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ABSTRACT

Due to the complex structure and dense weld of the orthotropic steel bridge deck (OSBD), fatigue cracks are prone
to occur in the typical welding details.Welding residual stress (WRS)will cause a plastic zone at the crack tip. In this
paper, an elastoplastic constitutive model based on the Chaboche kinematic hardening model was introduced, and
the extended finite element method (XFEM) was used to study the influence of material elastoplasticity and crack
tip plastic zone on the law of fatigue crack propagation. By judging the stress state of the residual stress field at the
crack tip and selecting different crack propagation rate models to investigate the crack propagation lawwhen plastic
deformationwas considered, the propagation path and propagation rate of fatigue crack of theOSBDwere obtained.
The results show that, whether the residual stress field is considered or not, the plastic deformation at the crack tip
will not cause the obvious closure of the fatigue crack at the U-rib toe during the crack propagation process, but
will significantly affect the crack propagation path. When material plasticity is considered, the propagation angle
of fatigue crack at the U-rib toe basically remains unchanged along the short-axis direction of the initial crack, but
is going up along the long-axis direction, and the crack tip plastic zone inhibits the propagation of the crack tip on
one side. Compared with linear elastic materials, the crack propagation law considering material plasticity is more
consistent with that in actual bridge engineering. In terms of the propagation rate, if the residual stress field is not
considered, the fatigue crack propagation rate at U-rib toe with plasticity considered is slightly higher than that
without plasticity considered, because plastic deformation will affect the amplitude of energy release rate. When
considering theWRS field, the fatigue crack propagation rate at U-rib toe is increased due to the combined actions
of plastic deformation and stress ratio R.

KEYWORDS

Extended finite element; fatigue crack propagation; orthotropic steel bridge deck; welding residual stress;
plastic deformation

1 Introduction

Due to its characteristics of light deadweight and high strength-to-weight ratio, orthotropic
steel bridge deck (OSBD) have been widely used in large and medium span bridges [1,2]. Due
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to the complex structure and dense weld, fatigue cracks are easy to occur in typical welding
details. With the increase of traffic flow and vehicle weight year by year, coupled with the influence
of welding residual stress (WRS) in welding details, the cracks continue to propagate until the
bridge deck breaks. At present, finite element method, crack propagation software (NASGRO,
AFGROW, ABAQUS, etc.) and energy release rate theory are mainly used for numerical simu-
lation of fatigue crack and crack propagation of bridge deck [3–9]. In view of the influence of
WRS on the fatigue crack propagation of OSBD, Wang et al. [10] introduced the WRS field
into the segment model of steel bridge deck, and based on the extended finite element method
(XFEM), studied the cracking mechanism and propagation law of typical fatigue crack of OSBD
under the coupling effect of vehicle load and WRS. Zhou et al. [11] established the finite element
model of fatigue crack at the butt weld of top deck, longitudinal rib, transverse diaphragm, and
obtained the stress intensity factor of the crack front by combining the interaction integral and
finite element method.

The results show that the stress intensity factor KI of open type crack (type I crack) is
equivalent to the equivalent stress intensity factor Keff in the propagation process of fatigue crack
in longitudinal rib butt weld, and the type I (open type) cracking mode is dominant in the process
of fatigue crack propagation. KI has been in the trend of increasing. Since stress intensity factor
is the main parameter of crack propagation rate, fatigue crack rate increases gradually with crack
propagation. The above researches rarely consider the plastic restraint effect or crack closure effect
in the crack tip plastic region during crack propagation. In fact, when considering the WRS at
the weld, the stress in the weld zone of the OSBD may reach the yield strength of the material,
indicating that the material has entered plasticity at this time. Even if the WRS does not exceed
the yield strength, the material near the crack will inevitably enter into plasticity with the fatigue
crack propagation at the toe or root. Qu et al. [12] used discontinuous Galerkin XFEM to analyze
the crack propagation hysteresis in bridge structure under overload condition, established a Q345Q
slab model for bridge structural, and studied the influence of the plastic zone of the mode I crack
on the crack propagation, but the research object is limited to structural steel, and the influence
of the plastic zone of the typical fatigue crack on the crack propagation law of the whole bridge
structure is not studied.

Therefore, for the whole structure of the bridge, this paper focuses on the change of fatigue
crack propagation law caused by WRS field and crack tip plastic zone. Considering that welding
toe of U-rib at the connection of U-rib and diaphragm was significantly affected by WRS, the
fatigue crack propagation law of U-rib-toe in the whole bridge structure was mainly studied in
this paper. To this end, a Multiscale finite element model of long-span bridge is firstly established,
which includes the cables, bridge towers and equivalent steel box girder models at non-critical
locations with the characteristic length of 100–102 m, refined steel box girder model including the
top deck, bottom deck, inclined web, diaphragm and U-shaped stiffener with the characteristic
length of 10−2–100 m, and the weld model and the fatigue crack models with the characteristic
length of less than 10−3 m. For finite element models with different characteristic lengths, different
physical equations are used to describe them. Linear elasticity theory is used to describe the whole
structure model and the local component model. For the welding area, the elastoplastic theory is
adopted. Fracture mechanics and XFEM are used to describe the local crack model. Then, the
residual stress field was simulated based on commercial software ABAQUS. Finally, the XFEM
is used to study the propagation law of fatigue crack at U-rib toe under the action of vehicle
load alone and the residual stress field and vehicle load together when the material near the crack
is plastic.
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2 Fatigue Crack Propagation Theory

2.1 Interaction Integral Calculation of WRS Intensity Factor
The direct cyclic loading method in ABAQUS software cannot directly output the energy

release rate at the beginning of each cycle, that is, when the cyclic load is zero, the energy release
rate is not available. When the influence of WRS on fatigue crack propagation is considered,
there is an initial WRS in the structure. However, the fatigue load applied to the bridge deck
at this time is 0, so ABAQUS cannot output the energy release rate generated by initial WRS.
In order to calculate the energy release rate generated by WRS, the interaction integral theory is
presented here, in which the stress intensity factor at the beginning and end of each loading cycle
is calculated so as to further obtain the energy release rate. The energy release rate induced by
fatigue crack propagation can be obtained by subtracted the energy release rate caused by WRS
from the energy release rate caused by fatigue load peak. Interaction integral is a new calculation
method developed on the basis of J integral, which not only inherits the advantages of simple
and high precision of J integral calculation, but also solves the deficiency that J integral cannot
directly obtain the crack tip stress intensity factor of composite crack. The basic assumption is
that the cracked member bears two kinds of loads at the same time, namely the real load and the
auxiliary load. The mechanical field at the crack tip is real (σij, εij, uj, 1). Under the action of the

auxiliary load alone, the mechanical field at the crack tip is the auxiliary field
(
σ aux
ij , εauxij , uauxj, 1

)
.

