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ABSTRACT

Discrete Tomography (DT) is a technology that uses image projection to reconstruct images. Its reconstruction
problem, especially the binary image (0—1 matrix) has attracted strong attention. In this study, a fixed point iterative
method of integer programming based on intelligent optimization is proposed to optimize the reconstructed model.
The solution process can be divided into two procedures. First, the DT problem is reformulated into a polyhedron
judgment problem based on lattice basis reduction. Second, the fixed-point iterative method of Dang and Ye is used
to judge whether an integer point exists in the polyhedron of the previous program. All the programs involved in
this study are written in MATLAB. The final experimental data show that this method is obviously better than
the branch and bound method in terms of computational efficiency, especially in the case of high dimension. The
branch and bound method requires more branch operations and takes a long time. It also needs to store a large
number of leaf node boundaries and the corresponding consumption matrix, which occupies a large memory space.
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1 Introduction

The purpose of tomography is usually to reconstruct some physical objects through projection.
The reconstruction algorithm plays an important role in the fields of medicine, image processing and
computed tomography. Discrete tomography(DT) is essentially a function formed by reconstructing
discrete values from multiple projection directions [1]. DT regards the reconstructed object as a
limited set of pixels, and the slope of the straight line along the projection direction should be
a rational number. The framework studied in this work is a two-dimensional lattice, that is, the
reconstructed object is an image. From a long history, this field is gradually developed by multiple
branches of mathematics. The combination of binary matrices is one example. Ensuring that the
reconstructed result is equal to the original object is an important task of tomographic reconstruction.
A core problem of DT is to reconstruct (0-1) discrete matrix from multiple directions Herman
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et al. [2] introduced relevant applications and theories for this problem. Weber et al. [3] focused
on reconstructing binary functions, this approach extends the linear programming relaxation of
combinatorial optimization problems proposed by previous researchers from a small number of X-ray
projections from a small number of X-ray projections to the objective function of quadratic smooth a
priori, and can calculate the solution that biases the reconstruction to the region with spatial coherence
by any interior point solution method. The image reconstruction problem forms a 0—1 discrete matrix
through ray projection, which can be expressed in the form of integer programming.

Linear integer programming model is widely used in combinatorial optimization and emergency
management. Haghani et al. [4] modeled the emergency vehicle scheduling as an integer programming
model to solve the problem of reasonable vehicle routing in the case of serious traffic congestion, and
the vehicle routing was flexibly scheduled using real-time traffic data by studying the optimization
model. Considering that the rescue route is blocked due to various uncertain traffic accidents, Chai
et al. [5] and others proposed a reliable integer programming model to calculate the travel time
required for the whole rescue route and optimize the allocation of emergency resources. Cao et al.
[6] designed an emergency organization optimization strategy based on branch and bound method to
solve the sustainability problem in the disaster response decision optimization system. Huibregtse et
al. [7] designed and developed an optimized evacuation instruction framework by using a fixed-point
formula, to better optimize the evacuation efficiency of traffic. Dulebenets et al. [8] constructed an
integer programming model to guarantee smooth evacuation of people and avoid congestion when
disasters occur, and it was combined with heuristic algorithm to reduce the total traveling salesman
time of individual evacuation to a certain extent, for optimizing the final evacuation plan. French et al.
[9] avoided floating-point data calculation by using fixed-point algorithm, and only processed integer
data, to reduce the processing time in aerial positioning and optimize the imaging system.

