers defined by
Rucinski and Voigt et al. [6] and the (r, 8)-Stirling numbers defined by Corcino et al. [7].

The r-Whitey numbers of both kinds and r-Dowling polynomials were studied by several authors.
The references [2—5,7-15] provided readers more information. In particular, Cheon et al. [§] and
Corcino et al. [1 1] gave combinatorial interpretations of the r~-Whitney numbers of the first and second
kind, respectively. In recently years, many mathematicians have been studied the degenerate special
polynomials and numbers, and have obtained many interesting results [14,16-24]. In particular, the
generating functions of (degenerate) special numbers and polynomials have various applications in
many fields as well as mathematics and physics [1-32]. Kim et al. [14] introduced the degenerate
Whitney numbers of the first kind and the second kind of Dowling lattice Q, (G) of rank n over a
finite group G of order m, respectively, as follows:

m'(x), = D W (k) (mx + Dy, (02 0), 2
k=0

and

(mx+ 1, = D W lom' (), (n=0),  see [14]. (3)

With these in mind, we naturally introduce the degenerate r-Dowling polynomials and numbers
associated with the degenerate r-Whitney numbers W,,.(n, k) of the second kind in this paper. We
explore various properties and identities for the degenerate r-Dowling polynomials and numbers
including generating functions, Dobinski-like formula, integral representations, recurrence relations,
various explicit expressions. Furthermore, we investigate several expressions for them that can be
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derived from repeated applications of certain operators to the exponential functions, the derivatives
of them and some identities involving them.

2 Preliminaries

In this section, we introduce the basic definitions and properties of the degenerate r-Dowling
polynomials and numbers needed in this paper.

For x € R, the rising factorials (x), are given by (x), = x(x + 1)---(x + n — 1),
(n>1) and (x), =1, (see[1]).

Cheon et al. [] introduced the r-Dowling polynomials associated with the r-Whitney numbers
W.,..(n, k) of the second kind are given by

D, (n,x) = > W, (nk)x*, (see [8]). )
k=0
By (1) and (4), the generating function of r-Dowling polynomials is given by

mt

oo tn 1
D Do, x)— = exp (rt +x ) . (see [8,11,13]),
n.

k=0
where exp(f) = ¢'.

Corcino et al. [11] studied asymptotic formulas for »~-Whitney numbers of the second kind with
integer and real parameters. They also obtained the range of validity of each formula.

As is well known, for any A € R,

ei(t)=(1+)»t)%=2(x)ni;—:, (rf] < 1),  (see [16-24]), 5)

where (x),, = x(x —A)---(x — (n—1)A)) (n > 1) and (x),, = 1. When 1 — 0, e} (1) = e*.

The degenerate Stirling numbers of the second kind are given by

1 o~ r"
@O =D =23 Sk~ (=0, (see [16,19,22]. (6)
n=k
Kim et al. studied the unsigned degenerate r-Stirling numbers of the second kind defined by
A =D SO (n+rj+0), 0=0), (s [22). @)
j=0

From (7), the generating function of the degenerate r-Stirling numbers of the second kind is given
by

e;(t)jl!(ex(t) -1y = ZS;’l(n +r,j+ r);—”!, (see [22]). ®)

n=j

where j is a non-negative integer.
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In view of (8), the degenerate r-Bell polynomials are given by
Bel”(x|])) = > SO (n+r.j+rx, (=0), (see [22]). ©)
j=0

From (9), it is easy to show that the generating function of degenerate r-Bell polynomials is given
by

0 r
¢ (e @0 =37 Bel?(x|\)—,  (see [22]). (10)
A n n'

n=0

when x = 1, Bel” (L) = Bel”(1|A) are called the degenerate r-Bell numbers.
Kim et al. introduced the A-binomial coefficients defined as

(x) (), x(x—=A)---(x—(m—DA)

nj, n! n!

X

, (m>1) and (O) =1 (AeR), (see [20]). (11)

From (11), we easily get

(1) -£0)(2): w0 o

=0
From (12), we note that

n

(X + Vs = z (Z) () V)it (13)

k=0

3 Degenerate r-Dowling Polynomials and Numbers

In this section, we explore various properties for the degenerate r-Dowling polynomials and
numbers.