The auxiliary field of the crack tip is any possible displacement field and stress field satisfying the
equilibrium condition, physical equation and geometric relation, while the real field of the crack
tip is the actual displacement field and stress field of the crack tip to be studied. The two fields
are superimposed to calculate the integral, and the J integral of the two fields acting alone is
removed, leaving the interaction integral of the real field and the auxiliary field.

The location of the crack tip should be determined first when the interaction integral is used
to solve the stress intensity factor. In the XFEM, the position of the crack surface is traced
and defined by the level set function. The normal horizontal set function represents the vertical
distance between the element node and the crack face. The extended finite element module in
ABAQUS software can directly output the value of the node’s normal level set function, but
cannot directly output the coordinates of the crack surface. Instead, the coordinates of the crack
tip in the process of crack propagation can only be calculated indirectly according to the node’s
normal level set function, and then the location of the crack surface can be determined.

For OSBD, arbitrary hexahedral eight-node elements are adopted in this paper, as shown in
Fig. 1. The edges of the element are all straight lines. Normal level set function ϕ is 0 at the
crack surface, the node above the crack surface normal level set function is positive, the node
below the crack surface normal level set function is negative. Select the two nodes i and j on the
edge of the element, then the intersection coordinates of the crack surface and the edge of the
element can be obtained by linear interpolation [13]:

P=Pi+ ϕi

ϕi−ϕj
× (

Pj−Pi
)

(1)

where, P is the intersection coordinates of crack surface and cell edge, P = (x, y, z), Pi and Pj
are the spatial coordinates of node i and node j, ϕi and ϕj are the normal level set functions of
node i and node j. When ϕi and ϕj are both positive or negative, the calculated point P is outside
the cell edge, at this point, the intersection coordinates are invalid, and only if ϕi × ϕj < 0, the
calculated intersection point coordinates are the effective crack tip positions. According to Eq. (2),
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it can be judged whether the coordinate of intersection point is on the edge of the element. When
the calculated point P coordinates satisfy Eq. (2), the intersection point coordinates are effective.

|P−Pi| +
∣∣P−Pj

∣∣= ∣∣Pi−Pj
∣∣ (2)
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Figure 1: Spatial location diagram of three-dimensional element and crack face

After the coordinate value of the crack tip is obtained, J integral is calculated by selecting the
integral region of the crack tip. For the 3D model, the integral region of the J integral is shown
in Fig. 2. In the inner boundary of volume V , the weight function q= 1. The outer boundary of
the volume domain, the weight function q= 0. The formula of J integral [14] is:

J =
∫
V

(
σijuj, 1−Wδ1i

) ∂q
∂xi

dV (3)

where δij is the Kronecker delta function, and W is the strain energy density, as shown in Eq. (4):

W = 1
2
σijεij = 1

2
Cijklεijεkl (4)

where Cijkl is the stiffness matrix.
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Figure 2: Three-dimensional J integral region

In fracture mechanics theory, the relation between J integral and stress intensity factor is
shown in Eq. (5):

J = 1
E′ (K

2
I +K2

II)+
1+μ

E′ K2
III (5)
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where E′ is elastic modulus E in the plane stress state, and it is E/(1− μ2) in the plane strain
state, μ is Poisson’s ratio.

Based on the J integral, interaction integral I introduces the mechanical field at the crack tip

under the separate action of auxiliary load, namely the auxiliary field
(
σ aux
ij , εauxij , uauxj, 1

)
, so as to

form a new J integral compound field Jint superposed by the real field and the auxiliary field at
the crack tip, as shown in Eq. (6):

J int=
∫
V

[(
σij+ σ aus

ij

) (
uj, 1+ uausj, 1

)
− 1

2

(
σjk+ σ aus

jk

) (
εjk+ εausjk

)
δ1i

]
q,i dv

=
∫
v

[
σijuj, 1− 1

2
σjkεjkδ1i

]
q, idv+

∫
v

[
σ aux
ij uauxj, 1 − 1

2
σ aux
jk εauxjk δ1i

]
q, i dv

+
∫
v

[(
σijuausj, 1 + σ aus

ij uj, 1
)
− 1

2

(
σjkε

aus
jk + σ aus

jk εjk

)
δ1i

]
q, i dv

= J+ Jaux+ I

(6)

where σij, εij, uj, 1 are the true fields, σ aus
ij , εausij , uausj, 1 are the auxiliary fields, J is the J integral of

the action of the real field alone; Jaus is the J integral of the action of the auxiliary field alone,
I is the part of the interaction between the real field and the auxiliary field, namely, the integral
of the interaction.

