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ABSTRACT

This article aims to present new terms of single-valued neutrosophic notions in the Sostak sense, known as single-
valued neutrosophic regularity spaces. Concepts such as r-single-valued neutrosophic semi £-open, 7-single-valued
neutrosophic pre-£-open, r-single valued neutrosophic regular-£-open and r-single valued neutrosophic a£-open
are defined and their properties are studied as well as the relationship between them. Moreover, we introduce the
concept of r-single valued neutrosophic 6£-cluster point and r-single-valued neutrosophic y £-cluster point, r-6£-
closed, and 0£-closure operators and study some of their properties. Also, we present and investigate the notions
of r-single-valued neutrosophic 6£-connectedness and r-single valued neutrosophic §£-connectedness and inves-
tigate relationship with single-valued neutrosophic almost £-regular. We compare all these forms of connectedness
and investigate their properties in single-valued neutrosophic semiregular and single-valued neutrosophic almost
regular in neutrosophic ideal topological spaces in Sostak sense. The usefulness of these concepts are incorporated
to multiple attribute groups of comparison within the connectedness and separateness of O£ and 6£.
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1 Introduction

A neutrosophic set can be practical in addressing problems with indeterminate, imperfect, and
inconsistent materials. The concept of neutrosophic set theory was introduced by Smarandache [1]
as a new mathematical method that corresponds to the indeterminacy degree (uncertainty, etc.).
Bakbak et al. [2] and Mishra et al. [3] applied the soft set theory successfully applied in several
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areas, such as the smoothness of functions, as well as architecture-based, neuro-linguistic pro-
gramming. Wang et al. [4] proposed single-valued neutrosophic sets (SVNSs). Meanwhile, Kim
et al. [5,0] inspected the single valued neutrosophic relations (SVNRs) and symmetric closure of
SVNR, respectively. Recently, Saber et al. [7-9] introduced the concepts of single-valued neutro-
sophic ideal open local function and single-valued neutrosophic topological space. Many of their
applications appear in the studies of Das et al. [10]. Alsharari et al. [11-13]. Riaz et al. [14].
Salama et al. [15-17]. Hur et al. [18,19]. Yang et al. [20]. El-Gayyar [21], AL-Nafee et al. [22].
Muhiuddin et al. [23,24] and Mukherjee et al. [25].

First, we define single-valued neutrosophic #£-closed and single-valued neutrosophic §£-closed
sets as well as some of their core properties. We also present and explore the properties and

characterizations of single valued neutrosophic operators namely 6£-closure (Cleﬁ(r ;) and df-

closure (CI‘S’EU ;) in the single valued neutrosophic ideal topological space (F, 7095 £095) We

then define the concept of single valued neutrosophic regularity spaces. Next, we study single-
valued neutrosophic 6£-separated and single-valued neutrosophic d£-separated with giving some
definitions and theorems. Furthermore, we also introduce single-valued neutrosophic #£-connected
and single valued neutrosophic §£-connected relying on the single valued neutrosophic 6£-closure
and 8£-closure operators.

We define a fixed universe F to be a finite set of objects and ¢ a closed unit interval [0, 1].
Additionally, we denote ¢ as the set of all single-valued neutrosophic subsets of F.

2 Preliminaries

This section provides a complete survey, some previous studies, and concepts associated with
this study.

Definition 1. [1] Let F be a non-empty set. A neutrosophic set (briefly, N'S) in F is an object
having the form «, = {(v, 04, (V), 05, (®), Sa,(V)) : v € F} where

0: F—]70,1T,6: F—]70,17,¢: F—]70,17 and "0 < g, (v) +64,(v) + &, ) <3t (1)

Represent the degree of membership (04,), the degree of indeterminacy (dy,), and the degree
of non-membership (&,,) respectively of any v e F to the set ay,.

Definition 2. [4] Suppose that F is a universal set a space of points (objects), with a generic
element in F denoted by v. Then a, is called a single valued neutrosophic set (briefly, SVNS)
in F, if a, has the form «, = {(v,0q,(V),0q,(V), Sa,(V)): v € F}. Now, 0q,,00,,Sa, Indicate
the degree of non-membership, the degree of indeterminacy, and the degree of membership,
respectively of any v € F to the set «y.

Definition 3. [4] Let o, = {(v, 0q, (V), 65, (V), Sy, (V)): U € F} be an SVNS on F. The comple-
ment of the set a, (briefly, ay;) defined as follows: g,¢(v) = Sy, (V), g, (V) = [04,] (V) , St (V) =
Ou, (V).

Definition 4. [26] Let F be a non-empty set and oy, &, € g“j" be in the form: «, =
{{v,04,(V),04,(V), Sa, (V) : v € F} and &, = {(v, 0, (V), 0, (V), G, (V) : v € F} on F then,

() a, C e, for every v e F; fa, (V) < de, (U),64, (U) > 6, (V) , &y, (U) > &, (V).
(b) ay =ey iff 0, C &y and o0y 2 &y
(¢) 0=1(0,1,1) and 1= (1,0,0).
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Definition 5. [20] Let ay, e, € ¢7. Then,
(a) ay,Ney is an SVNS, if for every v e F,
anNen=((0a, N0e,) V), (6a,Ube,) V), (Sa, USe,) (), (2)
where, (8a, N 8e,) (V) = Ba, (V) N e, (V) and (So, U s,) (V) = &, (V) U &, (V), for all v e F,
(b) @, Ueg, is an SVNS, if for every v e F,
anUen=((8q, Y8e,) V), (6a,NGe,) (V),(Sa,NEe,) (V). 3)

Definition 6. [15] For an any arbitrary family {o};c; € ;“j" of SVNS the union and intersection
are given by
(@) Migjlonli = (Nigj0a,): (V) Yiej0la, ) (V) UiejSla, )i (V)
() Ugjlonli = (UiejO[a,1; (), Nigja,]; (V) Nigj Sty (V) -

Definition 7. [21] A single-valued neutrosophic topological spaces is an ordered (F,72,77,%%)
where 72,79, 7¢: ;5’ — ¢ is a mapping satisfying the following axioms:

(SVNT1) #2(0) =78(1) =#°(0) =#°(1) =0 and 5 (0)=75(1) = 1.

(SVNT2) 72 (@, Nen) = 70 (an) N T8 (62), 77 (M &n) < 77 (@n) U T (82), T (an N ) < T () U
7S (g,) for every, ay, &, € gf"

(SVNT3) 22 (Ujeran])) = Mjert® (fenl)), T° (Uierlanl)) < Ujert? ([anlp), T° (Ujerlanl) < Ujert® (el
for every [ay]; € {jz.

The quadruple (F,72,%%,%5) is called a single-valued neutrosophic topological spaces (briefly,
SVNT, for short). Occasionally write 72°¢ for (72,77,7¢) and it will cause no ambiguity.

Definition 8. [7] Let (F,72°%) be an SVNTS. Then, for every o, € g“j" and r € y. Then the
single valued neutrosophic closure and single valued neutrosophic interior of «, are define by:

Coane @nr) = [ en€ 8%t oty < 0, T8 ([eal’) = 1,77 (fe]") <11, 78 (£a]) <1—1) )

int g0 (@nr) = | Jlen €t o> 0 18(en) =170 (ea) <1-1,78(en) <11} (5)

Definition 9. [7] Let (F) be a nonempty set and v € F, let s€ (0, 1], t€]0,1) and k €[0,1),
then the single-valued neutrosophic point x,,x in F given by

(s,t,k), if x=v
Xs.t.k (v)=
(0,1,1), otherwise.

