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ABSTRACT

In this paper, an improved high-order model-free adaptive iterative control (IHOMFAILC) method for a class of
nonlinear discrete-time systems is proposed based on the compact format dynamic linearization method. This
method adds the differential of tracking error in the criteria function to compensate for the effect of the random
disturbance. Meanwhile, a high-order estimation algorithm is used to estimate the value of pseudo partial derivative
(PPD), that is, the current value of PPD is updated by that of previous iterations. Thus the rapid convergence of the
maximum tracking error is not limited by the initial value of PPD. The convergence of the maximum tracking error
is deduced in detail. This method can track the desired output with enhanced convergence and improved tracking
performance. Two examples are used to verify the convergence and effectiveness of the proposed method.
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1 Introduction

Generally, there are two strategies for controller design. One is based on the exact process
information, and the other is based on the input-output data which is a model-free controller design
strategy. Many practical industrial processes contain nonlinearity, uncertainty, and time-varying
characteristics. In this case, model-based control becomes inapplicable because it is difficult to obtain
an accurate mathematical model of the controlled object. In recent years, the model-free methods have
attracted the attention of many researchers because of their remarkable advantages and have achieved
some valuable results [1,2].

Model-free adaptive control (MFAC) is one of the typical data-driven control methods proposed
by Hou [3]. The principle of the MFAC algorithm is to continuously generate a dynamic linearization
model containing pseudo partial derivative (PPD), which transforms the nonlinear system into a time-
varying linearized model that utilizes the input and output data of every step [4]. Compared with
the model-based algorithm, model-free adaptive control has the characteristics of fewer identification
parameters and fewer calculations. This method has been applied in various fields, for example, process
control [5], motor system [6], and so on. Arimoto et al. [7] proposed iterative learning control (ILC),
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which is suitable for a class of controlled objects with repetitive running characteristics, such as robots
with reciprocating operation characteristics [8] and a chemical reactor in a batch process [9]. Iterative
learning control was applied to improve the tracking performance of nonlinear processes whose model
and parameters are unknown [10]. Zhao et al. [1 1] used iterative learning to design the unbiased finite
impulse response. Combining the advantages of model-free adaptive control with iterative learning
control, model-free adaptive iterative learning control (MFAILC) was proposed in [12]. Unlike the
iterative learning control with fixed learning gain, the learning gain of model-free adaptive iterative
learning control is time-varying. It transforms the original nonlinear time-domain into a nonlinear
iterative domain and can be applied to other nonlinear controlled objects whose structures and
parameters are time-varying [13,14]. Thus MFAILC algorithm has better stability and adaptability
for complex systems [15].

Based on the previous research results, many researchers have further investigated the model-
free adaptive iterative learning control algorithm. In [16], an improved model-free adaptive iterative
learning control method which based on an encoding and decoding quantization mechanism was
proposed for a class of unknown nonlinear systems with data quantization. Li [17] adopted a neural
network to optimize the control law and the penalty of PPD. For a class of nonlinear discrete
systems with load disturbance and data loss, Hua et al. [18] proposed a control method with data
compensation. Model-free adaptive iterative learning control was applied to a multi-agent system by
Bu et al. [19]. Chi et al. [20] proposed a high order model-free adaptive iterative learning control,
which uses the input and output information of the previous iterations to construct a new control
input. It is obvious from the above observations that MFAILC has made great progress in theoretical
research. In the control process, convergence is a critical index for ILC so as to MFAILC [21]. However,
the convergence speed is related to the initial pseudo partial derivative, and it often takes several
experiments to get the appropriate value of the initial PPD [22]. The slower convergence will deteriorate
the performance of the controlled process [23].

To obtain a faster convergence, the high-order algorithm was used to estimate the value of pseudo
partial derivatives, which introduced more parameters to be adjusted unexpectedly [24]. This method
brings more difficulties in tuning parameters. On the basis of the former, this paper proposed an
improved high-order model-free adaptive iterative control (IHOMFAILC). The main contributions
of this paper are as follows:

e An improved PPD estimation algorithm, which takes the average value of the previous PPDs
can achieve faster convergence without introducing more parameters.

e A differential module is introduced into the criteria function of the controller to compensate for
the dynamic performance of the system under random disturbance.

e The proposed method contains fewer parameters to design and with the number of iterations
increases, the maximum error gradually converges to zero.