The auxiliary field of the crack tip is obtained according to Westergaard stress function, and
its displacement field is shown in Eq. (7):

u (r, θ)= 1+ ν

E

√
r
2π

{
KI cos

θ

2

[
κ − 1+ 2 sin2

θ

2

]
+KII sin

θ

2

[
κ + 1+ 2 cos2

θ

2

]}

v (r, θ)= 1+ ν

E

√
r
2π

{
KI sin

θ

2

[
κ + 1− 2 cos2

θ

2

]
+KII cos

θ

2

[
κ − 1− 2 sin2

θ

2

]}
(7)

w (r, θ)= 2KIII (1+ ν)

E

√
r
2π

sin
θ

2

Among them:

κ =
⎧⎨
⎩
3− 4ν Plane Strain

3− ν

1+ ν
Plane Stress

(8)

According to Eq. (6), the interaction integral expression can be written:

I =
∫
v

(
σijuausj, 1 + σ aus

ij uj, 1− 1
2

(
σjkε

aus
jk + σ aus

jk εjk

)
δ1i

)
∂q
∂xi

dv (9)

According to Eq. (5) of J integral and stress intensity factor, it can be seen that:

J int = 1
E′ (KI+Kaus

I )2+ 1
E′ (KII+Kaus

II )2+ 1+μ

E′ (KIII+Kaus
III )2 = J+ Jaus+ I (10)
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The relationship between interaction integral I and stress intensity factor is shown in Eq. (11):

I = 2
E′

(
KIK

aux
I +KIIK

aux
II

)+ 2(1+μ)

E
KIIIK

aux
III (11)

Stress intensity factor of the real displacement field can be got by controlling Kaux
I , Kaux

II , Kaux
III

in virtual displacement field. I(1) can be got when Kaux
I = 1, Kaux

II =Kaux
III = 0; I(2) can be got when

Kaux
II = 1, Kaux

I = Kaux
III = 0 I(3) can be got when Kaux

III = 1, Kaux
I = Kaux

II = 0, so the stress intensity
factor of the real displacement field is shown in Eq. (12):

KI = E′

2
I(1), KII = E′

2
I(2) KIII = E

2(1+μ)
I(3) (12)

The discrete integral formula for calculating the J integral in the integral volume V element
by finite element method is shown in Eq. (13):

J =
elems∑
V

gps∑
P

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

[
σxx

∂u
∂x

+ τxy
∂v
∂x

+ τxz
∂v
∂x

−W
]

∂q
∂x

+
[
τxy

∂u
∂x

+ σyy
∂v
∂x

+ τyz
∂w
∂x

]
∂q
∂y

+
[
τzx

∂u
∂x

+ τyz
∂v
∂x

+ σzz
∂w
∂x

]
∂q
∂z

⎫⎪⎪⎪⎬
⎪⎪⎪⎭
detJe (13)

where, V is the integral volume region, and elems is the number of all elements in the integral
volume V . P is integral point, gps is the number of unit integral points. For a hexahedral eight-
nodal element, the integral form is 2×2×2 Gaussian integral, and the coordinate of the integral
point is ±1/

√
3. det Je is the determinant of the Jacobian matrix.

According to Eq. (13), the corresponding J integral is solved by combining the real dis-
placement field, virtual displacement field and the sum of real and virtual displacement fields.
The interaction integral I and the corresponding stress intensity factor are obtained according
to Eq. (12). The specific calculation flow chart is shown in Fig. 3. First, the element number,
node number, node coordinates, normal level set function and node displacement in the integral
volume V region of the crack tip are extracted from the results file of extended finite element
analysis. The coordinates of the intersection point between the crack surface and the edge of the
element are obtained by linear interpolation, and the crack tip position and the crack surface
angle are determined. In order to get the exact value of the superposition of virtual displacement
and real displacement, the coordinates of the nodes and their displacements were converted into
coordinates, in the converted coordinate system, x axis was parallel to the crack surface and
perpendicular to the crack front, y axis was perpendicular to the crack surface, and z axis was
parallel to the crack surface and the crack front. The virtual displacement of the node was
determined according to the displacement field of the crack tip obtained by Westergaard stress
function, the virtual displacement field U2 had three cases, when Kaux

I = 1, Kaux
II = Kaux

III = 0, the
interaction integral I1 was obtained; when Kaux

II = 1, Kaux
I =Kaux

III = 0, the interaction integral I2 is
obtained; when Kaux

III = 1, Kaux
I = Kaux

II = 0, the interaction integral I3 is obtained. The J integral
values of real displacement, virtual displacement and total displacement of the node J1, J2 and
J3 are obtained by integrating the 8 Gauss integral points of all elements in the integral domain
respectively, then the interaction integral I = J3 − J2 − J1. By using different virtual displacement
fields U2, the interaction integrals I1, I2 and I3 of the three crack types can be obtained, and
the stress intensity factors KI, KII and KIII of the real displacement fields can be obtained from
Eq. (12).
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Figure 3: Implementation process of interaction integral

To be sure, the singularity of the crack tip cannot be simulated in this paper, which is due
to the limitations of the extended finite element module in the commercial software ABAQUS.
The extended finite element method in ABAQUS omits the third term of the extended finite
element formula which can simulate the crack tip singularity, so the final calculation result does
not simulate the crack tip singularity in theory.
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2.2 Fatigue Crack Propagation Analysis Theory
In the commercial software ABAQUS, fatigue crack initiation can be determined by the

increase of energy release rate G and the maximum value of energy release rate Gmax. When
the energy release rate increment G content type (14), and in the process of loading cycle, the
maximum energy release rate of crack tip Gmax exceeds the fatigue crack propagation threshold
of steel Gth, the fatigue crack begins to propagate.

f = N
c1ΔGc2

≥ 1 (14)

where, c1 and c2 are material constants, and N is the number of cycles. When the above two
crack propagation conditions are met, and the maximum energy release rate at the crack tip Gmax
is less than the upper limit Gpl, Gpl is close to the steel fracture toughness GC , then the fatigue
crack can propagate under the current cyclic load, and the propagation law can be simulated by
the fatigue crack propagation rate model.

Under the influence of WRS, the fatigue crack propagation law can be obtained by
Walker [15] formula, whose expression is:

da
dN

=C
[

ΔK
(1−R)n

]m
(15)

R= Kmin+Kr
Kmax+Kr

(16)

where N is the number of cycles; a is the length of the crack; R is the stress ratio, Kmax is
the maximum stress intensity factor; Kmin is the minimum stress intensity factor; Kr is the stress
intensity factor under the influence of WRS, C, n and m are material constants, which can be
obtained from test or specification. The C and m selected in this paper refer to the Japanese JSSC
specification [16], C = 2∗10−12, m= 2.75. In the fatigue crack propagation analysis of bridge steel,
n ∗m is generally assumed to be 1 [17].