This reconstruction problem is a NP hard problem. Graph partition [10] and quadratic knapsack
problem [1 1] are also classical NP combinatorial optimization problems. Dang et al. [12,13] proposed
a fixed-point iterative method to solve such problems. This method can find an integer point
in any type of polyhedron. This fixed-point algorithm has been widely used in the reassignment
of aircraft disturbed by aviation. A large number of flights are disturbed and cannot operate
according to the original plan due to the emergency bad weather. Wu et al. [14] and others used
the distributed integer programming to re-optimize the aircraft allocation based on the fixed-point
iterative method for calculating the feasible route. With a slight modification of this method, all
integer points in the polyhedron can be further obtained, and then multiple feasible solutions
can be obtained. At present, this method has effectively solved many integer programming prob-
lems. When solving large-scale integer programming problems, this method can better reflect its
effectiveness compared with the previous traditional methods. Our future work can focus on the
implementation of fixed-point iterative method with distributed computing, and distributed problems
have been widely used in some aspects, such as distributed permutation flow shop scheduling problem.
A multi-point iterative greedy algorithm is proposed in [15] to solve this problem. If the problem is
not improved after a certain number of continuous iterations, then the restart strategy is adopted
to minimize the factory completion time. A mixed integer linear model is established in [16], and
the search ability is improved by an improved artificial bee colony algorithm. The heuristic method
based on greedy rules proposed in [17] can also effectively solve this problem. Therefore, distributed
computing will occupy an important position in the future work.
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In the process of solving the DT problem, if its reconstruction problem can be rewritten into
the form of integer programming, this problem can be effectively solved by the fixed-point iterative
method. On the basis of algorithm proposed by Aardal et al. [18,19], we transform the DT problem
into an integer programming system. Branch and bound method is a classical method, which can
solve integer programming systems. Its characteristic is that it can quickly obtain the optimal solution.
However, the numerical results show that the fixed-point iterative method is more effective and feasible
than the two methods mentioned above especially in the case of high dimension.

The fixed-point algorithm proposed in this study has been widely used in the rapid response of
emergency management in smart city, such as flight delay, fire and other emergencies. On the basis of
this fixed-point theory, an integer programming algorithm is proposed to quickly solve the integer
programming of new scheduling under emergencies for providing support for the development of
smart city and its core algorithms. It can also provide a new idea and method for the research of
integer programming.

The rest of the paper can be divided into the following sections. Section 2 introduces the problem
and model of DT reconstruction. In Section 3, LLL(Lenstra-Lenstra-LovaszLattice) algorithm is
briefly described, and DT problem is transformed into polyhedron judgment problem through this
algorithm. Section 4 shows the calculation principle and workflow of Dang fixed point iterative
method. In Section 5, the experimental data are obtained by running MATLAB and then compared
with those of the branch and bound method. Section 6 summarizes this work and puts forward the
future prospects.

2 Problem Statement and Model

DT essentially re-establishes the function with known discrete range, which is based on the
projection along a certain direction. Reconstruction of discrete (0—1) matrix from multiple projections
is a key step in the study of DT problem [20].

The following model is more intuitive and clearly shows the essence of the reconstructed object.
This model does not involve any prior knowledge related to the reconstructed object. In general, the
reconstruction results produced by this model are not the only solution.

Letf: Q C R*® — R,y — f(») be an unknown attenuation function. This study establishes a
discrete model similar to that in Fig. 1, which can more intuitively describe the reconstruction of f.
The function f can be represented by its value x; € {0,1},7 = 1,2,--- ,n, x = (x;, X, - ,x,)", in
a square pixel. We define £ (1) = > x®, () = (%P M), () = (®1 (1), P ()., D, (),
where if and only if y is within the jth pixel range, then the value of @, (y) is 1 and 0 at other positions.
Several rays i = 1,2,--- ,m intersect with , the contribution g, of each pixel j forms a projection
matrix A of m x n, and the ith component b, of vector b represents the total attenuation along the ith
ray. In this study we ignore any “noise” generated in the imaging process, and we default the projection
ray, point source and detector to the ideal state.

The imaging process is shown in Fig. 1. The DT problem can usually be simplified to a 0/1 integer
linear programming system in the following form:

Ax=h (1)

We find x € {0, 1}" that satisfies Eq. (1), where the coefficient matrix A € N™" of the equations
is composed of m rows and n columns, and b € N™ is an m-dimensional column vector. The model
described above is widely used in the research of material science. For example, when studying crystal
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materials, the lattice formed by atoms of crystal solids can be transformed into integer point lattice
through modeling. Then, obtaining all atoms on a line by using electron microscope technology is
relatively easy, and the calculated number can be used as the component of vector b to participate
in the operation of (1). Therefore, after the abovementioned integer linear equations are solved, the
problem of image reconstruction can be solved.

Detectors

Image domain

<
|

< i ith ray

Sources
7 th pixel

Figure 1: Discrete model of DT reconstruction problem [3]

However, in the actual calculation process, the solution of (1) is difficult to find smoothly. The
scale of this kind of problem is NP hard. In fact, nearly no suitable solution to solve this problem is
available in practical application.