The rest of this paper is organized as follows: Section 2 introduces the basic principle of model-
free adaptive iterative learning control. The proposed method with disturbance compensation and
enhanced convergence is shown in detail in Section 3. In Section 4, the convergence and stability of
the proposed algorithm are proved in detail. Two examples are used to illustrate the effectiveness of
the method in Section 5 and the conclusions are drawn in Section 6.
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2 Basic Principle of MFAILC
Consider the following nonlinear discrete-time SISO system:
yk([+ 1) :f(ylx(t)ay/\(t_ 1)7 > Vie (t_nv) auk(t)auk(t_ 1)7 auk(t_nu)) (1)

where u, () and y, (¢) are the kth iteration input and output of system, respectively, n, and n, are the
unknown orders of system, and f (-) is a nonlinear function.

The following two assumptions are given for system (1) to make the discussion rigorous:

Assumption 1: The partial derivative of the nonlinear function f (-) with respect to its control input
u, (1) 1s continuous.

Assumption 2: System (1) satisfies the generalized Lipschitz condition, that is, for any time ¢ and
iteration k, if |Au, (¢) | # 0, then the system (1) satisfies the following conditions:
Ay (1 + D) | < Dl Aw (1) | ()

where Ay, (t+ 1) = y. ¢+ 1) — yiy (t+ 1), Au () = w (1) — ey (1), and b is a positive constant.
Based on the two assumptions, Lemma 1 can be achieved:

Lemma 1: For any nonlinear system that satisfies assumptions 1 and 2, if |Au, (£)| # 0, there
must exist time-varying pseudo-partial derivative ¢, (¢), such that system (1) can be transformed into
the following generic model:

Ay (1+ 1) = ¢ (1) Auy (2) 3)
where ¢, (7) is bounded and satisfies |¢, (7) | < b.

In order to design the control law, the following criteria function is considered:

Ju @)=y, t+D) =y ¢+ D P+ ru () —uey () 4)
where X is a weighting factor used to restrict the control input variation between adjacent iterations,
and y, (¢ 4+ 1) is the desired output.

Substituting (3) into (4) and minimizing (4) with respect to u, (¢), we get the following control law:

PP (1) ey (1+ 1)
u, (1) =u_, (1) + 5
L0 =y () + PR )

where p, is a step factor, and ¢,_, (t+1) = p,(t+1) — y,_, (t+ 1) is the output tracking error.
Since ¢, (7) is a time-varying parameter which is difficult to acquire its accurate values, it needs to
be estimated based on input and output data.

As with solving u, (7), the following criteria function is denoted:
T (@ ) = 1Ayics 1+ 1) = ¢ (0) Ay (1) P+ i () = iy (O (6)
where i > 0 is a weighting factor, b, (1) is the estimation of ¢, (7).

Taking the derivative of Eq. (4) with respect to ¢, (¢) results in the following parameter estimation
algorithm:

) . M Ay (2)
G () = ¢ (1) + w1 Au, (2) ]2

where i, > 0 is a step factor.

(Ayk—l t+1) — ék—l (1) Auy_y (f)) (7
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In order to make the algorithm estimate value of Eq. (7) more accurate, the following reset
algorithm is denoted: if I (1) | < & or |Au, (1) | < e or sign (qgk (t)) £ sign (qASO (Z))

b () = ¢y (1) (8)

where ¢ is a small positive constant, and &, () is the initial value of iteration. The reset algorithm
ensures the condition of Lemma 1 and the stronger tracking ability of Eq. (7) for time-varying
parameters.

However, the rapidity of convergence of the maximum error of MFAILC is related to the value of
the initial PPD. The larger the value is, the slower the convergence rate is and the larger the error is.
Therefore, an improved method is proposed to solve the above problem.

3 Improved High-Order Model-Free Adaptive Iterative Learning Control Method

In the proposed method, a differential link is added to compensate for the impact of random
disturbance on the system and only use input and output data to design the control law.