The influence of stress ratio R on fatigue crack life is reflected in the Walker formula, but the
influence of crack tip plasticity on fatigue crack propagation is not considered. In 1971, Elber [18]
found through tests that the plastic deformation of crack tip would lead to the closure of crack
surface, which hindered the action of external load on crack surface. The crack would continue
to expand only after the crack face was fully opened. Aiming at the crack closure phenomenon,
Elber proposed to use the stress intensity factor Kop corresponding to the crack opening stress to
reflect the crack closure effect, taking the effective stress intensity factor Keff as the parameter of
the fatigue crack propagation model, and proposed a fatigue crack propagation model considering
the plasticity of the crack tip:

da
dN

=C
(
ΔKeff

)m

ΔKeff =Kmax−Kop

(17)

The material constants C and m in the formula can take the corresponding values of Paris
formula and Walker formula.
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There are many methods for the solution of crack opening stress intensity factor Kop and
opening stress σop, and three methods are commonly used in finite element analysis:

(1) Nodal displacement method [19] determines the opening stress by monitoring the displace-
ment state of the first or second nodal point of the crack tip. In the loading stage, when the
monitored nodal displacement becomes positive, the corresponding nodal stress is the opening
stress; (2) Wu et al. [20] defined crack opening stress as the far-field stress at the crack tip node
perpendicular to the crack plane that changes from compressive stress to tensile stress. (3) Matos
et al. [21] believes that the WRS intensity factor generated in the plastic zone of crack tip is
the stress intensity factor that needs to be overcome by crack opening stress. Therefore, the
relationship between the WRS intensity factor and crack opening stress intensity factor is shown
in Eq. (18):

Kres+Kop−Kmin = 0 (18)

where, Kres is the WRS intensity factor, which can be solved by the interaction integration method.

When considering the WRS field of components, especially the welding residual compressive
stress at the crack tip, the fatigue crack propagation life can be analyzed based on the Elber crack
closure theory, Because Elber’s theory that the plastic deformation of the crack tip generates the
residual compressive stress and the crack closure is essentially the same as the external compressive
WRS field causes the crack closure [22], the subtle difference is that the closure of the crack in
the WRS field is the result of the combined effect of the welding residual compressive stress and
the crack tip plastic zone. At this time, the crack opening stress is the sum of the external welding
residual compressive stress field and the residual compressive stress generated by the plastic zone
at the crack tip.

In the finite element software ABAQUS, the energy release rate is taken as the parameter to
analysis the fatigue crack propagation. In the fatigue crack propagation rate model of Eqs. (17)
and (18), the increment of stress intensity factor is replaced by the increment of energy release
rate. The corresponding material constants C and m need to be transformed accordingly, the
transformation relationship is shown in Eq. (19):

C′ =C
(
E′)m′

m′ = m
2

(19)

where C′ and m′ are material constants when the energy release rate is taken as the parameter of
the fatigue crack propagation model.

In this paper, after the stress intensity factor of the crack tip is obtained based on the
interaction integration method, the WRS state (tensile stress or compressive stress) of the crack
tip is judged according to the positive and negative values of the stress intensity factor, then,
different models of crack propagation rate are selected to calculate the number of load cycles,
where the number of load cycles is N in Paris formula and described by the number of load
cycles in ABAQUS. If the WRS field at the crack tip is the tensile stress state, the load cycle N
is calculated based on Walker formula. If the WRS field at the crack tip is the compressive stress
state or the residual compressive stress caused by plastic deformation, then the crack closure effect
is considered and the number of load cycles N is calculated according to Elber formula. In this
paper, the Chaboche model is selected as the constitutive model of elastoplastic materials, which
can reflect the nonlinear hardening behavior of materials under cyclic loading. The correlation
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parameters of the back stress components in the nonlinear hardening criterion are obtained, as
shown in Tab. 1 [23]. Mises yield condition is adopted.

Table 1: Parameters of Chaboche model

Q∞/MPa b C1/MPa γ1 C2/MPa γ2 C3/MPa γ3 C4/MPa γ4

21 1.2 7993 175 6773 116 2854 34 1450 29

3 Description of Finite Element Model

3.1 Finite Element Model to Simulate Welding Process
There is no universal method to analyze the influence of WRS on the mechanical properties

of welded structures [24,25]. Considering that ABAQUS software contains the interface to intro-
duce the initial stress, in this paper, the calculated WRS is applied to the established weld model
of OSBD in the form of initial stress. Then the vehicle load is applied on the OSBD to realize
the superposition of the stress field corresponding to the vehicle load and the WRS field.

Specifically, the bilinear isotropic hardening model and the thermal elastic-plastic finite ele-
ment model of typical welding details were firstly established, and the welding heating process
was simulated by using the birth and death element technique. The thermal-structural coupling
analysis of welding process and weld condensation process was realized, and the temperature field
of the welding detail under the double ellipsoid heat source was solved step by step according
to Newton iterative method. Then, the temperature field was applied as the temperature load to
the structural model of the typical welding detail, and the WRS was obtained by using thermal-
structural sequential coupling analysis. Finally, the WRS field was introduced as the initial stress
field into the Multiscale finite element model of the bridge, and then the XFEM was used to
analyze the fatigue crack propagation law of typical fatigue details of the bridge deck under
vehicle loads after the WRS field was introduced.

When the finite element mesh is inconsistent, mesh mapping is needed from welding process
analysis to crack propagation analysis. In order to ensure the accuracy of WRS in the crack
propagation analysis, the element size of the solid model used in welding analysis and crack
propagation analysis are the same, so there is no need for mesh mapping.

A refined solid element model of the connection of the U-rib and diaphragm with welds is
established, as shown in Fig. 4. In the thermal analysis, the heat source uses a double ellipsoid
heat source, and the parameters are shown in Tab. 2. The room temperature is set at 20◦C, and
the welding heating process is divided into 155 steps. A sub-step is set for every 0.2 s, and the
total heating time is 31 s. The cooling process of the welding process is completed at 2100 s. In
the structural analysis, the displacement in the x direction is constrained by the U-rib along the
positive direction of the x axis, the cross section of the diaphragm along the positive direction of
the z axis is constrained by the symmetry, and the cross sections of the U-rib and the diaphragm
along the negative direction of the y axis are constrained by the y-direction displacement.