We define that, xg,, € o iff 5 < 0q,(v), t > 6q,(v) and k > Ean (v). We indicate the set of all

single-valued neutrosophic points in F as sz’f’k(.’}:"). A single-valued neutrosophic set o, is said
to be quasi-coincident with another single-valued neutrosophic set ¢,, denoted by a,gey, if there
exists an element v € F such that gg,(v) 4 0s,(V) > 1,64, (V) + 65, (V) <1, S, (V) + S, (V) < 1.
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Definition 10. [7] A mapping £0 £0 £5: g“j'- — ¢ is called single-valued neutrosophic ideal
(SVNI) on F if, it satisfies the following conditions:

(£1) £2(0) =1 and £°(0)=£5(0) =0.

(£2) If On = Vn,» then £é(8n) < £é(an)a £6 (Sn) > £6 (an) and £§(<9n) > £§(an)a for En, Oy € gj:

(£3) £2(aty Ugy) > £2 () N£L (8), £7 (aty Uey) < £7 () UL () and £5 (e, Ugy) < £ (o) UES (e,
for ay,e,e¢%.

_ The tribal (F, 7095 £09) is called a single valued neutrosophic ideal topological space in
Sostak sense (briefly, SVNITS).

Definition 11. [7] Let (F,799¢,£09¢) be an SVNITS for each a, € {jz . Then, the single valued
neutrosophic ideal open local function [e,]?(729¢,£99¢) of oy 1s the union of all single-valued
neutrosophic points x,,x such that if &, € Q a5z (X5, k,7) and £°2(wy,) > 71, £7(wy) <1 =71, £5(wy) <

1 —r, then there is at least one v € F for which

é(xn (v)+éen (V)—l >éwn (U), &Otn (U)+6'En (U)—l f&wn (U), §an (v)+§sn (U)—l Sga)n (U) (6)

Occasionally, we will write [e,]® for [o,]9(727¢,£09¢) herein to avoid ambiguity.

Remark 1. [7] Let (F,799¢,£05¢) be an SVNITS and o, € g“j'- . Hence, we can write

CI?@,}; (ap, 1) =0y U [“n];@a int?@ag(‘xna r)=a,N [(“;)9](' (7

Clearly, CI§&§ is a single-valued neutrosophic closure operator and (t2®(£),779(£), 159 (£))
is the single-valued neutrosophic topology generated by CITQE)&E, ie, () () = U{r|CI?§6§
(ap. 1) =ap}.

Theorem 1. [7] Let {[a,]i}ics C g“j" be a family of single-valued neutrosophic sets on F and

(F, 7005 £05¢) be a SVNITS. Then,

@) Ul : i€ ) < (Ulanliz i€ )P,
(®) (N(enl): i€)P = (N(anl)5: i € ).

Theorem 2. [7] Let (F,t29¢,£25¢) be an SVNITS and re ¢, ay, &, € g“j". Then,
(@) int?@(;g (an Ven, 1) < int?@;@ (an,1r) Vv int?@;@ (&ns 1),
(b) intzese (an,r) < int?@gf (otn, 1) <oty < CI?@&g (an, 1) < Ciaoz (an, 1),

(c) CIS,. ([an]’,r) = [intS; - (otn, ],

706 766¢
(d) [CIf@g,grg (ot r)]c = int?@&g ([an]ca ),
(e) intf@é&f (o A&y, ¥) = int?é&; (ay, 1) A int?é&; (&3, 7).

Definition 12. [8] Let (F,799%) be an SVNITS. For every oy, &, wy € ;“j'- , o and g, are called
r-single-valued neutrosophic separated if for r € ¢,

CI sz (@, 1) Nep=CL g5z (€,1) Nty =0 (8)
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_ An SVN'S, w, is called r-single-valued neutrosophic connected if r-SVNSEP a,,e, € F_
{0} such that w, =a,Ue, does not exist. A SVN'S «, is said to be r-single-valued neutrosophic

connected if it is r-single-valued neutrosophic connected for any r € §,. A (F,t2%5) is said to be
r-single-valued neutrosophic connected if 1 is r-single-valued neutrosophic connected.

3 Single Valued Neutrosophic §£-Cluster Point and Single Valued Neutrosophic 0 £-Cluster Point

In this section, we introduce the r-single-valued neutrosophic S£-cluster point (abbreviated
SVNé&£-cluster point) and r-single-valued neutrosophic £-closed set (abbreviated SVN£L£C). Fur-
thermore, we analyze the single-valued neutrosophic 8£-closure operator (§£-closure operator for
brevity) and single-valued neutrosophic 6£-closure operator (0£-closure operator for brevity).

Definition 13. Let (.’f-',rg"g,g‘ié‘}f) be an SVNITS and o, € g“j'-, re€&y. Then,

(a) oy 1s said to be r-single valued neutrosophic £-open (briefly, »-SVN£O), if and only if
o <int_zsz ([l 1),

(b) oy 1s said to be r-single valued neutrosophic semi-£-open (briefly, »-SVNS£0) if and only
if a, < CI%&§ (int;zs¢ ([an],@,r), ),

(c) ay is called r-single valued neutrosophic pre-£-open (briefly, ~-SVNP£L£O) if and only if «, <
int:zs: (Clizse ([n)®, 1), 1),

(d) oy 1s called r-single valued neutrosophic regular-£-open (briefly, »-SVNR£O) if and only if
oy = intféfrf (CIf@@&g ([an]’@’ r),r),

(e) ay is said to be r-single valued neutrosophic af-open (briefly, r-SVNa£0) if and only if
oy <intzgse (CI%6§ (int;3 ([Oln],@, i’) , r) ,

() ay is said to be r-single valued neutrosophic x-open set (briefly, »-SVN % O) if and only if
o =CI,, - (ay, 7).

The complement of an r—SVN£O (resp, r-SVNS£0O, r-SVNP£O, r-SVNR£O, r-SVN«&£O,
r-SVN«xO) is said to be an r—SVN£LC (resp, r-SVNS£C, r-SVNP£C, r-SVNR£EC, r-SVNa£C,
r-SVNxC) respectively.

Remark 2. r-single valued neutrosophic open set (r — SWANO) and r-SVN£O are independent
notions as shown by the following example.

Example 1. Let F= {a,b,c} be a set. Define ¢, 7, w, € g“j" as follows:
&n=1{(0.3,0.3,0.3),(0.3,0.3,0.3),(0.3,0.3,0.3)); m,=1{(0.4,0.4,0.4),(0.4,0.4,0.4),(0.4,0.4,0.4)),
wy, = {(0.5,0.5,0.5),(0.2,0.2,0.2),(0.1,0.1,0.1)) .

We define an SVNITS(¢29¢,£29¢) on F as follows: for each a, € g“j",

1, ifozn={(~),i}, 1, if ay=0,

~0 2. o 2

T° (o) = g, lf oy = {ey, 4}, £ (ay) = §; lf O<ap<wy
0, otherwise, 0, otherwise,
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0, ifoen={(~),i}, 0, ifanzf),

-5 1 5 1 .

0 (ap) = 5, lf o ={ey, mn}, £ (ay) = g, if 0<a,<aw,
1, otherwise, 1, otherwise,
0, ifanz{(),i}, 0, if ayn=0,

.z 1 = 1 .

-[S- (C(n): g, if‘ an:{en,nn}, £§ (an): g; U(‘ 0<an§wna
1, otherwise, 1, otherwise.