Consider the following criteria function:
Ju )=y, (+D =yt + D+ ) —ues OP +yle (t+ D —e (+ D )

where y > 0 is weighting factor limits the change of tracking error, and when y = 0 the criteria
function is the same as Eq. (4). Substituting (3) into (9), we can get:
J e (D) = ey (t+ 1) — ¢ () Awy () 1P + Mty () — ey () P (10)
+ylec: (t+ 1) — ¢ () Auy (1) — [en (E+ 1) — ey (1) Ay (D] P
To get the optional solution, we minimizing (10) with respect to u, (¢) leads to following con-
trol law:

P (1)
u (1) = (1) + T DOF+ 7o DL O+ =y (t+ 1)
T Yo (D) (e (1 + 1) —ern (1 + 1) + ¢y (1) Auy (7))
A+ 1o (O P+ v (O P
according to (11), ¢, (¢) is an unknown time-varying parameter that needs to be estimated utilizing
input and output data.

(11)

Unlike other high-order algorithms designed based on control input [25] and tracking error terms
[26], the improved high-order algorithm uses previous iterations to estimate the PPD. Compared to
the algorithm in [24], the improved algorithm does not need to take different weight coefficients for
the previous PPDs.

If the number of iterations is less than the iteration learning n, the estimation algorithm of Eq. (7)
is adopted:

b () = by (D + m Ay (1)

w+ (A () P

(Ays (1) = §iy (0 Au, () (12)
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when the number of iterations is larger than the iteration learning n, the following algorithm is adopted
to reduce the dependence of the error convergence speed on the initial PPD value. Denote the following
criteria function:

A A A I ~ -

J <¢k (f)) = Ay (0 4+ 1) = d (D) Awy (0) P + i (1) — . Zd)lm OXE (13)
Taking the partial derivative of ¢, (¢) in Eq. (13):

07 (4 ) i ) A

i =2 0) (A D =0 du 0) + 20 (qﬁk =5 2 b <z>) (14)
Minimizing Eq. (14) by solving 9 (q@k (t)) /3¢, (1) = 0, the estimate algorithm is expressed:

n Ayioy (E+ 1) Ay (1) s l <«

k = - k—i 15
SO = ra0F T atau@Fn 2 (>

where n is number of iterative learning. The reset algorithm of ¢, (r) is the same as Eq. (8).
The improved algorithm uses the PPDs of previous 7 iterations to estimate the current PPD. Thus the
PPD can learn more from past data, making the tracking error has fast convergence. Therefore, the
overall control scheme of IHOMFAILC consists of (16)—(18):

B0 (1) = oy (1) + —BH (D (Avi+D = au ) 2=k<n
wF[Au (1) |2 (16)
A Ay D) Ay (1) M l P
P = R OF At ldu@pa = 0 k=
_ P (1) .
w, (1) =u_, (1) + PR PPN 0.+ =y @+ 1)
YA () —en @+ D+ () A () an
At 1 () P+ vl (1) P
G (1) = ¢ (1), if P (1) | < & or |Aw (1) | < ¢ (18)

4 Convergence Analysis

In this section, the convergence of the proposed method is mainly proved. In order to make the
following discussion more rigorous, the following assumption is given:

Assumption 3: For all k € {0,1,2,...,N—1}and ¢t € {0,1,2,..., T — 1}, if |Au, (t)| # O,
o (1) > 0.
Assumption 3 is similar to a restriction on the direction of control input gain.

Lemma 2: If system (1) satisfies assumption 1-3, there must exist A, > 0 so that when A > A,
the IHOMFAILC method has the following properties:

1. Forallk €{0,1,2,...,N—1}and ¢t €{0,1,2,...,T — 1}, ék(t) is bounded.
2. When k — oo, the system output tracking error converges to 0.

3. The close-loop system is BIBO stability, for all £ e {0,1,2,...,N—1} and
te{0,1,2,..., T — 1}, u, (¢) is bounded.
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Proof: The first step is to prove that ¢, (¢) is bounded.
when |, (1) | < & or [u (1) | < £.B, (1) = o (1), ¢, (1) is bounded.