According to References [26,27], the thermal physical and thermodynamic parameters of
steel used in welding analysis are appropriately modified to obtain the thermodynamic analysis
parameters of Q345 steel used in this paper, as shown in Fig. 5.
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Figure 4: Welding analysis model of the joint of U-rib and diaphragm plate

Table 2: Parameters of double ellipsoid heat source function

Parameter The connection of U-rib and diaphragm

Length of the front axle a1/mm 6
Length of the front rear a2/mm 14
b/mm 8
c/mm 5
Welding speed/mm · s−1 10
Welding voltage U/v 250
Welding current I /A 25
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Figure 5: Thermodynamic analysis parameters of Q345 steel (a) thermophysical parameters of
Q345 steel (b) thermodynamic parameters of Q345 steel
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3.2 Multiscale Finite Element Model and Loading Condition of Bridge
In order to study the stress characteristics and crack propagation rule at critical locations

under vehicle load, a Multiscale finite element model of bridge was established. Taking the cable-
stayed bridge of Runyang Yangtze River Highway Bridge as an example, in the commercial finite
element software ABAQUS, the global finite element model of the bridge is first established, as
shown in Fig. 6a. The model includes bridge towers, cables and OSBDs, and the characteristic
length of these components is between 100–102 m. The concrete counterweight of steel box girder
at the end of the bridge is simulated by mass unit. Three translational and three rotational
degrees of freedom are constrained at the end of the bridge and at the bottom of the bridge.
The bridge tower is simulated by beam element B31, and the cable is simulated by rod element
T3D2. In order to improve the calculation efficiency, according to the principles of composite
mechanics, mass equivalence and stiffness equivalence, the OSBD with U-ribs is equivalent to the
physically equivalent OSBD without the U-rib at non-critical locations [28]. The bridge deck is
simulated by shell element S4, as shown in Fig. 6b. In order to accurately obtain the fatigue
stress characteristics of each structural detail of the steel box girder under cyclic vehicle load,
considering that the middle span is the part with large vertical displacement of the structure, a
refined model for the middle span of the steel box girder with length of 40 m is established. The
refined model includes the top deck, the bottom deck, inclined web, diaphragm and U-shaped
stiffener. There is a U-shaped stiffener every 0.04 to 0.08 m in the transverse bridge direction.
The characteristic lengths of these components are between 10−2–100 m, which are simulated by
solid element C3D8 in ABAQUS, as shown in Fig. 6c. Submodel technology is used to connect
the boundary between the equivalent OSBD model without U-ribs and the refined OSBD model
with U-ribs. The dislocations of the cut boundary nodes of the full-bridge model are linearly
interpolated to the boundary nodes of the local model, and the dislocations of the nodes are
coupled. The shell element cannot simulate the crack propagation behavior. In order to study the
fatigue crack propagation along the direction of plate thickness, a solid model is established at the
critical locations of the refined OSBD model, including the welding connection of the U-rib and
diaphragm and the crack model, and C3D8 element is used to simulate the weld and the crack,
as shown in Fig. 6d. The established solid model is embedded into the corresponding position
of the refined model of the OSBD in Fig. 6c to replace the original shell element model. The
shell-solid element coupling connection is adopted between the embedded solid element model and
the surrounding shell element. The length of U-rib is 300 mm, the height is 200 mm, and the
width of transverse diaphragm is 150 mm. In order to study the crack propagation behavior at
the connection of the U-rib and diaphragm, a semi-elliptical initial crack is established at the toe
of the U-rib with a long axis of 10 mm and a short axis of 2 mm, and the characteristic length
of the crack is 10−3 m, as shown in Fig. 6e.

Therefore, the characteristic lengths of different components are on different scales. Moreover,
for finite element models with different characteristic lengths, different physical equations are used
to describe them. Linear elasticity theory is used to describe the whole structure model and
the local component model. For the welding area, the elastoplastic theory is adopted. Fracture
mechanics and extended finite element theory are used to describe the local crack model.

The vehicle load model selected in this paper refers to fatigue load model III in reference [29],
and its loading mode is shown in Fig. 7. The model consists of four standard axes. The distance
between the longitudinal and longitudinal axes is 6 m and the distance between them is large. For
a node on the bridge face plate, when the wheel pressure of the two axes of the current plane
acts near the node, the latter two axes are still far away from the point, which has no significant
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influence on the fatigue stress of this part. Therefore, this paper only takes the two-wheel pressures
with a longitudinal wheelbase of 1.2 m as the fatigue load applied to the Multiscale model of
the bridge. The area of each wheel load acting surface is 0.2 m× 0.6 m, and the total weight of
vehicle load is 240 KN. The loading location is shown in Fig. 8. At this position, the initial crack
of the vehicle load wheel pressure A center along the transverse bridge is 0.1 m away from the
U-rib welding toe, and the initial crack along the longitudinal bridge is 0.75 m away from the
U-rib. The connection of the U-rib and diaphragm is between the front axle and the rear axle of
the vehicle load.

Top 
deck 

plate 
U-rib

(c)

U-rib
Diaphragm 
plate

Wel

(d) (e)

(b) (a)

Diaphragm

Figure 6: Runyang multiscale finite element model of cable-stayed bridge (a) overall bridge model,
(b) equivalent orthotropic deck (c) refined orthotropic deck (d) solid model of connecting parts
(e) semi-elliptic crack model
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Figure 7: Fatigue load model III
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Connection of U-rib and diaphragm

Vehicle load

Wheel A

Figure 8: The loading position of vehicle with fatigue crack at welding toe of U-rib

4 WRS Analysis

The welding process of steel box girder of long-span bridge is generally divided into two
steps: welding and assembly of each plate of steel box girder in the factory and welding between
each section of the girder at the construction site. The former includes the welding of the top
deck and the U-rib, the bottom deck and the U-rib, the U-rib and the diaphragm, and the top
deck or bottom deck and the diaphragm, and so on. The latter generally refers to the welding of
two adjacent sections of steel box girder or the welding of the arm and the box girder section.
This paper mainly focuses on the welding process of each plate of OSBD, and considers that the
WRS is mainly generated in the process. This process is completed in the factory.