The problem of n-dimensional scale corresponds to the number of atoms contained in the recon-
structed object, which is a huge number that is difficult to calculate, regardless of scene application. For
example, the most common daily water contains at least 1023 atoms per milliliter. Previous research
and calculation show that relevant algorithms are available for solving integer linear programming,
but they are time consuming and costly.

Multiple solutions of (1) may be available, but only one solution matching is possible in the actual
reconstruction object. Usually, some optimization algorithms are used to solve this problem, but this
way increases the computational difficulty of the problem to a certain extent. The solution obtained
by calculation can only approximate the actual value in any case. A more accurate approximation can
be achieved by increasing the number of projection directions, but this way will undoubtedly increase
the scale of the problem again.

This study presents a new solution to problem (1), which avoids the abovementioned difficulties
to a certain extent. The purpose is to clarify the computational theory in DT. The characteristics and
basic idea of the new algorithm (based on 2D) are as follows:

1. Any possible situation is included in the established calculation model.

2. The projection ray only occurs in one direction with a certain slope, such that only one integer
point can be generated on this line at most.
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3. Each projection ray to be solved is expressed as linear Diophantine equation ax+by = ¢, where
X,y € Z,a,b,c € R. The coefficients @ and b in different linear equations are proportional to
each other or the same, that is, the slope of the straight line is the same.

All the solutions obtained by calculation are the accurate reconstruction of the processed object.

3 Transformation of the DT Problem into a Polyhedron Judgement Problem

In [18,19], an LLL [21] based reduction method is proposed, which can transform problem (1)
into a polyhedron judgment problem.

Ifabasec, ¢, - ,c,of R"existsin subset L of n-dimensional vector space R", where / is a positive
integer, then it can be called lattice, such that

h
L:i}}m%%eZijfh] 2)

J=1

In this way, ¢, ¢, -+ , ¢, can be called a base of L, and the rank of L is 4. Then the determinant
of L can be defined as the following form:
d(L) = |det (C15C2" o ,C/,)l (3)

where c; is expressed as a column vector. The result of this determinant is a positive real number, which
is independent of the selection of the base.

Given that the relationship between ¢, ¢,, - - - , ¢, is linearly independent, these linearly indepen-
dent column vectors ¢;, 1 < j < & are orthogonalized into ¢}, 1 < j < /& by an algorithm for deriving
orthogonal vectors, that is, Gram-Schmidt orthogonalization rule. Matrices C = (¢,, ¢, -+ , ¢;) and
C* = (¢}, ¢, ,c;) are composed of column vectors ¢, and ¢/, respectively. The definition of vector
¢; can be summarized as follows:

j-1
C;:Cf_zukfcz»’jzlaz':”')h (4)
k=1
where
C,C )
I,ijz(: i)>k:19213J_1 (5)
(Ck’ Ck)

where (, ) represents the inner product of two ordinary vectors on R". The relationship between ¢; and ¢
is that the former is the orthogonal projection of the latter on > Re;, and>| Re, = 371 Re;, 1 <
j < h. Therefore, through the operation of the abovementioned rules, the obtained ¢, ¢,,- - - , ¢, is the
orthogonal basis on R".

Notably, C* is not the base of L in general, because all the values of p,, are not integral. The
following is the definition of approximate orthogonal basis.

Let a set of linearly independent vector groups C = (¢,, ¢5, - - - , ¢,) be a basis of L, and a new set of
bases Cx = (¢}, ¢;,- -+, ¢;) is obtained through Schmidt orthogonalization. If the following conditions
are met, then C is called reduced basis.

1
sstksjsh (6)

‘ Mk
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and

<j<h (7)

*« * 2 3 *
G+ K6y H = 7 cj—l‘

||l in the formula represents the ordinary Euclidean length. The constant 3 in the inequality is not
necessarily a fixed value, it can be randomly selected, and its value can be replaced by any other real
number ; <n < 1.

To obtain the reduced basis of the lattice given according to the original basis, a polynomial time
algorithm is introduced below. Its components are size reductions and interchanges.

Size reduction: If the condition of inequality (60) is not satisfied foranyindex kandj,1 <k <j <A,
the value of ¢, can be re expressed by ¢; — f1;.¢,, where fi; is the approximate integer rounded by 1.

Interchange. If j for some indexes does not meet the requirements in (7), the vectors ¢; and ¢;,, can
be swapped.