In other cases, when 2 < k < n, denote the following estimation error of the PPD parameters:

B, (1) = b (1) — i (1) (19)
Subtracting ¢, (¢) from both sides of Eq. (12):

b () — b nAu_ (1) "

B0 = By (0 = @10 = iy (0) - e (A (0= Gy (0 Ay ) (20)

Denote A¢, (1) = ¢y (1) — ¢, (£), substituting (3) into (20), we have:

- nlAuw, (t) I” }V
H=11- () — A, (¢ 21
b0 =f1- MO o - 200 e
When 0 < n <1, u > 0, from Eq. (21) we can get:
0 < }1_ Nl Auy_, (1) 2 22)
n+ [Auey (2) |2

From Lemma 1 we get |¢, (£) | < b, so |¢, (t) — p_, () | < 2b. Taking absolute worthwhile at both
sides of Eq. (21):

- - - 1 _ dn—l
¢k (t) =< d|¢k—1 (Z) | + 2b < dﬂld’o (t) | + %21) (23)

where d = { 11— M} , therefore ;bk (?) is bounded.

et Aug_ (012

when n < k and |u, (r) | > &, we have:

b () =

Ay, (41 A, (0 LSy o 24)

1+ A, (1) P 1w+ [Au, (1) P n

Substituting Eq. (3) into (24) and taking absolute worthwhile at both sides, we have:

Ay (1) Av?y ©) MMk l
w+ [Auyy (1) |7 u+|Awe, () | n

e (1) | =

5 r L
Z}m,« | <1gr 1+ Z ] (25)

Eq. (25) can finally be simplified as follows:

k=n+1 n

B ] < 19w D1+ 3 3 1 0| (26)

From Lemma 1, we knAow ¢ (1) is bounded and therefore |¢,_, (r) | is bounded. Finally from
Eq. (26), we can prove that ¢, (7) is bounded.

Then the convergence of tracking error and the bounded control input are proved as follows:



CMES, 2023, vol.134, no.1 349

Denote if £ < 1, then | Ay, (¢)] = 0. Taking absolute worthwhile at both sides of Eq. (11):
P (D e 1+ 1) + 7 (0 (ds (0 — ¢ ) Autcs @
A 16 (O P+ v (1) P

| A ()| = 27

Since ¢, () and ¢A>k (¢) are bounded, when A > A, > 0, then there must exist M,, M,, M, satisfy
the following inequality:

i (1) i (1) 1 0.5
— — < - < =M < — (28)
A+l (O P +yige (D) 22 +y) ¢ (1) | 2/ din (1 + ) | b
0< M, < AJ/¢k (1) ¢x (Z)A < Y i (1) _ - yb 05 (29)
At O+ yide (O 2yr(d+y) g (D) 2/ Anin 1+ ) |
From Eqs. (28) and (29) we get:
Mg, (1) <M, <0.5 (30)
M, + M, <1 (31)
Since ¢, (f) and qAS,( (¢) are bounded, there exists d, that:
yéi (1) (s () — iy (D) }
A+l (O P+ vige (O A+l (O P+ yige (D)
According to Egs. (28)—(31), we have:
k—1
Au (1) < pM, lewy (14 DI +di | Aw (D] < pM, D di e (14 1)) (33)
i=1
From Eq. (33) we can get, if ¢, (f) converges to 0, then u, (7) is bounded.
lec (t+ DI =1y, (}+ D=p@+ Dl =]y, (+1) — Vit (T + 1) — ¢ (1) Awy (0)] (34)
< |1 = ] e 4 DI+ 000 | AEEREEE LA
Let d, = 1 — pM,, substituting Eq. (33) into (34) we have:
le, (1 + D] < dyleey (2 + D] + diy (2) | Avgyey (1)] (35)
Then Eq. (35) can be described as follows:
k=2 i—1
le, (1 + D] < déﬁl le) (2 + D] +d, Zd§727i¢i+1 () pM, zd{;lﬂl |ej (t+ 1)\ (36)