The WRS field can be obtained through thermal-structural sequence coupling, as shown in
Fig. 9. It can be seen that the equivalent stress of the whole weld area reaches the yield stress of
steel. The WRS at the beginning and end of the welding seam is small, the middle area of the
welding seam is in the state of residual tensile stress, the stress distribution is uniform and has
reached the steel yield stress. The distribution of WRS on some typical paths of the U-rib and
diaphragm connection is studied, the corresponding path diagram is shown in Fig. 10. Path 1 is
parallel to the U-rib toe and starts at the center of the U-rib toe, path 2 is perpendicular to the
U-rib toe and starts at the center of the U-rib toe, path 3 is the cross-baffle toe, starting at the
upper end of the cross-baffle toe, path 4 starts at the lower end of the cross-baffle toe and ends
at the toe of the cross-baffle toe.

Figure 9: Stress at the connections of U-rib and diaphragms (unit: Pa)
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Path 1

Path 2 

Path 3 

Path 4

Figure 10: Weld path diagram

Fig. 11 shows the distribution curves of WRS along four typical paths. Figs. 11a and 11b
show the transverse residual stresses along paths 1 and 2, respectively. It can be seen that the
transverse residual stresses in the welding toe of U-rib along paths 1 and 2 are relatively larger,
while the stress in the U-rib far from the welding toe gradually decreases, and the U-rib far from
the center of the welding toe along path 1 is in a state of residual compressive stress. Fig. 11c
shows the distribution of transverse and longitudinal residual stresses along path 3. It can be seen
that the transverse and longitudinal residual stresses at the welding toe of diaphragm are almost
all tensile stresses, and only the residual compressive stresses occur in the small area at the end
of the welding toe of diaphragm. Fig. 11d shows the transverse and longitudinal residual stresses
along path 4. It can be seen that along the path 4 perpendicular to the welding toe of diaphragm,
the transverse and longitudinal residual stresses at the welding toe end of the diaphragm are the
least. With the increase of distance from the welding toe, the residual stress increases, then tends
to a stable value. The transverse and longitudinal tensile stress peaks along path 4 are small, about
100 and 25 MPa, respectively. It can be seen that the distribution of WRS at the connections of
U-rib and transverse diaphragm in the longitudinal and transverse direction is basically consistent
with that in the references [10,27]. Therefore, the WRS field simulated in this paper can provide
an initial stress field for the subsequent analysis of the propagation law of the fatigue crack at
the welding toe of U-rib.
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Figure 11: Distribution curve of WRS at the junction of U-rib and diaphragm (a) transverse
residual stress along path 1 (b) transverse residual stress along path 2 (c) transverse and longitu-
dinal WRSes along path 3 (d) transverse and longitudinal WRSes along path 4 (e) transverse and
longitudinal residual stresses of diaphragm toe (f) WRS of U-rib

5 Analysis of Fatigue Crack Propagation at U-Rib Toe

5.1 Fatigue Crack Propagation Path
Firstly, without considering the influence of WRS field of welding, cyclic vehicle load as

shown in Fig. 9 is applied to the multiscale finite element model of the bridge containing the
initial crack, and the elastic-plastic constitutive relation of the material is embedded, then the
fatigue crack propagation path at the U-rib toe is obtained by using the XFEM, as shown in
Fig. 12. It can be seen that when the plastic deformation of the material is considered but the
influence of the WRS field is not taken into account, the surface crack morphology caused by
the plastic deformation is asymmetric to the center line of the diaphragm, and the crack front
propagation rate on the right side is higher than that on the left side. In the long axis direction
of the initial crack, the crack surface after expansion presents an angle of about 17◦ with the
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initial crack surface. In the short-axis direction of the initial crack, the crack extends along the
depth of the U-rib to the roof with a small deflection angle, and the crack depth reaches 6 mm
after 3.5 million cycles. Before 2 million loading cycles, the fatigue crack at welding toe of U-rib
mainly propagates along the long axis direction of the initial crack. When the loading numbers
are between 2 million and 3.5 million cycles, the crack propagates mainly along the short axis of
the initial crack.

Diaphragm

plate

U-rib

U-rib

Diaphragm plate(a) Weld

(b)

(c)

(d)

Figure 12: Fatigue crack propagation path at welding toe of U-rib without considering WRS field
(plastic material) (a) initial crack surface (b) 600,000 cycles (c) 2 million cycles (d) 3.5 million
cycles
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Similarly, when plastic deformation of materials and the influence of WRS field are consid-
ered, vehicle loads are applied to the multiscale finite element model of the bridge to obtain the
propagation path of fatigue crack at welding toe of U-rib, as shown in Fig. 13. It can be seen that
when the vehicle load, WRS and material plasticity are taken into account, the propagation rate
of fatigue crack at the welding toe of U-rib on the left side of the diaphragm is higher than that
on the right side before 30,000 loading cycles, with the midline of the diaphragm as the dividing
line. After 30,000 cycles, the position of crack front on the left side of the diaphragm remains
basically unchanged, while the crack propagation rate on the right side of the diaphragm is higher
than that on the left side. At the end of the load cycle, the crack length on the right side of
the diaphragm is larger. Compared with Fig. 12, it can be seen that, considering the influence of
WRS field, the fatigue crack propagation at the welding toe of U-rib in the short-axis direction
is basically the same as that without residual stress field, both of which propagate at a small
deflection angle. At the end of the cycle, the crack length in the short-axis direction is 6 mm.
However, the angle along the long-axis direction is larger. By extracting crack coordinates, the
angle between the fatigue crack at the end of cycle and the initial crack is 67.5◦.