Based on ¢, = ((0.3,0.3,0.3),(0.3,0.3,0.3), (0.3,0.3,0.3)), it’s clear that, % — SVNO is set
because 72(((0.3,0.3,0.3),(0.3,0.3,0.3),(0.3,0.3,0.3))) > %, 79(((0.3,0.3,0.3), (0.3,0.3,0.3), (0.3,0.3,0.3))) <
1,7%(((0.3,0.3,0.3), (0.3,0.3,0.3),(0.3,0.3,0.3))) < 1.

However ¢, is not an r-SVN£O set, and for that, we must prove that &, £
intzzs¢ ([8,1]?, %). So, we must first obtain [8,1]?. Based on Eq. (11), 1,6, 70 € Q.65¢ (xs,,,k,%) and
£0(((0.5,0.5,0.5),(0.2,0.2,0.2), (0.1,0.1,0.1))) > %, £9(((0.5,0.5,0.5),(0.2,0.2,0.2), (0.1,0.1,0.1))) <
1, £9(((0.5,0.5,0.5),(0.2,0.2,0.2),(0.1,0.1,0.1))) < 1,
such that by using Egs. (2), (3) and (6) we obtain,

s, (V) +07 (V) = 1 > 0, (V) , 05, (V) + 07 (V) =1 =0, (V), G, (V) + S (V) =1 = G, (V).
(0.3,0.3,0.3) (v) + (1,1, 1) (v) — 1 # (0.5,0.5,0.5) (v),
(0.3,0.3,0.3) (v) +(0,0,0) (v) — 1 <(0.2,0.2,0.2) (v),

(0.3,0.3,0.3) () +(0,0,0) (v) —1 <(0.1,0.1,0.1) (v),

O¢, (V) +0x, (V) =1 > 04, (V) , G, (V) + 07, (V) — 1 <Gy, (V), Ge, (V) + G, (V) =1 < Gy, (V).
(0.3,0.3,0.3) (v) + (0.4,0.4,0.4) (v) — 1 #(0.5,0.5,0.5) (v),

0.3,0.3,0.3) (v) +(0.4,0.4,0.4) (v) — 1 <(0.2,0.2,0.2) (v),

(0.3,0.3,0.3) (v) +(0.4,0.4,0.4) (v) — 1 <(0.1,0.1,0.1) (v)

Oe, (V) +0e, (V) = 1> 04, (V) ,Ge, (V) + G, (V) — 1 <G, (V), G, (V) + e, (V) =1 < Gy, (V)
(0.3,0.3,0.3) (v) + (0.3,0.3,0.3) (v) — 1 #(0.5,0.5,0.5) (v),

(0.3,0.3,0.3) (v) +(0.3,0.3,0.3) (v) — 1 <(0.2,0.2,0.2) (v),

(0.3,0.3,0.3) (v) +(0.3,0.3,0.3) (v) — 1 <(0.1,0.1,0.1) (v)

Therefore, [en](_; =0. Subsequently, using Eq. (7) we obtain intf@;,g([sn]?, %) = intf@;,g((), %) =0,

Wl

3
which implies that

2 ~
((0.3,0.3,0.3),(0.3,0.3,0.3),(0.3,0.3,0.3)) = &, £ int:zs¢ <[6n](29 , §) =0.
3
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Hence, ¢, is not an -SVN£O set.

Definition 14. Let (F,7295 £85%) be an SVNITS, ay € 7, x,.x € Py x(F) and r € g.
Then,

(a) ay is an r-single valued neutrosophic Q,zsz-neighborhood of x,x if X,/ rqo, with 70 () >
V,‘L'&(C(n) <1 —r,‘L'S:(Oln) <l-r

(b) x5k 1s an r-single valued neutrosophic 6£-cluster point (r-8£-cluster point) of w, if for every
én € Qzaac (Xg, 1 1), We have auqintzzez (CI2,; (64, 1),1);

(c) 8£-closure operator is the mapping of CI‘;’Z;ET : ;“j'- X Lo —> ;“j'- defined as

CI‘;"g&f (otp, 1) =U {xs,,,k € Pk (ﬁ) D Xg.rk 1S r—8£—cluster point of an} .

Definition 15. Let (F,72%¢ £29¢) be an SVNITS, a, € ¢%, x.1 € Py(F) and r € .
Then,

(a) a, is called r-Single valued neutrosophic %fé&f-neighborhood of Xy, 1f Xgsxqa, and an

is -SVNRIO. We denote R, = {an € £ |Xy 0G0, tp 1S T — SVNRIO},

(b) Xy 1s called r-single valued neutrosophic 6£-cluster point (r-0£-cluster point) of «, if for
any ¢, € Qzs¢ (X5,14.7), We have anqCI?@&f (€n, 1),

(c) 6£-closure operator is mapping Clggé : ;j" X Lo —> gj" defined as

Clg’g&g (otp,¥) =U {xs,,’k €Pssk (.’i-') . Xtk IS r—0L—cluster point of oz,,} 9

Example 2. Let F= {a,b,c} be a set. Define ¢, 7, € {j: as follows:

en=1((0.4,0.4,0.4),(0.4,0.4,0.4),(0.4,0.4,0.4)) ;r, = ((0.2,0.2,0.2),(0.2,0.2,0.2), (0.2,0.2,0.2)) .

We define an SVNITS(¢29¢,£29¢) on F as follows: for each a, € g“j",

1, if()lnzé, la ifa”:O’
N 1
1’ l'fo{nzl, g: ifﬂ'n:c‘)n
#@)=12 Hem=1,
g, lf‘Oln:gn, g’ l'f0<06n<77n
0, otherwise, 0, otherwise,
0, i]r()ln=~, O’ lfC(n:O,
. 7 2 ]
0, if an=1, 5’ =t
() =11 £7 (o) = 1
g, lfC(n—sn 5, l'f0<05n<77:ﬂ
1, otherwise, 1, otherwise,
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0, if an= 6) 0, if an=0,
N 2
0, ifanzla ga if mn=2¢n
%5‘ (C(n) = 1 . £§ (C(n) = 1
3’ if on=en, 3 if 0<ay,<my,
1, otherwise, 1, otherwise,

From using (9) we get, we obtain

6, l:f‘ O{n:é,

CI§§5§ (an,r)= e, if 0 # ay, <elr< %,1—r> %,
1, otherwise.
Theorem 3. Let (.’f-',r@‘}f ,£09¢) be an SVNITS, r € ¢y and ay, &, € g“j'- . Then the following
properties are holds:
(a) @y < CLE, . (an, 1),

(b) If a, <e,, then CI%. _(a,,r) < CI%. _(e,,7),

oGS 706 ¢S
(c) int;zse (Clg?é& (an,r),r) is 1-SVNRIO,
(d) cr;g& (o, 1) =Nfey € ¢ |y < &4,y is T-SVNRIC},
(€) Clzzsc (an,7) < CI%, (. ).
Proof. (a) and (b) are easily proved from (9).

(c) Let ¢, € ;“j" and &, =int;zse (CI?L.)& :(an,r),r). Then, we have

intzps¢ (Clgﬁ : (an, 1), r) =int:zs¢ (CI?@; : (intf@&f <CIf®éc~,§ (o, 1), r) ,r> ,r)
< intzes: (CI2, . (CIZ; . (@, 1), 1), 7)

= intfg,&; (CI%(;S: (ap, 1), r) =¢&.

Since &, = int;zs¢ (&4, 7) < iNtz5¢ (CI(;:)&E(en,r),r), we have intf@(;g(CIf@é&f(en,r),r) =g,.