After the abovementioned description, the process of base reduction algorithm can be summarized
as follows (Fig. 2).

v

Let C be a basis for the lattice.

Let C” be the Gram-Schmidt orthogonalization of C .

Replace ¢, by ¢, -l ¢, ,

l<k<j<h

.12
|CJ—1| .

Output new
basis C .

x® * 2 3
If o3 + 2 sl < 1

l<j<h

Interchange ¢, and ¢,.; .

Figure 2: Base reduction algorithm

Based on the abovementioned base reduction algorithm, given two suitable and relatively inde-
pendent positive integers N, and NV,, they should be sufficiently large compared with the input.
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Then we consider the following matrix B = (bj) Ljnt1? in which any column vectors are linearly
independent:
[(n) 0(»1xl>
5 [0y ®)
N,A — N,b

where 1™ represents n-dimensional identity matrix, 0" represents an zero matrix, which is n x 1-
dimensional, 4 represents g, in the reconstructed model, and b represents b; in the abovementioned
model. For lattice B, a new matrix is obtained by applying the LLL basis reduction algorithm of
polynomial, which can be re expressed as the following formula:

X() (nx (nfm))xd

B/ — 0(1 ><(n—m))]v1 (9)
O(mx(n—m))o(mx 1

where X, = (x,', X%, ..., x,"™) is the general solution of (1), that is, Ax/ =0,/ = 1,2,...,n —m. x,
is its special solution, and Ax, = b.Then problem (1) can be transformed into solving the following
inequality:

If a vector exists, then
AEZ st —x, < Xoh < T"™ — x, (10)

Through the above analysis, we successfully transform problem (1) into problem (10), that is, to
judge whether there are integer points exist in the polyhedron is determined. We use the fixed-point
iteration method [9,10] to solve it. If integer points exist, then a solution exists; otherwise no solution
exists. We will describe this method in detail in the next section.

4 The Fixed-Point Iterative Method
Let
P = {x € R’|Dx + Gw < d for somew € R’} (11)

where D € R"is an a x b matrix with b > 2, where the elements are integers, G € R“*” an a X p matrix,
and d a vector of R“. In this study, we assume that P is a region with wide dimensions and upper and
lower bounds. For a real number «, we use |«] to represent the largest integer rounded to the left of

a.For x = (x;,x,,...,x)" € R, let [x] = (lx ], [x,]...., beJ)T-

Let x™ = (™, x,"™ .., x"™)" with x™ = max,,x, j = 1,2,...,b, andx™ =
(™, x,m, ,xbmi“)T, with x;™" = min,.,x;, j = 1,2,...,b. Then x™ < x < x™* for all x € P. Let
D (P) = {x € Z"|x' < x < x"}. where x* = |x™] and x' = | x™" | , therefore, all integer points, which
are in P, are in D (P). In the general case, we assume that x' < x™(let x;/ = x™ — 1 if x;/ = x,™" for
somei€ N).Forze RRandk € Ny, letp(z,k) ={xe Plx,=z,1 <i<kandx, <z,k+1<i<b}.

An integer point is given as the initial point y € D (P) with y, > x,’; We introduce a method to

judge whether an integer point x* € P with x* <, y exists, which is the fixed-point iterative. The pseudo
code for a particular algorithm is illustrated in Fig. 3.
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Begin
V'=yik=b-1;g=0; flag=0; flag_3=0;
while flag =0

while flag 3=1
Solve the linear program max zx; subject to
J=k+1
x'e P(y',k),j=k+Lk+2,---b;
If y¢>xi(y’) forsome j2k+1
o _ »i 1<i<k .
"l on)] ker<i<s
q=q+1;
flag _3=0;
break;
else
k=k+1;
continue;
end
end
If y'e P|y'=x'
flag =1;
break;
end
If Jie N,y! <x!||P(y',k)=2
If k=0
yq+l:xl,
q=q+1;
else
v 1<i<k-1
=l -li=k
X! k+1<i<b
q=q+1;
k=k-1,
end
else
flag 3=1,
end
end
end