(a)

(b)

(c)

Figure 13: Fatigue crack propagation path at welding toe of U-rib considering WRS field (plastic
material) (a) 30,000 cycles (b) 200,000 cycles (c) 250,000 cycles
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The fatigue crack propagation paths of U-rib toe are compared under the following four
conditions: considering WRS and material plasticity, considering WRS and material elasticity,
not considering WRS and material plasticity, not considering WRS and material elasticity. The
fatigue crack propagation steps at U-rib toe under four conditions were set as 90 steps. The
propagation step represents the number of crack propagation. In the extended finite element
analysis, ABAQUS software can obtain the value of stress intensity factor corresponding to all
elements at the leading edge of the crack each time the load is applied, and then the life of each
element N can be obtained according to Paris formula. Since there is more than one element at
the leading edge of the crack, the program will set cracking of the element with the minimum
life N and no cracking of the other elements, that is, only one element at the leading edge of
the crack will generally propagate at each fatigue crack propagation step. The coordinates of the
leading edge of the crack were extracted. Fig. 14 shows the fatigue crack propagation path at
U-rib toe under different conditions. Fig. 14a shows the difference in fatigue crack propagation
paths caused by plasticity and elasticity when WRS fields are considered. It can be seen that,
considering material to plastic deformation, U-rib on the left side of the crack tip due to large
plastic zone inhibits the crack extension, with transverse diaphragm axis is bounded, fatigue crack
in the diaphragm plate on the right side of the crack tip length increment is bigger, and the initial
crack extension along the long axis angle also increases, after considering plastic deformation
crack angle by 59◦ increase to 67.5◦. Fig. 14b shows the difference in fatigue crack propagation
paths caused by plasticity and elasticity of materials without considering the WRS field. It can be
seen that when material plasticity is considered, the crack increment at the left crack tip of U-rib
is slightly smaller than that when material elasticity is considered, indicating that when plasticity
is considered, the plastic zone of the left crack tip of U-rib also restricts crack propagation.
However, due to small plastic deformation, the inhibition effect is obvious when WRS field is
not considered. In terms of the crack propagation angle, the crack angle increases from 0◦ to
17◦ when considering the plasticity of the material. Under the same crack propagation step, the
U-rib fatigue crack increases more in the crack length along the long axis when considering the
plastic deformation.

Figure 14: Fatigue crack propagation path at U-rib toe under different conditions (a) considering
the WRS field (b) without considering WRS field
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5.2 Analysis of WRS Intensity Factor
OSBD of Runyang Bridge in China are made of Q345D steel and made of isotropic material.

The structural orthotropic nature is only due to the different stiffness in the longitudinal and
transverse bridge directions caused by U-shape stiffeners. However, for the individual components
of the box girder, such as the U-rib and diaphragm, they are all made of Q345D steel, which is
an isotropic material. Therefore, the formulas for calculating stress intensity factor are valid for
orthotropic steel bridge decks. Based on the elastic-plastic analysis of fatigue crack in U-rib toe,
the crack opening stress intensity factor Kop, namely, type I crack stress intensity factor KI, was
obtained without considering the WRS field. When the WRS field is not considered, the external
load will also cause the crack tip to produce plastic deformation and then the residual compressive
stress. According to the node displacement field in the integral domain of the interaction integral,
the WRS intensity factor Kres is calculated as a negative value. However, according to formula
(18), the sum of crack opening stress intensity factor Kop and WRS intensity factor Kres is zero,
and the positive crack opening stress intensity factor is finally obtained, as shown in Fig. 15.
When there is no WRS field, the U-rib fatigue crack is at the initial stage of crack propagation,
and the stress at the connection part of the U-rib and diaphragm does not reach the yield stress
before 200,000 load cycles, and there is no plastic deformation at the crack tip. Therefore, the
crack opening stress intensity factor in Fig. 16 is always zero before 200,000 cycles. With the crack
propagation, the plastic strain only appears in the very small area of the crack tip, and the plastic
region is far less than the crack length, and the ultimate crack opening stress intensity factor
is very small, the maximum value is only 0.4 Mp · m0.5, and the energy release rate converted
into 0.8 N ·m−1, which is far less than the amplitude of the energy release rate generated by the
cyclic vehicle load, this indicates that the crack opening stress caused by plastic deformation has
little influence on the fatigue crack propagation of U-rib and can be ignored when there is no
WRS field.
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Figure 15: Crack opening stress intensity factor KI at welding toe of U-rib without WRS field
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Figure 16: Equivalent plastic strain in the crack tip area of welding toe of U-rib when the WRS
field is introduced (a) 30,000 cycles (b) 200,000 cycles (c) 250,000 cycles
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When the WRS field is introduced, the crack tip stress field of the fatigue crack at the
U-rib toe reaches the yield stress of the material before the crack propagation. In the process
of crack propagation, the crack propagation step with a large plastic zone is selected to obtain
the equivalent plastic strain in the crack tip region of the U-rib, as shown in Fig. 16. In order
to observe the plastic zone range of the crack tip more intuitively, the strain cloud map given
in Fig. 16 does not show the plastic strain at the crack surface. If the plastic strain at the
crack surface is shown, the plastic strain value will increase with the fatigue crack propagation.
In combination with the fatigue crack propagation path at welding toe of U-rib with WRS
considered in Fig. 13, it can be found that the plastic deformation is mainly at the crack surface
and crack tip area, and the equivalent plastic strain in other areas at the connection of U-rib and
diaphragm is zero. Through measurement, the plastic zone sizes of 30,000 load cycles, 200,000
load cycles and 250,000 load cycles were 2.26, 3.4 and 4.46 mm, respectively, the corresponding
surface crack lengths were 17.36, 27.83 and 29.43 mm, and the ratio of the plastic zone to the
crack length was small. Larger plastic zone appeared in the diaphragm plate on the left side of
the crack tip of the crack tip cell by inhibiting crack after loading cycle 30,000 times, diaphragm
plate on the right side of the crack tip during the load cycle extended continuously, the crack
tip plastic zone is small is always less than 1 mm, so the linear elastic fracture mechanics can be
thought of and the interaction integral method based on the theory of the J integral of the WRS
field in the U-rib toe fatigue crack propagation analysis still apply.