(d) Based on P=nN{¢g, € g“j"lozn <&y, &y 18 -SVNRIC}, let Clg’ggé (aty, 1) 2 P: therefore, v e F
and se (0,1], t€[0,1),k €0, 1)] exist such that
é(j[f% (@n,t) (v)<s< é'P (v)
Gt (q, (V) Z 126 (V) (10)
§C11§£§ (@) (v)>k> §’P (v)
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Therefore, x;,) is not an r-6£-cluster point of ay. As such, &, € Qzss¢ (xs,,,k,r) and «, <
[int-zs¢ (g4, 7)]°. Consequently, o, < [intfg&g(CI?@& :(&n, 1), D] :le@&g(intgé& N(ERON)
Since Cl:gs¢ (int?é& :([enl, 1), 1) is r-SVNRIC, we have op(v) < éc1fé(int% (enler ) (V) <
s,0p (V) > &CL& (it (] ) r) (v) >t and Sp(v) > §Cl~§(im@f ([%]CJ)J)(U) > k. This is a contradiction
T 70 T <

to Eq. (10). Therefore, CI%. (ay,,r)>P.

$06¢

oL
Foos

Meanwhile, by setting CI2%; . (o, 1) £ P, then an r-8£-cluster point of Vsiik € Ps,,,k(]}) of ay

exists such that

QCrit (o) W) > 51> 0P ()

5C1§§(a,,,y) W=<t1<op©®) (1)
§C,§§ ) ki = Ep()

Owing to P, there exists -SVNRIC ¢, € g“j'- with a, < &, such that Z‘)Cﬁf@(an’r) ) > s1 > 0¢, >
&P ), Ocpst @,y O) =11 = 8y = 0P ) and Sepit g, () < K1 = Qe = Ep(»). Therefore, [e,]° €
Q:i5¢ Wsy.115k1). S0, oy <&y = [intféc;g(cgéé([gn]c,r),r)]C, Hence, anaintfégg(d?m (enl’, 1), 7).

Additionally, yy, /, x, 18 not an r-8£-cluster point of ay, that is, éCI‘f@ () ) <51, 5C1§f-, () V) =

$06¢

11, Sepot () (») = k1. This is a contradiction to Eq. (11). Therefore, CI%. (o, 1) <P,
fg ns

(e) Suppose that Cl-zsz (ap, ) % CI%E

F06¢

(ap, 1); therefore, v e F and [s € (0,1],7€[0, 1), k €[0, 1)]
exist such that

éClié (otp, 1) (v) >85> é(j[rffé (&tn,p) (v)
G Cl g (anr) (V) ST=G cpit 4, ) (V) (12)

§Cli‘; (otn,r) (v)<k=< §C1‘E£§ (@n.r) (v),

Since, OCI; (ap.r) (V) <, 6le&(o,n’,) v) > t, §le6 (@nr) (V) = k, we have xg;; not r-8£-cluster

Hence, 2c1 ;@ (V) = Cfine 5 (1%, e (V) < 8 0C15 @nr) (V) = Clin (1, ey V) Z and

point of «,. Therefore, there exists &, € Q:poc(Xssk,7) and o, < [intfé&g(leQé&f(sn,r),r)]".

§le§(o:,,,r)(v) < é[inlfg.(Cl%(sn,r),r)]c(v) > k. It 1s a contradiction for Eq. (12). Thus Clzzse (0o, 1) <
CI§§&§ (o, 7).

Theorem 4. Let (F,727%,£095) be an SVNITS, for each r € ¢o and ;. &, € g“j'-. Then the
following properties hold:

(a) (Xn S CI?§5§ ((Xna r)a
(b) If oy < ey, then CI?§5§(ocn,r) < CI?§6§ (en, 1),

(c) Clzpse (o, 1) <U{Xg 1k € Ps,t,k(ﬁﬂxs,t,k is r-d£-cluster point of 4},
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(d) CI%, . (otn, 1) = Nfen € T ot < it (en. 1), T ([en]) = 1, ¥ ([en]) < 1 =1, T ([en]) < 1 -1},

(e) Clggg,f (otn, 1) =N{en € Cj"lcxn < én, & 18 r-0£-cluster point of oy}
() xsx is r-0£-cluster point of o iff xgy € Clgg'& : (0, 1),
(g) Xtk 1s r-0£-cluster point of op iff x5k € Clgg& (0, 1),

(otn, 1), 1), then CI%, . (o, 1) = otn,

(h) If o =Clzgse (intl®

706¢
(i) otn < Clozsz (otn, 1) < CI%, (0o, 1) < CI%, _ (0ty, 1),

Foos Foo<

(G) W (atn V en, 1) = W (&, 1) V W (e, 1) for each W = {CI%&f, CI§§£6§ },

(k) CI??(;S: (Clgg(}g (otn, 1), 1) = Clgg(}g (o, 1).

Proof. (a) and (b) are easily proved from Definition 14.

() Set P = Ul{xg.k € PSJ’k(]E' ) x5k as an r-6£-cluster point of «,}. Suppose that

Cl:z5¢ (0, 7) & P. Then there exists v e F, and [s € (0,1], 1€[0,1), k €[0, )] such that
0CI 4 (@) (V) > $> 0p (V)
0 CI; (ayr) (V) St <0p (V) (13)

SCl; (nn) (V) Sk = Sp(V)
Consequently, x;,x is not r-6£-cluster point of «,. So, there exists ¢, € Q,z¢ (X5 4,7) and
< |int:gs¢ (CIZ C e 1
oy < |Intzsse sa5¢ (en, 1), r)| <lenl

Based on Eq. (4), oc1; (@y.r) (V) = Qe,Je (V) < 5,0CL; (@yr) (V) Z
Ofe,Je (V) Z 1 and Scr g (o) (V) Z Gle, e (V) Z K.

It 1s a contradiction for Eq. (13). Thus Cl;zsz(aty, 1) <P.

(d) y=n{ey e gj:|an = int9 (&n,1), Té([gn]c) =, .[&([8”]0) <l-r, T§([£n]c) <Il-rh

726¢
Suppose that Clggﬁ (an,7) £y, then there exists v e F and [s € (0,1], t€[0, 1), k €[0,1)] such

that

éCIzga;(“n"’) (v) <s<ay (v)

&Cﬁ% @y (V) >1=0y (V) (14)

§CI£§_ (@ny (V) >k =gy (V)

Consequently, x4 1s not r-6£-cluster point of «y,. So, there exists &, € Q s5¢ (Xs 14, 1) » Oty <
[(C1554 (en, 1), ] Thus, ey, < [(C15;,(en, 1), N = (intS, - ([ea], 1), 1) 5 T8en) =7, T0(en) < 1=,
7°(&y) < 1—r}. Hence, éy (v) < é[en]" (v) <s, 5)/ (v) < 5[5,1]‘ (v) <t, §y (v) < §[sn]c (v) <k.

It is a contradiction to Eq. (14). Thus CI%. (a,,r) > V.

706¢



CMES, 2022, vol.130, no.3 1635

Suppose that CI%. (a,,7) £ y, then there exists r-6£-cluster point of «,. Vsiik € PS’Z’k(.’f:)

zo6¢
of «y, such that

éagg () P >51>0, ()

O 1t () W) <11 =0y (1) (15)
§C1£§ (@nn) @) <k1 =6, ()

By the definition of y, there exists ¢, € g“j'- with 78(gy) >r, 1%(y) <1 —r,75(,) <1 —r
and oy, < int?@gg (en,1), st Z-)Cl?*g(an,r) ) > s1 > ésn 0 = Z?y » ’6CI?§ (@) O <n= &En O = 5)/ (6%
and S:Cl?f_ (an.7) ) <k1 <6, () = Sy (). Additionally, [e,4]° € Q,z5¢ sy,01,k15 1) o < int?@&g (en,1) =
[le@é5§ ([en]¢, N]¢, implies oznﬁle@é&; ([en]¢, 7). Hence yy, 4 k, 1s not an r-0£-cluster point of ;. It is
a contradiction for Eq. (15). Thus Clggé o) <y.