From (1), the degenerate r-Whitney numbers W, (n, k) of the second kind are given by

(M + 1) = D W, (nkym(x),,  (see [14]). (14)
k=0
Lemma 3.1. [14] For k > 0, we have the generating function of the degenerate r-Whitney numbers
of the second kind as follows:

3 e — 1Y
Z Wvl11,r"k(n7])_' - e)b(l)—' (k—) .
n=j n: ]. m

In Lemma 3.1, when r = 1, we have the generating function of the degenerate Whitney numbers
of the second kind as follows:

0 1" 1 m(f _1 J
> Wy =0 (%) . (see [16]).

n=j
From Lemma 3.1, (6) and (&), we get
I/I/l,r.k(n:j) == Sgi(n + raj + l"),

Wioa(n,)) = 8,(n,)), (15)
Wm,],k(naj) - Wm‘k(nsj)'
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The next theorem is a recurrence relation of the degenerate Whitney numbers of the second kind.

Theorem 3.1. For n > 0, we have

qu,;',h(n + 1:]) = Wm,r,k(”:j - 1) + (m] + r— n)") Wm,r,k(n:j)'

Proof. From (14), we observe that

n+1
D W+ 1,jnd (), = (mx + 1)1, = (mx + 1 = An)(mx + 1),,,

J=0

=D Wm0 im(x = j) + mj +r — ni}

J=0

n+l1 n
=D Wua(nj = D (), + D W, (0, ) (mj + r — nh)m (x),
j=1 j=0
n+1
= > Wanj = 1)+ W, (0, ))(mj + 1 — nd) ! (x),. (16)
j=0

By comparing the coefficients of both sides of (16), we get the desired recurrence relation.

The following theorem shows that the degenerate r-Whitney numbers of second kind expresses
the finite sum of degenerate falling factorials.

Theorem 3.2. For n,j > 0, we have

1 d ] j—d I/I/m,r,)L (naj) lf n Z ja
jlmi — (d)(_l)] (dm 1), = { 0 if otherwise.

Proof. By (5) and Lemma 3.1, we observe that

= e —1Y
D W= = emf,(*—)
n! J! m

n=j

J n

1 J N ¢
= T > (d)(—l) > dm+ P

d=0 n=0

00 1 < j L "
- Z(;(]'_mz (d)(—l) (dm+r),,,A)a. (17)

d=0

By comparing the coefficients of both sides of (17), we get the desired result.

In Theorem 3.2, when r = 1, forn > k > 0, we get

1 . ] j—d Wn)»(naj) lf n Z]: y
]'_m/ — (d)(_l)j (dm + 1), = [ 0 if otherwise, (see [14].
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In this paper, we naturally consider the degenerate r-Dowling polynomials of the second kind
given by

D)%) = D W, u(n ¥, (n=0). (18)
Jj=0
When x = 1, D,,.,(n) = D,,.(n|l) are called the degenerate r-Dowling numbers of the
second kind.

When r = 1, D,,;(n,x) = D,,,,(n|x) are the degenerate Dowling polynomials in of the second
kind [14].

When r = 1, the degenerate r-Dowling polynomials of the second kind are different from the fully
degenerate Dowling polynomials in [23].

Theorem 3.3. For m € N, the generating function of degenerate r-Dowling polynomials of the
second kind is

e (t)e‘( szm(mx)—

Proof. From Lemma 3.1 and (18), we observe that

> Dusios =3 (Z W, (n,j)xf) 5
n=0

n=0 Jj=0

= (z)z ( ACk 1) ¢ (e S, (19)

By (19), we have the generatmg function of degenerate r-Dowling polynomials of the second kind.

When m = 1, from Theorem 3.3, (10) and (15), we observe that

D,,.(n) = Z Wi, (n,j) = Z SO (n+r.j+ 1) = Bel” (3.

Jj=0

Whenm_ 1, =1and A — 0, we note that

D)= W)= Sn+1,j+1).

J=0
Theorem 3.4. (Dobinski-like formula)

For n > 0, we have

o~ M+,
Dm,r’k(l’l|x) —e m Z —n, x/,
o S

When r = 1, we have
1 .
D,,(nlx) = e Zm X

= Jlm
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Proof. From (5) and Theorem 3.3, we note that
= " -1 T | o
o X)) — o J Mj+r
2 Duns (1) = €/ (e =eh ) x Ty
n=0 j=0

o0 J n

e Y o '~ Y t
By comparing the coefficients of both sides of (20), we have Dobinski-like formula for the
degenerate r-Dowling polynomials.

In the following theorem and corollary, we have integral representations of the degenerate r-
Whitney numbers and the degenerate »-Dowling polynomials, respectively.

Theorem 3.5. For n,/ € Z with n > [ > 0, we have
! 27 1 ) {11 0y __ 1 !
W,an D) = i / e <el")(&) Sin(nf)do,
T 0 m

n
where i = +/—1.