i=1 J=1

Let d; = pM,;, according to Eq. (29) we get M ¢, (1) < M; < 0.5, s0 M,¢,,, (t) < M; < 0.5.
Eq. (36) can be transformed into:
k=2 i—1
lec (t+ D < di™ ey (14 DI+ didy D di™ > d™7 e, (1 + 1) 37

i=1 j=1
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Letg, ¢+ 1) =di e (t 4+ )| + did; ZZ: i ZJ’; a7 |ej (t+ 1)}, from Eq. (37) we have:

where g, (¢t + 1) = d,|e, (¢ + 1)|. According to (38), when k — oo, if g, (t + 1)converges to 0 then
e, (t + 1) will converge to 0. Therefore, it is possible to prove the convergence of g, (¢ + 1) rather than
e, (t+ 1) directly.

G (t+ D) =die(t+ Dl +did Y d 7> d 7 ey (1 + D)

=dg (t+ D) +did e, (t+ D]+ -+ did} ey, (1 + D]+ dsdy |ejy (14 1) (39)
<dg (t+ D) +did; " ey 1+ D) + - + did} ey, (¢ + D+ dd, gy (1 + 1))

=dg t+1)+h (t+1)

where /i, (t + 1) = dsd{ " ey (1 + DI + - + dsd} le s (1 + DI+ dady gy (14 D).
According to Eq. (31): M, + M5 < 1, so we have:
dy=1—pM, > p(M,+ M;) — pM, = pM, = d, (40)

Substituting Eq. (40) into &,_, (t + 1), we get the following inequality:

e, (t+1) <dd™ e, (t+ D+ +did} ey (1 + D+ dod, gy (1 + D] < dyd ™" ey (14 1)]
+ - did] e (1 + 1)| + dod, (clf2 le; (t + 1)| 4 d,d; idg“ id;"f le, (1 + 1)|) 41)
i=1 J=1
Eq. (41) he_, (t + 1) can finally be expressed as:
hy (t+1) = d (d;” le) (1 + D + did, kidf“id;’” le, (1 + 1)}) =dg (t+1) (42)
i=1 J=1
Substituting (42) into (39) yields:
G+ <d+d)g(t+1) (43)

When d, + d, < 1, g, (t + 1) converges gradually. Selecting p € (0,1),y > 0 to make:

; Y (1) (Bir (0 = s (1)
1— Fk‘pk (1) ¢ ([2 n A( A ) <1 (44)
A+l (O P+ vide () A+l () P+ v () P
Thus the following inequality is given:
<= PPi (1) (45)
G () — e (D)

Substituting d, + d, < 1 into Eq. (43),
limgkﬂ t+1) < llim (d+d)g(t+1) < llim (dy + dl)k_] &L+1)=0 (46)
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According to inequality (38) and (46), with the increase of the number of iterations &, g, (z + 1)
converge to 0 gradually, and therefore ¢, (¢ + 1) will converge to 0 finally.

From inequality (33), we have:

lu (0] < D 1A (1] < pM, Zid;‘**f le; (1 + 1)

i=1 =1 j=1

M
<L @A D+ G+ D+ g D) 47)
- W
Eq. (47) can be reorganized as follows:
t+ 1)+ =——— 48
1 = 220 (e 04 D) (48)

This implies that u, (¢) is bounded. Lemma 2 (1)—(3) are established.

5 Simulation
Example 1: Consider the following time-varying system [14]:

20 s Hu @’ 0<1<50
14+y(@®
yi+H=100yt-Dy(t=2u(-1) (49)
Xx@(—=2) = D+a@u
J(I+yE=1 4y —=27%  50<t<100

The desired output is:

0.5 x (=)o 0<tr=<30
0.5 x sin (tr/10)

+0.3 x cos (tr/10) 30 <1 <70
0.5 x (=1 70 <t <100

where « (f) = 1 + round (t/50) is a time-varying parameter of the system (49). For [HOMAFILC, the
controller parameters are setas: A =04, p =1, u =1,7n=0.5,y = 0.01 and ¢ = 10~°. The number
of previous iterative learning is set as n = 3.The initial value of PPD is set to ¢, (¢) = 10.

y,(t+1) = (50)

Table 1 shows the ITAE performance index of the two methods. When the number of iterations
is set to 10, 20, 30, and 40 while other parameters are unchanged, the IATE values of IHOMFAILC
1s less than that of MFAILC. As the number of iterations increase, the IATE values of both methods
shows a downward trend. Therefore the proposed method performance index is better.