(e) Similar results are shown in (c) and (d).

(f) (=), clear.

(<) Suppose that x,,x is not an r-9£-cluster point of «j,. There exists €, € Q,z5z (X5 x,1) such
that CI3; . (,7) < an. Thus &y < [CI2,; - (60, N]* = CIS,; . (4], 7). By (d), écﬁg (o) (V) = Qe (V) <

53108 ) (V) 2 0,1 W) > 1 and Eepot g, (V) 2 Gy (W) > 1. Hence xg ¢ CI%%, - (@, ).

(g) is similarly proved as in (f).

(h) The validity of this axiom is obvious from Theorem 3 (4).

(i) Based on Theorem 3(e), we show that CI‘;’E;& oy, 1) < CI%& :(au, ). Suppose that
Clggég (an, 1) % CI§§6§ (ap, 1), then there exists v e¢ and [s€ (0,1], t€[0,1), k €[0,1)] such that
é(j[f;% () (V) >8> éCl’;ﬁ () (V)

O Crt ) V) > 120 0t (g, 1) (V) (16)

§C12£(Oln.")(v) > k Z §CI§§ (otp,r) (v)

Since éCIﬁg (an,r)(v) < s, 5CI€§ (an’,,)(v) <t and §C1?f§ (an,r)(v) < k, then we have x,,; 1s not
T T T

r-0f£-cluster point of a, So, there exists &, € Q.z5¢(Vs,11k57)> An < [Cli?é(;f(sn,r)]", implies

Aqint.zs¢ (Cli?é&f (en,1),1). Hence, xg; 18 not r-6£-cluster point of «,, by (7), we can get than,

éCIBf:(a r)(v) < $,00p% (4 r)(v) > 1, Gt @ r)(v) > k. It is a contradiction for Eq. (16). Thus,
f@ ns f& ns f§ ns

Clgg(}g (ap,1r) < Clgg(;; (an,1).
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(j) Let Cr% (ay V &y, 7). Then there exists v e F such that

Foog

(en, 1)V CI2E. (0, 1) # CI2E

85¢ 785¢
Z?leig enr) VIV écrig (o) (V) <8< Z?leig (anvens) (V)
T 1% (o) V)V O 1 (@) (V) = 1> 0 0 (g, (V) (17)

§CI‘;£§ (e,,,r)(v) v gCI‘;% (oe,,,r)(v) >1> §CI‘;£§ (apVen,r) (U)

Since éc% () (V) <, 5c1§§ ) (V) > 1 §CI§§ () (V) > k and éc% ey (V) <5, 5CI§§ ey (V) >

l, Sepst Enr) (v) > k. We obtain, x,, is not r-6£-cluster point of «, and &, So, there exists
fg ns

[an]1, [enlt € Qqane (Xs1h7), and ey < [intzasz (CL2, . ([anli, 1), NI en < [intzass (CIS, - (lealt, ), 1]

Thus, [ax]i Alenli € Qpase (Xsiko7) -
Using Egs. (4) and (5) we obtain,

C
an Ve, < [mtf@&; (CI?@ag ([enly 7). V) Aintzose (Cl?ééé (Lenly . 1) r)]
< [intf§6§~ (le®§5§ ([(Xn]l , V) AN C1f®§5§ ([811]1 ) V), r)]C
C
< [lntfgag (le@é&§ ([Oln]l Alen]y ,V) ,V)] .
o
7068
of a, Vv e, by (g), écpé nvenr) V) < 8000 e, (V) > ¢ and §c1?§ e, > k. It is a

Therefore, ay, V €,q int:zs: (CIZ; - ([ani A [en]1,7),7). Hence, x;;x is not r-6£-cluster point

contradiction for Eq. (17), and hence, CI‘;{;& oy Vep,r) < CI% (&n,1) v CI% (o, 7).

706¢ f06¢
Meanwhile, «, V &, > &, and «, V &, > &,. Hence Clggéé (otn V1) > Clgg(}f (€n,7) V
by SE SE SE
CIfé(ﬁ (ay, 7). Therefore, CIfé5§(sn,r) vCIfé5§(an,r) =CIfé5§(oen\/8n,r).

(o, 1) < CI%£._(CI%%. _(q,,, 7), 7). On the other hand,

Foog Foo<

(CI%. (au, 1), 7). Then there exists v € F and [s€(0,1],£€]0,1),

F06¢

(k) Since «y < CI‘;’E;&; (an,r), we have Cli’f;:&g
suppose that CI35, . (s, 1) # CLE,..
k €10,1)] such that
Qert @y (V) <8 < Qert (crt @ r) @)
O 1t @r) V) > 12 71 (1 @) ) (18)

S crt (V) > k=8 cr cr (@) (V)

Since 0yt () (V) < S, Ocpt () (V) > 1 Scrot () (V) > k, we have x;;; is not an r-6£-
f@ ns f(} ns :[.é ns
cluster point of «y,. So, there exists &, € Q,z5¢ (X k,7) such that o, < [int:se (Cl?i)&é(gn,r),r)]c =

Cl;g&g(intf@éﬁ (en,r,1), since, le@ag(intgw(sn,r,r) is r—SVNRIC. Then by Theorem 3(d),

706¢

Clggéf (atn, ) < Cl:zse (int%5§ (en,1,7).
Similarly, CI%,.(CLE, . (an,1),r) < CI3%, (Cliaos (int3; . (64,1, 1),1) = Clegse (intS, - (e,7),7),

Hence,
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I‘s"f_;ag(CI‘Siag(an,r) r) < Cl:gs¢ (mtwg (en,7),1) < X4,k It 1s a contradiction for Eq. (18).

Theorem 5. Let (F, 7275 £29%) be an SVNITS, for r e ¢o and oy, g5 € ;7" Then the following
properties hold:

(@) ay is T-SVNPIC iff Cl-z5¢ (0, 1) = CI%E _(ap, 1),

fo;
(b) ay is r-SVNSIC iff Cl-zsz(atp, 1) = CI5§G§(an,r),
() ay is 1-SVNalIO iff Cligaz @y, r) = CL25, - (an, 1) = CIL, . (ctn, 7).

Proof. (a) Let «, be an r-SVNPIC. Then o, < Clzs¢ (0, 1), and by Theorem 3 (3) and (4),
we have

CI‘svgag (o, 1) < CIé’gag (leéag (int?@;é (o, 1), r) s r) = leg,&g <int?§5§ (ap,r), V) < le§&§ (o, 1)

< CI‘Sﬁ(,g (cty, 7).

Conversely, suppose that there exist v € F and [s € (0,1], ¢ € [0,1), k € [0,1)] such
that éCl‘?E(oz,,,r) (V) > s> éle@(an,r) (U)’(}CI%(OMJ) (v) <t = &le(} () (v) and S:C[?g (@n,r) (v) <k =
§CL§(0," » (). Then xg;, is not r-6-cluster point of «,. So, there exists &, € Q s5¢(Xg1k,7),

with «, < [e,]° Since x;,x is r-6£-cluster point of «,, for e, € Qo5:(Xssk,7), We have
intzzse (Cl o (&n,7),1)qay,. Since,

int-zse (Clg}&é (&ns1) s ) <int;ese (CLQM ([an]",r),r) ,
we obtain, a;, > [intzzse (Cl%&f (&> 1), 1)]¢ > [intzg5¢ (Cl?é5§ ([otn]¢, 1), 1)) = Clags: (int%6§ ([etn], 1), 7).