Proof. From Lemma 3.1, we get

o fen(e®) — 1 ! ad 1 =
/ —e; (619)( 2 _) Sln(ne)dG = E Wﬂ,r,A (ja 1)_ / el/9 s1n(n9)d9
o I m U

00 l 2 .
—i> WG b= [ sinGo) sin(m)do = =W, (n, D). Q1)
= 7 Jo n! ’

Therefore, by (21) we have the desired result.

Corollary 3.1. For n > 0, we have

i

! 2r ) i0 _1
" i / ¢ (e") exp (&) Sin(n0)do = D, (n).
T 0 m

Proof. By Lemma 3.1 and Theorem 3.5, we have

2 oy em(eig) -1 ) 0 27 oy 1 em(eie) -1 ! )
/0 e, (e”) exp (AT) sin(nf)df = ;/0 ex(e(’)ﬁ(*T) sin(nf)d6

. 1 [
=D D> WunlisD5 / ¢ sin(n)do
J:Jo

=0 j=I

o | o in
=iy > 7 Wora (s D) /0 sin(j6) sin(nd)d§ = — Dy, (). (22)

j=0 1=0
From (22), we get the desired identity.

Lemma 3.2. Forn > j > 0 and r,m € N, we have

n

. 1 n n—s K .
WWH»I,)',)»(n"]) = m ;; (S)(_l) (m + 1) < r>n7.\',m)u m,r,m'j'rl}»(sa‘])'
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Proof. From Theorem 3.2 and (13), we get

N Y AYIN"
I/I/m+1,r,k(n>.])_j! (m-i—l)j/Z:():(l)( Yy"(Um+1)+r),,
CmE DTSN, LT
B 2(1)( b (I’Lm m<m+1>)n,¢l

n . ] ( l)j_l = n L —r
=@m+1) Z ( ) (m+ 1) z (s) (l-i- m)n‘\,mx+1 (m(m + 1))&’”11
: T o (N
-l Z( )(M+1)’m” ( m(m+1>)s,nk i (z)( DY lm st

n+1

n n m/ (_1)\ .
= 1 n n - e, —,
ey Zo: (S) m+ Lyms m(m+ D)y o e (n—s.j)

1 n (n)
= —_ (_1)”—5(},” + l)Y < V>n—.\',mk m,r,
(m 4+ 1Ymn —~\s

By (23), we obtain the desired result.

5. (8,.]).- (23)

The next theorem is a recurrence relation of degenerate r-Dowling polynomials.

Theorem 3.6. For n > 0, we have

1 « m
Dm+l,r,)»(n|x) = % jgo (])( l)n j(m + 1)] < V>,, ijDmrerl" ( ’ + 1 )

Proof. From (18) and Lemma 3.2, we have

Dm+1.r,}\(n|x) = Z I/I/erl,r,)\(n)j)xf

j=0

n 1 n n . s . |
- ZO:((’/n—i_—l)Jrnnj Z(): (S) (_1) (m + 1) = r>}’l—s,mk 111,1',,’ﬁlx(S,J)) xj
J= =

1 < m
e % (])( 1)’1—/(m + 1)] < r> _/mAD))1r ( P} + lx) . (24)

=0
Here W,,,,(j,d) =0, if d > j. Thus, by (24), we get what we want.

Theorem 3.7. For n > j > 0, we have the recursion formula for W,,,,(n,j) as follows:

n d n—d
. : d . —A
Wm,r.}»(n + 19]) = n' Z (r Wn,r,k(daj) + z (C) VI/m,r,)» (Caj - 1)(m)dc,k) %

d=j—1 c=j—1

Proof. For j > 1, from (5) and Lemma 3.1, we observe that

1 d mt _1 J
> Wenlnt Ly = G A()(%)
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(o (eO=1Y, L a1y, Y ]
= j—'ek()( . )+(j_l)!ek()(T) e (1) ey

0 b 00 ! ;>
= O Wb+ 2D (ﬁ) Wi = DO ) D (<10

b=j I=j—1 c=j—1

=22 (Z)r%m(b,j)(n — b)! (_,\)n—bf_”'
n.

n=j b=j

£33 (1) () Wt = viom - i

n=j—11=j-1 c=j—1

o] n b _)\‘ n—b n
-y (n! 3 (r Wosb. )+ > (f) W, () — 1>(m>bc,x) %) - (25)

n=j—1 b=j—1 c=j—1

By comparing the coefficients of both sides of (25), we get what we want.
The following theorem is another recurrence relation of degenerate r-Dowling polynomials.