Figure 3: Pseudo code of specific algorithm

The basic idea of solving the abovementioned integer problem involves the incremental mapping,
which is from finite lattice to itself. Except for the integer points in polyhedron P, all other integer
points can be mapped to the first point in P, which is smaller than them in the lexicographical order
of x'. After the abovementioned incremental mapping steps, all integer points in the polyhedron are
fixed points. We present an integer point as the initial point, find an integer point in the polyhedron
by this method, or prove that no such point exists in the polyhedron in finite iterations.
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5 Numerical Results

After the analysis in the second section, we can conclude that the DT problem is a special case
of the market split problem [22]. The problem of market segmentation is defined as that a company
supplies several products to retailers, and allocates retailers to the two departments D, and D, in the
company. Thus D, can grasp 40% of the market occupied by each product of the company, and D, can
grasp the remaining 60%. If the product cannot be divided in proportion completely and accurately,
then the proportion error of the division will be minimized. The market segmentation problem can be
expressed by a set of mathematical methods of 01 linear programming:

Ixe{0,1}: Ax=d 12)
where 4 = (a;) € Z"* and d € Z".

In this section, we take market split problem as an example to show the relevant numerical results
of solving problem (1). Given any real number m, the expression of nisn = 10 (m — 1), the elements in
the coefficient matrix A are integers randomly selected from [0,99], and each component of vector b is
calculated by b, = L% ZLI al-,-J, 1 <i<m.Let N, = 1000and N, = 10000 in the computation. Through
the abovementioned examples, we compare the method introduced in this study with the branch and
bound method, which are two classical algorithms to solve integer programming problems. We also
analyze the number of iterations and time required by the two algorithms to solve the problem.

The design idea of the fixed-point algorithm is to give a polyhedron and define an incremental
mapping from the problem lattice to the lattice itself in combination with the incremental mapping
principle. In that way, the integer points outside the polyhedron are mapped to the feasible integer
points in the polyhedron that are smaller than the dictionary order of the integer points. When the
feasible solution is not satisfied, the next round of iteration is conducted. The algorithm is terminated
until a feasible solution is found or no feasible solution is found. The basic idea of branch and bound
method is to select different branch variables and sub-problems for branching. Usually, all feasible
solution spaces are gradually decomposed into smaller subsets. When the subset limit after branching
exceeds the known feasible solution value, the branching is terminated to reduce the search range until
the feasible solution is found.

In the numerical expression in the following table, define “NumLPs” represents the number of
traversal nodes during the iteration of a specific algorithm, “F” indicates whether the specific method
is feasible for solving the example, including the following three cases. “Feasible” means that an integer
solution can be obtained by calculating an instance, otherwise it is represented by “Infeasible”. We use
the fixed-point iterative method and branch-and-bound method introduced in this study to solve the
problems of m = 3, n = 20, m = 4, n = 30 and m = 5, n = 40. Table | illustrates the numerical
outcomes of m = 3 and n = 20 problem, Table 2 presents the outcomes of m = 4 and n = 30 problem,
and the outcomes of the problem with m = 5 and n = 40 are shown in Table 3. Figs. 4-6 show the
comparison of the number of nodes traversed by the fixed-point iterative method and the branch-
and-bound method for the three dimensional problems mentioned above, respectively, which show the
computational effects and performance of the two algorithms more clearly and intuitively.

The three groups of experimental values mentioned above show that the method studied in this
paper can effectively solve the problem of DT. In the case of m = 3, n = 20 in Table 1, there is no
significant difference between the fixed-point iterative method and the branch and bound method in
solving this problem, and the results can be obtained within 5 s, although the number of nodes traversed
by the branch and bound method in the iteration is slightly larger than that of the fixed-point iterative
method. Table 2 shows that, when the dimension of the problem increases to m = 4, n = 30, the
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fixed-point iterative method can generally end the solution process of the problem in 200 s and obtain
the feasible solution. The number of nodes traversed by the branch-and-bound method in computing
the feasible solution is about twice or more than that of the fixed-point iteration method because
the dimension is so high at this point. In the two dimensional cases mentioned above, branch-and-
bound and fixed-point iterative methods are effective in computing feasible solutions to the problem
without considering the number of traversed nodes. Finally, when m = 5, n = 40, as shown in Table 3,
the branch-and-bound method does not solve the problem in some cases. If the fixed-point iterative
method is feasible without considering the length of time, the time to solve this problem may be longer
or even several hours due to the different parameters selected in different examples. Therefore, we
choose to terminate the iteration of the algorithm for solving this instance and mark it “Infeasible”.
For the fixed-point iterative method, if the time consumption is ignored, it can solve the reconstruction
model of DT problem with any dimension.