Hence, «;, is not r-SVNIC set.
(b) Let a, is an r-SVNSIC set. Then, a, < int®, (Cligae ([an), 1), 1) andré([le@([an,r)]c >

706 ¢

r, TO-([CI.E& ([, DI <1, Tg([CIfg ([etn, )¢ < r. By Theorem 4(d), we have CI%. (an, 1) < Clzgoz (ap, 1),

706 ¢

Conversely, suppose that there exist «;, € g“j",r € Lo,V € F and [s€ (0,1],2€[0,1), k €[0,1)]
such that éClig(an.r) W) >t > éle@(an,r) (U),&CI%(%J) W) <t < 5'%6 () (V) and §CI§§ @) V) <

t < §Cl 2 (anr) (v). Then [leg(}g (o, 7)) = il’ltfgag ([aen], 1) € OL65¢ (Xg 14> T) Since Xtk is r-0£-cluster
(intzzsz ([otn], 1), 1) qa,. It implies oy, ﬁ Cl1®.. (intzzsz ([otn], 1), 1] =

o)
point of «,, we have CI: PP

706¢S

int®.. (Clzgse (ay, 1), 1). Thus, «, is not an r-SVNSIC.

706¢S

(c) Similar results are shown in (a) and (b).
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4 r-5£-Closed and r-60£-Closed

In this section, we firstly introduce and analyze the r-§f-closed and r-0f-closed of an
SVNITS(F,t¢7¢,£¢7¢). Subsequently, we define and analyze the single-valued neutrosophic £-
regular and the single-valued neutrosophic almost £-regular of F. The findings have resulted in

many theorems.

Definition 16. Let (F,t29¢,£29¢) be an SVNITS. For re Zo and oy, e, € {jz. Therefore,
(a) ay is said to be r-8£-closed ([ay]se) [resp. r-0£-closed [ay]ge] iff CI%%. _(a,, 1) = ay (resp.

F06¢

Clgg&f(an,r) =oy). We define
Aggag (otn, 1) =N{enlety < €n,&n= Clg%(;g (&n, 1)} (19)
®g§a§(“na r)=0N{eploty < €p,&p= Clgg&g (&n,1)} (20)

(b) The complement of r-6£-closed (resp. r-6£-closed) set is called r-6£-open (resp. r-6£-open).

Theorem 6. Let (.’f-',rg"g ,£09¢) be an SVNITS. For re ¢ and a, € ;j: . Then the following
properties are holds:

(C)‘ A8£ (al’la r) = CI(S£ (al’la r)a

Foog Foos

(d). A% (1) is -8£-closed,

06 ¢
(e). ®g§5§ (on, 1) = Clgggg (®2§5§ (otn, 1), 1),

). ®§§5§ (o, 1) 18 r-£-closed,
(). CI%, - (an, 1) < O, (. 1).

706 ¢ 706 ¢
Proof. (1) Based on Theorem 4(i,j), @, < CI%5; . (an, 1) = CL%, . (CL%, . (aty, 1), 7), which implies
A‘;’g&f (o, 1) < Clg’g&f (o, 7). Suppose that A‘;’Z;&f (an, 1) # Clg’g&f (ay, 7). Then there exist v € F

and [s € (0,1],2€[0,1), k €[0,1)] such that éAqfé(%r) ) <s < écﬁfé(amr) (“)’5A"f§(a,,,r) W) >1t>

O ot () (V) and ¢ st (@ r)(v) >k > S:CI"f(a r)(v). Based on Eq. (19), there exist ¢, € ;“j" and
ff’ ns ..[,5 ns f§ ns

oy < &y = CI(;E;,S: (en, 1) such that éAi%(Oan) (v) < ésn (v) <s< éClig(O’m") (v) ’&Aig (o:,,,r)(v) = ésn (v) >

r> 5C1§§ (e (V) and §Ai£§ () V) = 0, (V) > k> §C1§§ (o) (V-

8€

Meanwhile, Clgg&f(an,r) < CI%%. _(g,,r) = ¢,, which is a contradiction. Hence, Afé& (o, 1) =

706¢
CLE, . (o, 7).
(b) is similar to Theorem 4 (k).
(C) Let o <[en]i= CIQ£ ([enlis ). Therefore, ,/\r[gn]i = CIG£ (,/\r[gn]i; r) < CIG£ ([en)is 1) = [enli-
IS IS

706¢ 706 ¢ 706 ¢
19£
706¢

Consequently, Averlenli < Coge(Aierlenlisr). Hence, ©7F - (an, 1) = CLIL, (O - (an, 1), 1.

(d) It is directly obtained from (c).
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(e) Since a, < O%, (@y,1), by (¢) and Eq. (19), CI%, (1) < CIL (O, (ay,1),r) =
O% . (n, ).
706¢ >

Definition 17. Let (F, t99¢,£29¢) be an SVNITS, ay, &, € {jz, and r € ¢y. Then F is called,

(a) single valued neutrosophic £-regular (SVN£-regular) if for any o, € Qzsse (X, k,7), there
exists &, € Qz5¢ (Xg 1k, 1) such that Cl?égf (&, 1) < oy,
(b) single valued neutrosophic almost £-regular (SVNA£-regular), if for any o, € in@& (X545 1),

©

then there exists g, € S)%fé&f(xs’l’k,r) such that leé&i(en,r) < ay.

Theorem 7. Let (F,7t29¢,£25¢) be an SVNITS, a,, &, € {j" and r € {y. Then the following
statements are equivalent:

(a) (F,199¢,£09%) is called S VN£-regular,

(b) For each x;,x € Py i <ﬁ) and a, € Quos¢ (X1, 7), there exists &, € iné& ¢ (X5.k.7) such
that Cl?é&g (&, 1) <intzpse (Cl%&§ (atp, 1), r) ,

(c) For each x,,x € Py, x (.7:') and each a, € Q.s5¢ (Xg14.7), there exists &, € Quase (Xs1k7)
such that CI%5§ (en, 1) < intféc?f (Clgg,gg (o, 1), V) ,

(d) For each x;x € PS’Z’k(]N:) and r-SVNRIC set w, € g“j'- with xg;x ¢ w,, there exists g, €
0,e5¢ (X51k,7) and «a, 1s r-SVNx-open set such that w, <a, and Cl?égf (oen,r)§Cl?é5§ (&n, 1),

(e) For each x4 € Py x (.’f-’) and r-SVNRIC set w, € ¢¥ with X1k ¢ wp, there exists g, €
Q.s5¢ (X5,k,7) and a, is 1-SVNx-open set such that w, <a, and CI?@& : (En.1) Gaty,

(f) For each r-SVNRIO set o € g“j" with wy,qoy,, there exists r-SVNRIO set ¢, € g“j" such that
Wnqen < Cl?z)ég (en, 1) < atp.
(g) For each r-SVNRIC set «, € {jz with w, € a,, there exists r-SVNRIO set ¢, € {jz and is
r-SVNx-open set , € {jz such that w,qe,, oy <m, and &,qm,.
Proof. The proof of (a)=(b) and (b)=-(c) are clear.
(©)=(a): x5 4 € PS,,,k(.'f-') and «, € in@& :(Xs5,04>1). Then, by (c), there exists &, € Q s5¢ (X145 7)
such that Clgé& S(en,r) < intggse ((CI?@& c(an,r),r) = ay. since, & € Qsz(xgrf,r) we have
intzgs: (CI9,, - (0, 1), 1) € R (X 10 1)
Moreover, since, w, = int:zs¢ (Cl%&é(en, r),r) < Cl?égf (&n,1), we have Cl?égf (W, 1) < Cl%&i (&, 1),
and hence x;; xqw, < CIS@F, (1) < Clgé;, :(en,1) <y where w, € iné& = (X 45 7).
(¢)=>(d): Let w, be an r-SVNRIC set in F and x, € Ps,t,k(.’l:') with xg ;1 ¢ w,. Then X, qlw,]¢
and [w,]¢ € R