Theorem 3.8. For n > 0, we have the recurrence formula of D,,,, as follows:

n

Dm,r,x(n + 1|u) = Z (’;) {r(_)\')nil(n - l)' +u(m - )\')n—l,)»}Dm.,r.}»(”u)'
1=0
Proof. From Theorem 3.3, we note that

d er(t) — 1 0 ~— r = r
e exp (”T = Z Dy () — = ZD (n+ 1w —. (26)

On the other hand, by (26), we get
0 () — 1 () — 1 () — 1 )
—e (1) exp (u—e*( ) ) = re; (1) exp (uL) + ue, (1) exp (uL) ()
at m m m

> ot > A t
= (rz (=AYl +u D m— x)_,aﬁ) 2 Dol
i=0 j=0 =0

= Z Z (7) (r(_)\)n—/(n - l)' Dm,r,)»(llu) + u(m - )")n—l,ADm,r,k (llu)) J (27)
n=0 =0 ’
By comparing the coefficients of (26) with (27), we get the desired identity.
Remark. When u = 1, we have
Dm.,r.)»(n + 1) = Z (7;) {r(_)\')nil(n - l)' +(m - )\')n—l,A}Dm,r.)L(l)~ (28)

1=0
Next, we explore two identities including degenerate r-Dowling polynomials that can be derived
from repeated applications of certain operators to the degenerate exponential functions.
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Theorem 3.9. For n > 0, we have

n

g—te (0) exp( ’”(z)) = & (1) exp( "1(t)) D, (nlxe!(1)).

Proof. First, we observe that

8 . 3 mj+ mj+r
S0 = o (14 A1) = (mj 4+ (4 a0

2

882 ety = (mj+r)mj+r— A)(1 + )

(m/+r) 2%

n

36O = (mj + 1) e (). (29)
By (29) and Theorem 3.4,
9" . =, X 3"
(¢t ﬁ(ﬂf(!)) mj mj+r ¢
Fe (e aﬂ( <)Z ,A<)) Z por (aw ())
— Z ' nke—nk(t)emj+r([)
Jj=0 n/l/
r—ni = (m] + r) n m j r—n. \”m( m
=¢ m;;m]—.ﬂ**(xq () = &7 (D)e D, (nlxe] (1)). (30)

From (30), we have what we want.

Let 4,, => " 5 —0,1,2,.... From Theorem 3.4, we have D,,,,(n) = e 7 A,,.

jn/

J=0
By Theorem 3.3, we have

o0

> = b Y D0
n=0

= e%e;(t) exp (%) = e (t) exp (e:;nﬁ) . (31)

From (31), the generating function of 4, is

e, (1) exp ( A )) = ZAM;—}:. (32)

n=0
Theorem 3.10. For n > 0, we have

n
A d roux r—nk ux
mu' '"% unem =y m emD, (nlu).
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Proof. Let ¢/'(#) = u, Then we have

) L
dt  dtdu du du’
By (33), we get
m—. d r r—n
(muTA %)”um exp (%u) =y exp (n%u) D,,,.,(n|xu), (n > 0).

By (34), we attain the desired result.

Remark. When x = 1, we have

-~ d ! Iroou r=nk u
mu m@ umemn =y m enD, (nlu).

In Theorem 3.1, when u = 1 we observe that

(mumr?A %) um exp (%)

From (35), we obtain
AO,A = 6% and Dm.,r.)»(o) = e_%AO,)» = 1

In (35), when n = 1, we get

(mumfﬁA %) lu% exp (%)

m—x r I u 1 I u r=i u

=mu ™ | —um exp (—) + —um exp (—) =+ wumen,
m m m m

From (36), 4,, = (r+ Den and e n 4,, = (r + 1) = D, (1).

In (35), when n = 2, we observe that

2
m—i d I
mu nm — umem —
du

r=i r— )\. r=h—m

m—> r=h U u 1 r=A u
=mu m umem _|_ u mn (r + u)em _|_ _(r _|_ u)u m-em
m m

= e%Dn,r,A (n) = An,)»-

u=1

|=
VS
3
:~.
SRS
N—"
~
~
+
S
N
el
Q
ER

m—r—2\
=u m e mt -+ + o+ w).
From (37), we get
Ay =emim+ -G+ 1D+ @+ D) =em{m+ (r+ D@ — 1+ D).
Thus, by (38), we have D,,,,(2) =m+ (r+ 1)(r — A + 1).

In the same way, we get

D3 =2k22 4 (m = ) (m —20) + (r + DBm+ (r+ D(r +1 = 31)}.