Table 1: The ITAE performance index of two methods with different iterations

k The IATE of MFAILC The IATE of IHOMFAILC
10 193.6497 142.9738

20 29.1529 8.0834

40 2.94247 1.4892

60 1.6799 1.2036
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Fig. 1 shows the tracking results of IHOMFAILC and MFAILC with different iterations. From
the 15th iteration result, the proposed method can gradually approach desired output ultimately tracks
it at 40 iterations. The output of the MFAILC method at the 40th iteration still has a large error with

the expected output.

0.8
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—-8--IHOMFAILC(k=15)
06 — A —THOMFAILC(k=20)
p . # - IHOMFAILC(k=40)
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40 60
Sample time

(b)
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80 100

Figure 1: Tracking results of IHOMFAILC and MFAILC with different iterations

The maximum tracking error of IHOMFAILC and MFAILC with different initial PPDs is shown
in Fig. 2. As the picture shows, the change of the initial value of PPD has a great impact on the error
convergence speed of MFAILC. The proposed method ensures fast convergence and the final error
convergence to 0. Results demonstrate that IHOMFAILC can achieve fast convergence with a few

attempts to select the best initial value of PPD.
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Figure 2: Comparison of max tracking error of MFAILC and IHOMFAILC with different initial PPDs
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Example 2: In order to verify the effectiveness of the proposed algorithm, simulation is performed
on a permanent magnet DC linear motor [1]. The dynamic characteristics of the motor are described
as follows:
x(0)=v()

u () _ﬁri(‘tion (2) _fn'pple (?) (51)
m

where x (¢) 1s the position of linear motor (m), v (¢) is the speed (m/s), f}.... (¢) 1s the friction force (N),

Jripie (2) 1s the ripple force (N), u (¢) is the developed force (N) , ¢ is the continuous-time (s).

v (1) =

The mathematical model between friction force and ripple force is described as follows:
f[‘"ri(‘ti(m(t) = (f; + (f; _ﬁ)e—(iv/kp‘s +ﬁx)sgn)-cﬁlpple(t) = bl SIH(O)OX(Z)) (52)

where f, is the minimum value of coulomb friction and f; is the static friction, x; is the lubrication
parameters and f, is the load parameters,$ is an additional empirical parameter. m = 0.59, x; = 0.1,
§=1,f/.=10,f =20,f,=10,b, = 8.5, w, = 314s7".

Denote x; (£) = x (£), x, () = v (¢). Eq. (45) can be described as follows:

ET RN
YO =xi+d@

where d () is a zero-mean white noise with a variance 0.005. The desired output is y, (£) = 10 sin (7 7).
Discretize (46) by Euler Formula and take sample time as ¢z, = 0.001. The controller parameters are
setash = 0.06, p = 1, u = 0.3, n = 1, and y = 0.005. Fig. 3 shows the maximum tracking error
convergence of [HOMFAILC and MFAILC. It can be seen from the figure that the errors of the two
methods are the same at the 11th and 14th iterations and the convergence errors of the IHOMFAILC
in other iterations are all less than MFAILC. This simulation shows that the proposed method has fast
error convergence even though the system exists interference.

—— IHOMFAILC
= = =MFAILC

Max tracking error

Iteration number

Figure 3: Max tracking error convergence of MFAILC and IHOMFAILC
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6 Conclusion

Based on the model-free adaptive iterative learning control, a novel IHOMFAILC method has
been proposed in this paper based on compact form dynamic linearization. When the system is
disturbed, the proposed method can still keep track of the desired output. Furthermore, this method
can achieve enhanced convergence without many experiments to find a suitable PPD value. Two
examples show that the proposed method has good trajectory tracking and disturbance resistance.
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