~a5e Xs,des ) C Q,s5¢ (Xg 1k, 7). By (c), there exists m, € Q,z5¢ (X4, 1) such that

ClZys (o) < intigos (C1 (00l ,7) or) =[]
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Next, X, xqintzs¢ (Cl%& : (70, 1) ,r), then intzs¢ <Cl@é5 s (T, 1) s r) € Q,e5¢ (xY 1k r), and hence

by hypothesis, there exists €, € Qa5 (X, x, ) such that Cl® c(en,1) < 1nt~gag(CL (my,1),1). Then,

706 ¢

wp < [CIS,; (7, 1), ] Put e, =[CI2,; . (7,,1), 1] then ay is r-SVN#O set. Hence
Clegog (cty, 1) < [int;g&g (Cl?é5§ (7T, 7), r)] [Clegog (&n, 7).

Therefore, CIQQ(r = (&ns r)ﬁCl?z, sz (0, 1).

(d)=(e): It is trivial.

(e)=(f): Suppose that a, is an r-SVNRIO set with w,qa,, then w, % [o,]. Hence there exists
X1k € Ps,t,k(.'f-') such that x,,x € w, and o, £ [o,]¢ where [a,]¢ is r-SVNRIC set. By (e), there
exists &, € Qs5¢(Xs14,1) and m, € g“j'- is r-SVN=O set such that [o,]¢ < 7, and CIS,. . (e,,r)gm,.

706¢S

From ¢, € Q,z5z (X1 k,7) We have X, rqen < 1nt~9(,§(CLQG§ (&4, 1), 7).

By setting [e,]1 —lntrgag(cl.. (en,1), 1), we have wyqgle,]1 and [g,]1 is -SVNRIO set such that

06 ¢

wnq [en]] < leggg ([8n]1 ) ) Cl@@gg (ens) <1 —mmp <oy

(H=(g): Let a, be an r-SVNRIC set «y € {jz with @, £ a,. Therefore, w,qg[e,]° and hence
by, then there exists an r-SVNRIO set ¢, € g“j'- such that wyge, < Cl%&é(gn,r) <l[ay]¢. Then, ¢, is
an r-SVNRIO set and [CIS,. . (e,, )]  is an r-SVNxO set such that w,qe,, o, <[CIS.. (e, )] and

chg QC'§
8na[CIf§5§ (en, M.
(g)=(a): Let oy, € iné& = (Xs,04>1) Then xg £ [o,]¢ and [e,]¢ is an r-SVNRIC set. By (g), there

exist -SVNRIO set g, € {jz and it is r-SVN=*O set w, € {j'- such that x;,xqen, [0n]¢ < m, and

enqmy. Then, g, € 9%5@55 (Xg.1k-1). Since, m, is r-SVN=O set, CIGQO (en,1)gmy. Therefore, xy,rqen <

CIS. . (e, 1) < [m]¢ < an. Hence (F, 7005 £09%y ig SVN£-regular.

706¢S

Theorem 8. Let (F,799%,£295) be an SVNITS, «a, € g“j" and r € ¢g. Then the following
statements are equivalent:

(a) (F,70%5 £095) is called SVN£- regular,

(b) For eaCh xS,l,k € PS,l,k(f)a oy € {F Wlth Té([an]c) = r, T&([an]c) = l - rafS:([an]c) = 1 -7,
and x,, ¢ oy, there exists g, € gf" with g, is r-SVN*O such that x;x ¢ Cl-zsz (e, 1) and
oy = &p,

(c) For each Xs,t.k € Ps,t,k(j:)a oy € é'}- with Té([an]c) >, 776([0‘11]0) <1l-r, Tg([an]c) <l-r,
and xg,x ¢ ay, there exists, &, € Q s5¢ (X5 4,7) and 7, € g“j'- with 7, is r-SVN=O such that
an < &, and &,qmy,

(d) For each wy,a, € {7 with 8([a,]) > 1, T° ([@n]) < 1—r, 5 (as]) < 1—r, and w, £ @y, then
there exists &, € Q a5¢ (X514, 7) and ey, 7, € ¢F with t@(e) > 1,77 (ey) <1 —r,75(ey) <1 —r
and 7, is r-SVN%O sets such that w,qs,, o, <, and &,qm,.
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Proof. Similar to the proof of Theorem 7.

Theorem 9. An SVNITS (F, 995, £095) is SVNA£-regular iff for each «, € g“j" and r €
20, C125; . (aun, 1) = C125, . (ctn, 7).

Proof. From Theorem 4(i), we only show that Clggé (o, 1) > CI%& (an, 7).

Suppose that Clggég (an, 1) # Clggg,f (an,r). Then there exist v e F and [s€ (0,1],7€[0,1), k €
[0, 1)] such that
écrig (anr) (V) <5< éCI‘fg(a,,,r) (v)
O 1% () (V) > 1> 0 cptt 4, 1y (V) )

Scrt wn V) > K> Septt @,n @)

Because éCI% (an’r)(v) < s, 5CI,§§ (an’r)(v) > f, §C1§f§ (an,r)(v) >k, and x,,; is not an r-§£-cluster
T T T

©

point of «,. So, there exists &, € Qzasc(Xgs4,7) With a, < [intfg)&g(leé&é (&4,7), ] Since ¢, €

Q;e5¢ (X5 k,7) We have intzzse (Cl%&f(en,r),r) € 9‘{"5@55 (Xs5,1.k>7). By SVNAE-regularity of F, there

1C

exists w, € 9%‘5@5 = (Xs,0k>1) such that C pr PP (wp, 1), 1) <int:gse (C1%6§ (&n,1),7). Thus,

C C X

oy < I:ll’ltfgag (le@éﬁ (&n,7) ,r)] < [le@é5§ (wp, r)] = 1nt?‘36§~ ([wn]c , r),

and 1%(wp) > r,7%(wp) < 1 — r,7%(wy) < 1 — r. By Theorem 4(d), éCl?g(an) (V) < O[w,c (V) <
8,0 oot @ ,,)(v) > Ow,Jc(v) >t and G yoe @ r)(v) > Glw,c(v) > k. It is a contradiction for Eq. (21).

o ;& \dns

£......
706¢
éCItEfé ([an]c,r) (U) s S > é[an]ﬂ (U) = éCI‘?E ([C{n](",r) (U) and k < &[an]ﬂ (U) = &Clég ([an]",r) (U) . SinCC,

CI%, . ([, r) = CI%

Conversely, let a, € R, (Xs14,7) C Qzo6¢ (X5 k). Then by Theorem 4(h), s > g,y (v) =

et 5555([05,1]‘3,0, Xsrk 18 not an r-6J-cluster point of [a,]°. Then there exists
en € Qza5¢ (X1 k1) such that [an]‘ﬁCI%(}é %55

and by Theorem 7(c), (F, 7095, £098) is S VNA£-regular.

(en, ) implies CIZ;.(e,,7) < oy = Intzs¢ (le@@;, 2(an,1),1)

Theorem 10. An SVNITS(F, t295, £25¢) is SVNAf£-regular iff for each r-SVNRIC set «;, € g“j'-
and € ¢, CI§§&§ (otp, 1) = .