By continuous this process, we get all the r-Dowling numbers D,,,, (n), for n € N.

835

(33)

(34)

(35)

(36)

(37)

(38)

(39)
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As you can see from (39), the larger n, the more difficult it is to calculate by hand. Here we use
Mathematica and Fortran language to find these values.

In Fig. I, when m = 5, we can see the change of Ds,,,(2) and Ds,,5(2) depending on r by
using Mathematica (x-axis is the numbers of r, y-axis D(2) is the numbers of Ds,,,(2) and Ds,,5(2),
respectively).

In Fig. 2, when m = 5, we can see the change of Ds,,,(3) and Ds,,5(3) depending on r by
using Mathematica (x-axis is the numbers of r, y-axis D(3) is the numbers of Ds,,,(3) and Ds,,5(3),
respectively).

D(2) D(2)
10000 10000
8000 8000
6000 6000
4000 4000
..... -
2000 2000
20 a0 60 80 100 " ' 20 a0 60 80 100 "
Figure 1: D(2) = D;,;(2), when A =0.1 and 0.5, respectively
D(3) D(3)
1x10° 1x10°
800 000 800 000
600 000 600 000
400 000 400 000
e -
200000 __——/ 200000 ———__/,/
20 0 60 80 100" ' 20 a0 60 80 100"

Figure 2: D(3) = D;,,(3), when A =0.1 and 0.5, respectively

In Fig. 3, when A = 0.1, we can see the change of D,g;,,(n) and Ds,,,(n), respectively, by using
Fortran language (x-axis is the numbers of n, y-axis log,,(D(n)) is the value of log,, (numbers of
D10, (n) and Dy, 4, (n), respectively).

In Fig. 4, when A = 0.5, we can see the change of D,g;,5(n) and Ds,5(n), respectively, by using
Fortran language (x-axis is the numbers of n, y-axis log,,(D(n)) is the value of log,, (numbers of
Dy, 05(n) and Dy, 5(n)), respectively).
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65 - 65
60 | 60 -]
55 55
50 ] 50 -]
451 451
401 40
35 ~ 354
30 g 304
255 = 25{
20 ] S 201
15 15 ]
10 10
5] 5]
0 0

-5 T T T T T T T T -5 T T T T T T T

0 5 10 15 20 25 30 0 5 10 15 20 25 30

n n
Figure 3: log,,(D(n)) =log,o(D,, 10.1(1)) when m =10 and 50, respectively

65 65
60 - 60
55 ] 55 -]
50 50
45 45
40 40
35 ~ 354
30 g 304
25 = 25{
20 ] o 20
15 15
10 10
5] 5]
0 0

-5 T T T T T T T T -5 T T T T T T T

0 5 10 15 20 25 30 0 5 10 15 20 25 30

Figure 4: log,,(D(n)) =log,o(D,, 105(r)) when m =10 and 50, respectively

Next, we can get differential equation for degenerate r-Dowling polynomials as follows:
Theorem 3.11. For n > 0, we have

d
Dm,r,)»(n + 1|H) = (U + (r - n)"))Drrz,l',A(n|u) + mu%Dm,r,A (nlu)

Proof. By using Theorem 3.4, we observe

d w d{ . U ~= mj+r),, .
[— m D ) e — m R —
du(u s (11)) o (u exp( m) ]EO I w

d U\~ M +71),,  winm
E(exp( Yy W,

J=0
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1 u = (m] + r)n a  (mj+r)—ni u > (WZ] + r)lH—] A (mj4r)—ni 1

= ——¢X —_ —u " 4 ex, (——) —_—u " u
m p( m)z Jlmy P m Z Jlm!

Jj=0 j=0

1 r—ni (r—m)—ni

= —— T D, ) — u D, 0+ 1)}
m

On the other hand, we have
r—nk r— ”l)\, r—ni—m r—=nh
—(H " Dm,r,)»(nlu)) = u " Dm.r,)»(n|u) +um Dm,r,)»(n|u)'

du du

By (40) and (41), we have

(r—=m)—nh r—ni
m

Dr;z,;‘,k(n + 1|u) =un

u

r— n)h r=nh d
Dm,r,k (n | u) 1 + + umn"m Dn,r,)» (n | u) .
u du

From (42), we get

r— nA

1 d
aDm,r,)L(n + llu) - (1 + ) Dm,r,k(n|u) + m_an1,)',A(n|u)‘

d
By (43), we obtain the desire result.
Now, we study the derivative of degenerate r-Dowling polynomials D,,,, (1] x).