Considering the influence of the plastic zone, the stress intensity factor corresponding to the
WRS field is calculated by executing the interaction integral process in Fig. 3, as shown in Fig. 17.
It can be seen that the intensity factor corresponding to the WRS field is always positive and
shows an increasing trend, indicating that when considering the WRS field, the residual tensile
stress generated by the WRS field is greater than the residual compressive stress generated by
plastic deformation for the fatigue crack at welding toe of U-rib, and crack closure will not occur
during the fatigue crack propagation process. By comparing the intensity factor corresponding to
the WRS field and the stress intensity factor generated by the cyclic load, it can be seen that
the ratio between the intensity factor corresponding to the WRS field and that caused by the
cyclic load is larger, that is, when the equivalent stress ratio is larger than R, the fatigue crack
propagation at the U-rib toe will be accelerated. The equivalent stress ratio is defined in Eq. (16).
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Figure 17: Stress intensity factor of fatigue crack in U-rib toe when WRS field is introduced
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5.3 Analysis of Fatigue Crack Propagation Rate
The relationship between the length of the crack 2c along the long axis of the initial crack

and the number of load cycles N of the fatigue crack at the U-rib toe is analyzed. Fig. 18 shows
the 2c-N curve without considering the WRS field. It can be seen that under the single action
of vehicle loads, before the 200,000 cycles, no plastic deformation occurs at the fatigue crack tip,
and the two curves coincide, that is, the crack propagation rate is the same under both plastic
and non-plastic conditions. The crack propagation rate is the same under both plastic and non-
plastic conditions. Considering the plastic fatigue crack of the material, the length of the crack
reached 25 mm when the load cycle was about 1.5 million times, while the length of the fatigue
crack without plastic consideration reached 25 mm when the load cycle was about 3 million
times, indicating that the fatigue crack propagation rate at the U-rib toe with plastic consideration
was slightly higher than that without plastic consideration. The reason may be that the plastic
deformation of crack tip increases the increment of energy release rate.
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Figure 18: Crack propagation rate with WRS field

Similarly, Fig. 19 shows the relationship between the length of the crack 2c along the long
axis of the initial crack and the number of load cycles N of the fatigue crack at the U-rib
toe when the WRS field is considered. As the stress intensity factor generated by the WRS
field of welding is large and always positive, the equivalent stress ratio R is increased, and the
corresponding equivalent stress intensity factor amplitude increases, finally leading to the increase
of crack propagation rate. It can be seen from Fig. 19 that before 20,000 load cycles, when
considering plasticity and equivalent stress ratio R, the curve slope of fatigue crack length and
cycle times at welding toe of U-rib is the largest, indicating that the propagation rate is the
fastest at this time. Before 150,000 cycles, considering material plastic deformation U-rib weld toe
of the fatigue crack propagation rate is significantly higher than without considering the plastic
extension rate, after considering plastic deformation U-rib fatigue crack is mainly extend along
U-rib thickness direction, without considering the plastic deformation and fatigue crack along
the long axis direction of 2c extensions, lead to the late without considering plastic deformation
of crack propagation is faster. However, from the analysis of the whole cycle process, the U-rib
fatigue crack with plastic deformation considered after 250,000 cycles, the crack length along the
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long axis direction is 30 mm, the crack depth along the short axis direction is 6 mm, and after
250,000 cycles, the length of the U-rib fatigue crack along the long axis direction is about 25 mm,
the crack depth along the short axis direction is 5.88 mm, which show that the fatigue crack
propagation rate is higher in the whole cycle considering plastic deformation and equivalent stress
ratio R.
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Figure 19: Crack propagation rate without WRS field

6 Conclusion

In this paper, an elastoplastic constitutive model based on the Chaboche kinematic hardening
model was introduced, and the XFEM was used to study the influence of material elastoplasticity
and crack tip plastic zone on the law of fatigue crack propagation with or without WRS field. The
interaction integral method was used to obtain the stress intensity factor at the crack tip when
the cyclic load dropped to zero during the crack propagation process. The following conclusions
are drawn:

(1) For the fatigue crack propagation path, when the plastic deformation is considered, the
fatigue crack at the welding toe of U-rib basically remains unchanged in the short-axis direction
of the initial half elliptical crack, but is going up along the long-axis direction. Compared
with linear elastic materials, the crack propagation path is more consistent with that in actual
bridges. In the process of crack propagation, the plastic zone of the crack tip on one side of
the diaphragm is larger than that on the other side, which will inhibit the crack propagation, and
the inhibition effect will be more significant when the WRS field is considered. The reason may
be that residual compressive stress is generated at the crack tip on one side of the plastic zone,
resulting in the stress intensity factor here lower than that of the other side of the crack, and
thus inhibits the crack propagation.

(2) As the cyclic load drops to zero, if the WRS is not considered, the plastic zone near the
fatigue crack tip at the weld toe of U-rib is small, and the stress intensity factor of the residual
compressive stress produced by the plastic deformation is less than 1 MPa ·m0.5, which indicates
the effect of crack closure due to plastic deformation on the fatigue crack propagation at the weld
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toe of U-rib can be ignored. When the WRS field is considered, the crack tip area is in the state
of residual tensile stress at each crack propagation, and the crack closure will not occur during
the fatigue crack propagation process.

(3) The relationship between the crack length 2c in the long axis direction of the initial crack
at the weld toe of U-rib and the cyclic loading numbers N is analyzed. The results show that
when the WRS field is not considered, the fatigue crack propagation rate at weld toe of U-rib
with plasticity considered is significantly higher than that without plasticity because the plastic
deformation will affect the energy release rate amplitude. When the WRS field is introduced, due
to the combined actions of plastic deformation and equivalent stress ratio R, the increment of
equivalent energy release rate during the fatigue crack propagation process is increased, and the
fatigue crack propagation rate at weld toe of U-rib is increased accordingly.
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