Table 1: m =3,n =20

Prob. Fixed-point Branch-and-bound
F NumLPs F NumLPs
1 Feasible 22 Feasible 30
2 Feasible 27 Feasible 39
3 Feasible 25 Feasible 52
4 Feasible 21 Feasible 24
5 Feasible 29 Feasible 37
6 Feasible 23 Feasible 47
7 Feasible 22 Feasible 49
8 Feasible 18 Feasible 24
9 Feasible 16 Feasible 29
10 Feasible 17 Feasible 49

Table 2: m =4,n = 30

Prob. Fixed-point Branch-and-bound
F NumLPs F NumLPs

1 Feasible 460 Feasible 1127
2 Feasible 454 Feasible 945

3 Feasible 380 Feasible 1217
4 Feasible 786 Feasible 2051
5 Feasible 812 Feasible 1475
6 Feasible 176 Feasible 1244
7 Feasible 541 Feasible 1061
8 Feasible 429 Feasible 1989

(Continued)
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Table 2 (continued)

Prob. Fixed-point Branch-and-bound

F NumLPs F NumLPs
9 Feasible 220 Feasible 837
10 Feasible 340 Feasible 796

Table 3: m = 5,n =40

Prob. Fixed-point Branch-and-bound
F NumLPs F NumLPs
1 Feasible 1531 Feasible 3178
2 Infeasible 44382 Infeasible 65250
3 Feasible 21934 Feasible 33018
4 Feasible 1828 Feasible 9840
5 Feasible 1949 Feasible 16978
6 Feasible 2395 Feasible 7133
7 Infeasible 59358 Infeasible 89471
8 Feasible 1690 Feasible 3876
9 Feasible 18450 Feasible 23784
10 Infeasible 47439 Infeasible 94951

From the data of the three charts mentioned above with increasing dimension, the number of nodes
traversed in the process of obtaining the result through fixed-point iteration is about 40% higher than
that of branch and bound method. With the continuous increase in dimension, the advantage of fixed-
point iteration method in traversing less nodes is more prominent, which also verifies the efficiency of
this algorithm.

The comparison and analysis of the three tables mentioned above, indicate that solving the
problem becomes increasingly difficult when the dimension of the problem increases due to the limited
computing power of a single computer. If the fixed-point iterative method can be in a distributed
implementation and multiple computers are used to solve this problem at the same time, then even
higher dimensional problems can be solved with relatively less time consumption. Therefore, our future
work direction will be to realize the distributed computing of fixed-point iterative method.
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Figure 4: Comparison of the number of traversal nodes with m = 3 and n = 20
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Figure 5: Comparison of the number of traversal nodes with m = 4 and n = 30

After the two methods mentioned above are compared, we change the fixed-point iterative method
in simple steps to change the initial point of its iteration for forming an inverse iterative process. For
the three types of problems in Tables 1-3, the fixed-point iterative method before and after changing
the initial point is used to calculate each example. The number of iterations required in the process
of calculating whether the problem has a solution is recorded in Fig. 7, the data show that changing
the initial point of iteration will not affect the feasibility and effectiveness of the fixed-point iterative
method proposed in this study.
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Figure 6: Comparison of the number of traversal nodes with m = 5 and n = 40
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Figure 7: Iterative effect of different initial points

6 Conclusions and Future Prospects

This study presents a new method that can effectively solve the reconstruction problem of the DT
model. The solution procedure is divided into two steps. First, the reconstruction problem is changed
into a polyhedron judgment problem on the basis of LLL-based reduction algorithm. Second, the fixed
point iteration method of integer programming is used to solve the polyhedron judgment problem in
the previous step. The calculation results of specific examples are compared and analyzed between this
method and branch and bound method. The results show that the fixed point iteration method has
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more advantages in solving this kind of problem which is embodied in the optimization of time and
the number of traversal nodes.

However, the dimension of the problem examples involved in this study is not particularly high.
Thus, the latent advantages of this method are not thoroughly reflected. With the continuous increase
in the problem dimension, this method can be realized by distributed approach in the future. This
solution process will reduce considerable time consumption through utilizing multiple slave computers
working at the same time.
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