Theorem 3.12. For n > 1, we have

n—1

d 1 n
%Dm‘r,)\ (nlu) = % Z (l) (m)n—l,kDiil,r,A (l|u)

1=0
Proof. From (5) and Theorem 3.3, we observe that

= d r 0 ) en(n) — 1
Z _Dm,r,)\(n|u)_ - e')\ (Z) exp HA—
du n! du m

— ) e —1 exp (ue;”(l‘,:/l——l)

m

e:’(t) -1 o0 tl
= - Dm,r,k (llu)_
" %: I
WA . ,,
= (; (), = 1) ;Dm,m(”u)ﬁ
LSS S Zn
B % Z l (m)n—l,A m,r,)\( |u) - nz‘;<)k(n|u) ;

n=0

1 (2 )

n=0
By comparing the coefficients on both sides of (44), we attain the desired identity.

(40)

(41)

(42)

(43)

(44)
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Theorem 3.13. For n > 1, we have

Dm,r,k (l’l|u) = (r)n,k + z (’;) (n)nl,h/ Dm,r,)\ (”u) du'

Proof. From (5) and Theorem 3.3, we have

= ! n u . _ 1
n=0 0 n' 0 m

= e (1) /u exp (MM) du
0 m

m e —1\1"
= (t)—— e . 4
a1 [exp (“ m )} *
From (45), we observe that
= [ ¢ ‘ e —1
@O- [ Dolir duy = 0 {exp (u%) - 1} | (46)
1=0

By (46) we have

(m),x D, (l|u) du— Dm, A(nlu)— - (r)m (47)
l l

1=0 n=0
From (47), we obtain

co n—1

ZZ()W " / m,k(nu)du— Z{Dm(mu) (r)m}%. (48)

n=1 [1=0 n=0

By comparing the coefficients of both sides of (45), we have the desired identity.

If we put y = u? (¢ € NU {0}) and apply the next theorem, we get another interesting identity
depending on the variable ¢ different from Theorem 3.10.

Theorem 3.14. For n > 0, we have the operational formula as follows:

d " 4 rg—n. 1
(mul,;;_) ’/m eXp (u ) = q u Im : eXp (u ) Dmr i(nluq)‘
du m m o

Proof. Let y = u? (¢ € NU {0}). Then we have

mul_%i e mul_%quq_li e my n;] qy 1_1] i — ]/’/lqymr({lq)L i e mqy n;tqi (49)
du dy dy dy dy
Thus, by (49), we have
n r )\’ n

1-— d q— q - d r
mu m— ulm exp il =q'|my "™ — | ymexp (Z)
du m dy m
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A
. l y . Ta=nk u’
= ¢y exp(2) D5 () = qus exp(—) D ().
m mr,— m myr,—

q
(50)

From (50), we attain the desired formula.

4 Conclusion

In this paper, we studied many interesting properties for the degenerate r-Dowling polynomials
and numbers associated with the degenerate »~-Whitney numbers of the second kind. Among these
identity expressions, we obtained the generating function in Theorem 3.3, Dobinski-like formula in
Theorem 3.4, recurrence relations in Theorem 3.6 and 3.8, differential equation in Theorem 3.11, the
derivatives of them in Theorem 3.12 for r-Dowling polynomials of the second kind. In particular,
we obtained some expressions for them that can be derived from repeated applications of certain
operators to the exponential functions in Theorem 3.9, 3.10 and 3.14, and some identities involving
integration in Theorem 3.13. Furthermore, we found that all exact values of all »-Dowling numbers
of the second kind can be obtained using (28). As a follow-up study of this paper, we can explore
truncated degenerate r-Dowling polynomials and degenerate r-Dowling polynomials arising from X-
Sheffer sequences. Hence, for future projects, we would like to conduct research into some potential
applications of r-Dowling polynomials of the first and second kind, respectively.

Acknowledgement: The author would like to thank the referees for the detailed and valuable comments
that helped improve the original manuscript in its present form. Also, the authors thank Jangjeon
Institute for Mathematical Science for the support of this research.

Authors’ Contributions: HKK structured and wrote the whole paper. DSL performed computer
simulations in the paper. All authors checked the results of the paper and completed the revision of
the article.

Consent for Publication: The authors want to publish this paper in this journal.

Ethics Approval and Consent to Participate: The authors declare that there is no ethical problem in the
production of this paper.

Funding Statement: This work was supported by the Basic Science Research Program, the National
Research Foundation of Korea (NRF-2021R1F1A1050151).

Conflicts of Interest: The authors declare that they have no conflicts of interest to report regarding the
present study.

References

1. Comtet, L. (1974). Advanced combinatorics: The art of finite and infinite expansions. Dordrecht: Reidel.

2. Dowling, T. A. (1973). A class of gemometric lattices bases on finite groups. Journal of Combinatorics Theory
Series B, 14, 61-86. DOI 10.1016/S0095-8956(73)80007-3.

3. Benoumhani, M. (1996). On Whitney numbers of Dowling lattices. Discrete Mathathematics, 159, 13-33.
DOI 10.1016/0012-365X(95)00095-E.


https://doi.org/10.1016/S0095-8956(73)80007-3
https://doi.org/10.1016/0012-365X(95)00095-E

CMES, 2022, vol.133, no.3 841

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Benoumhani, M. (1997). On some numbers related to Whitney numbers of Dowling lattices. Advanced
Applied Matathematics, 19, 106-116. DOI 10.1006/aama.1997.0529.

Mezé, 1. (2010). A new formula for the Bernoulli polynomials. Results Mathmathematics, 58, 329-335. DOI
10.1007/s00025-010-0039-z.

Rucinski, A., Voigt, B. (1990). A local limit theorem for generalized Stirling numbers. Revue Roumaine de
Mathématiques Pures et Appliquées, 35(2), 161-172.

Corcino, R. B., Corcino, C. B., Aldema, R. (2006). Asymptotic normality of the (r, 8)-Stirling numbers. Ars
Combinbinatorics, 81, 81-96.

Cheon, G. S., Jung, J. H. (2012). r-Whitney numbers of dowling lattices. Discrete Mathematics, 312(15),
2337-2348. DOI 10.1016/j.disc.2012.04.001.

Cillar, J. A. D., Corcino, R. B. (2020). A g-analogue of Qi formula for -Dowling numbers. Communications
of the Korean Mathematical Society, 35(1), 21-41. DOI 10.4134/CKMS.c180478.

Cheon, G. S., El-Mikkawy, M. E. A. (2008). Generalized harmonic numbers with Riordan arrays. Journal
of Number Theory, 128, 413-425. DOI 10.1016/;.jnt.2007.08.011.

Corcino, C. B., Corcino, R. B., Acala, N. (2014). Asymptotic estimates for ~-Whitney numbers of the second
kind. Journal of Applied Mathematics, 2014(2), 1-7. DOI 10.1155/2014/354053.

Gyimesi, E., Nyul, G. (2018). A comprehensive study of r-Dowling polynomials. Aequationes Mathematics,
92(3), 515-527. DOI 10.1007/s00010-017-0538-z.

Gyimesi, E., Nyul, G. (2019). New combinatorial interpretations of r-Whitney and r-Whitney-Lah numbers.
Discrete Applied Mathematics, 255, 222-233. DOI 10.1016/j.dam.2018.08.020.

Kim, T., Kim, D. S. (2021). A study on degenerate Whitney numbers of the first and second kinds
of dowling lattices. arXiv:2013.08904, 22. (To appear Russian Journal of Mathematical Physics). DOI
10.48550/arXiv.2103.08904.

Simsek, Y. (2013). Generating functions for generalized Stirling type numbers, array type polynomials,
Eulerian type polynomials and their applications. Fixed Point Theory and Applications, 2013, 87. DOI
10.1186/1687-1812-2013-87.

Carlitz, L. (1979). Degenerate Stirling, Bernoulli and Eulerian numbers. Utilitas Mathematica, 15, 51-88.
Lee, C. J, Kim, D. S., Kim, H., Kim, T., Lee, H. (2021). Study of degenerate poly-Bernoulli poly-
noials by A-Umbral calculus. Computer Modeling in Engineering & Sciences, 129(1), 393-408. DOI
10.32604/cmes.2021.016917.

Kim, D. S., Kim, T. (2020). A note on a new type of degenerate Bernoulli numbers. Russian Journal of
Mathematical Physics, 27(2), 227-235. DOI 10.1134/S1061920820020090.

Kim, T. (2017). A note on degenerate Stirling polynomials of the second kind. Proceeding of Jangjeon
Mathematical Society, 20(3), 319-331. DOI 10.48550/arXiv.1704.02290.

Kim, T., Kim, D. S., Lee, H., Kwon, J. (2020). Degenerate binoial coefficients and degenerate hypergeometric
functions. Advances in Difference Equations, 2020(115), 17. DOI 10.1186/s13662-020-02575-3.

Kim, T., Kim, D. S., Lee, H., Park, S., Kwon, J. (2021). New properties on degenerate Bell polynomials.
Complexity, 2021, 13. DOI 10.48550/arXiv.2108.06260.

Kim, T., Kim, D. S., Lee, H., Park, J. W. (2020). A note on degenerate r-Stirling numbers. Journal of
Inequalities and Applications, 2020(4), 521-531. DOI 10.1186/s13660-020-02492-9.

Ma, Y., Kim, T, Lee, H., Kim, D. S. (2021). Some identities of fully degenerate dowling and fully degenerate
Bell polynomials arising from A-umbral calculus. arXiv:2108.11090v1. DOI 10.48550/arXiv.2108.11090.
Mubhiuddin, G., Khan, W. A., Muhyi, A., Al-Kadi, D. (2021). Some results on type 2 degenerate poly-
fubini polynomials and numbers. Computer Modeling in Engineering & Sciences, 129(2), 1051-1073. DOI
10.32604/cmes.2021.016546.


https://doi.org/10.1006/aama.1997.0529
https://doi.org/10.1007/s00025-010-0039-z
https://doi.org/10.1016/j.disc.2012.04.001
https://doi.org/10.4134/CKMS.c180478
https://doi.org/10.1016/j.jnt.2007.08.011
https://doi.org/10.1155/2014/354053
https://doi.org/10.1007/s00010-017-0538-z
https://doi.org/10.1016/j.dam.2018.08.020
https://doi.org/10.48550/arXiv.2103.08904
https://doi.org/10.1186/1687-1812-2013-87
https://doi.org/10.32604/cmes.2021.016917
https://doi.org/10.1134/S1061920820020090
https://doi.org/10.48550/arXiv.1704.02290
https://doi.org/10.1186/s13662-020-02575-3
https://doi.org/10.48550/arXiv.2108.06260
https://doi.org/10.1186/s13660-020-02492-9
https://doi.org/10.48550/arXiv.2108.11090
https://doi.org/10.32604/cmes.2021.016546

842 CMES, 2022, vol.133, no.3

25. Wania, A., Choi, J. S., (2022). Truncated exponential based Frobenius-Genocchi and truncated exponential
based Apostol type Frobenius-Genocchi polynomials. Montes Taurus Journal of Pure Applied Mathematics,
4(1), 85-96.

26. Broder, A. Z. (1984). The r-Stirling numbers. Discrete Mathematics, 49, 241-259. DOI
10.1016/0012-365X(84)90161-4.

27. Cvijovee, D. (2011). New identities for the partial Bell polynomials. Applied Mathematics Letters, 24,
1544-1547. DOI 10.1016/j.am1.2011.03.043.

28. Kim, D. S., Kim, T., Jang, L. C., Kim, H. K., Kwon, J. (2022). Arithmetic of Sheffer sequences arising from
Riemann, Volkenborn and Kim integrals. Montes Taurus Journal of Pure and Applied Mathematics, 4(1),
149-169.

29. Kim, T., Kim, D. S. (2020). A note on central Bell numbers and polynomials. Russian Journal of Mathemat-
ical Physics, 27(1), 76-81. DOI 10.1134/S1061920820010070.

30. Kim, T., Kim, D. S., Dolgy, D. V., Lee, S., Kwon, J. (2021). Some identities of the higher-order type 2
Bernoulli numbers and polynomials of the second kind. Computer Modeling in Engineering & Sciences,
128(3), 1121-1132. DOI 10.32604/cmes.2021.016532.

31. Simsek, Y. (2019). Explicit formulas for p-adic integrals: Approach to p-adic distributions and somed
families of special numbers and polynomials. Montes Taurus Journal of Pure and Applied Mathematics,
1(1), 1-76. DOI 10.48550/arXiv.1910.09296.

32. Kim, T., Kim, D. S., Jang, L. C., Lee, H., Kim, H. (2022). Representations of degenerate Hermite
polynomials. Advances in Applied Mathematics, 139, 102359. DOI 10.1016/j.aam.2022.102359.


https://doi.org/10.1016/0012-365X(84)90161-4
https://doi.org/10.1016/j.aml.2011.03.043
https://doi.org/10.1134/S1061920820010070
https://doi.org/10.32604/cmes.2021.016532
https://doi.org/10.48550/arXiv.1910.09296
https://doi.org/10.1016/j.aam.2022.102359

	Some Properties of Degenerate r-Dowling Polynomials and Numbers of the Second Kind
	1 Introduction
	2 Preliminaries
	3 Degenerate r-Dowling Polynomials and Numbers
	4 Conclusion