Proof. The proof is similar to Theorem 9; additionally, -SVNRIC set is r-6£-closed.

Conversely, let o, be any r-FRIC set with x; ¢ «,. Then, x; ¢ Clgg& :(au, 1) and hence, x; is not
r-0£-cluster point of «, so, there there exists ¢, € Q,z5z (X5 k,7) such that (anCl?@& z(en,r). Thus,
o, < [Clgé(-, :

(F, 7005 £05%y ig SVNA(£-regular.

(&4, )] = w, and w, is r-SVNxO implies a)naCl?é&é (¢n,7). Hence, by Theorem 4(e),

Lemma 1. If «,,¢, € g“j'-, r € ¢ such that «y,ge, where ¢, is r-6£-open, then CI‘;’f:;(;g~ (otn, M)GER.
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Proof. Let a,qe, where ¢, is r-8£-open. Then, o, < [g,] = Cr%

2i5¢ ([en]®, by Theorem 4(k),
(otp, 1) < Clggaf(CI‘ggag([en]C,r),r) =CI‘;§;5§([8n]c,r) = [e,]°. Hence, CI‘;E;,S:(.A, en.

CI(S£

oGS
Lemma 2. Let (F, 7295 £295) be an SVNITS and a, € ;“(j'- is §£-open iff for each x,,x €

s5e (X5 14> ¥) With X rqoy,, there exists r-SVNRIO set ¢, € F such that Xyt kcq€n < ay.
T A, L,kd Lkq

Proof. Let xy ;) € Ps’l’k((.’}:") with x,;xqo, Then x.;x ¢ o). Since «, is an r-6£-open set,
X,k & lan] = Clgﬁgg
Q,65¢ (X514, 7) such that [a,]°GClz5¢ (Cl%@(a)n,r),r). Put ¢, =intf@5§(Cl?@(~,§ (wy, 1), 1), SO, &, 1S an
r-SVNRIO set with x,; g, < o

([etn), 7). Thus, x .k is not r-8£-cluster point of [w,]°. So, there exists w, €

Conversely, let [o,]¢ # CI‘;’Z;ET :([an]®, 1), then there exist v € F and s,t,k € ¢o such that
é[a,,]c (v)<s< éc]fﬁ_) ([een] ) (v)
O lay)e (V) > 1> 0 cpt (1, 1c.r) (V) (22)

Stoate W) > k> S it (ja1e.r) (V-

Because of x,,iqay, then there exists an r-SVNRIO set ¢, such that x.,xqe, < a,. This
implies [a,]¢ < [e,]" = Cl:ss¢ (int?é(., :([&n]", 1), 7). By Theorem 3(d), we have écﬁg ) O<([en) (V) <
S’5C1§§([an]<f,r) (V) O<(e,py (V) > ¢ and §Cl(§§([an]c,r)(v)g([gn]n)(v) > k. It 1s a contradiction for

Fq. (22). Hence, [o]¢ = CI%

f‘365([01,1]",;’), i.e., oy 18 an r-8£-open set.

Lemma 3. If t9(at) > 7,7% () <1 —r,7%(ety) <1 —7, then Clzzsz (0, 1) = CI‘;E(;f((xn, r).
Proof. Follows easily by virtue of Theorem 4.

Theorem 11. Let (F, 7275 £29¢) be an SVNITS. Then the following statements are equiva-
lent:

(a) (F, 70995 £09S) is SV NAf-regular,

(b) For each r — 8£-open set a, € ¢7 and each Xy.1k € Ps,,,k(.’l:') with x,,xq.A, there exists r-8£-

©

open set g, € g“j" such that x,;ge, < leéé 2(&n,1) < ap.

Proof. (a)=(b): Let o, be r-fuzzy §J-open set such each x;,xqa,. Then by Lemma 3, there

exists an r-SVNRIO set w, € ;“j" such that xy; xqm, < o,. By SVNA£-regularity of X, there exists
an r-FRIO set ¢, (which is also r-6£-open such that x,,xqe, < CI?@& c(en, 1) Sy <.

Therefore, (b) (a) is clear.
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5 Single Valued Neutrosophic §£-Connected

The aim of this section is to introduce the r-single-valued neutrosophic 6£-separated and
r-single-valued neutrosophic §f£-separated. Moreover, we introduce r-single-valued neutrosophic
0£-connected and r-single valued neutrosophic §£-connected related to the r-single valued neutro-
sophic operator # and § defined on the set F.

Definition 18. Let (F,t99¢,£25¢) be an SVNITS. For re ¢o and oy, 6, € {jz. Then,

(a) Two non-null SVNSs «;,, ¢, € ;“j" are said to be r-single-valued neutrosophic 6£-separated
if anqlenlos and e,qlay)os,

(b) Two non-null SVNSs «,, ¢, € ;“j'- are said to be r-single-valued neutrosophic §£-separated
if a,qlenlse and eqqlan]se,

Remark 2. For any two non-null SVNSs«,,, &, € {j: , and by Eq. (8). The following implications
hold: r-single-valued neutrosophic 0£-separated = r-single-valued neutrosophic §£-separated = r-
single-valued neutrosophic separated.

The following example shows that the concept of r-single-valued neutrosophic §£-separated is
weaker than that of r-single-valued neutrosophic 6£-separated.

Example 3. Let F = {a,b,c} be a set. Define [e,]1, [ex]2 € ;“j" as follows:
[811]1 = <(1a 1,0), (la 1,0), (la 1a0)> 5 [81’1]2 = ((ana l)a (ana l)a (O’O’ 1)) .

We define an SVNITS(72%5,£895) on F as follows: for each ay, € ;“j",

L, if a,=0,
Lo if ep=1,

7€ (o) = 9 %’ if oy =[enl, £2 (0y) = 1, if a,=0,
1 , otherwise,
bR if an=I¢enl>,
0, otherwise,
0, if an=0,
0, if ap=1,

76 () = %a if an=Ienl;, ¢6 (@) = 0, if ap=1,
1 1, otherwise,
2’ if an=lenlp,
1, otherwise
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0, ifan=0,
0, if =0,

fE(Oln)=<§’ if an=lenl, £ (o) = 0, if ap=1,
1 1, otherwise.
2’ if an=lenlp,
1, otherwise,

Therefore, we obtain
65 !fan:()are{O:

1
555 #ani[gn]larizal_rz 5

CI?? (o, 1) = 3

1
El, if ap=<lenlp,r =< g,l—rz

9

W N =

0, otherwise.

If r< % and 1—r> %, then [e,]5 and [g,]; are not r-single-valued neutrosophic 6£-separated for

r< % and 1—r> % If r> % and 1—-r< %, we have [g,]5 and [ey]> are r-single-valued neutrosophic

separated.

Theorem 12. Let (.’f-',rg"g,g‘ié‘}f) be an SVNITS. For re ¢y and «ay, ¢, € g“j'-.

(a) If «, and &, are single-valued neutrosophic 6£-separated, and [a,]i,[e.]1 € ¢7 such that
[t < aulen]i < en, then [o]; and [g,]; are also single-valued neutrosophic 6£-separated,

(b) If «,qe, either both are r-6£-open or r-6£-closed, then «, and ¢, are single-valued
neutrosophic f£-separated,

(c) If o, and ¢, ecither both are r-0£-open or r-6£-closed and if [w,]1 = a, N[e,y]¢ and wy =
en N[ay]¢, then [w,]1 and [wy]; are single-valued neutrosophic 6£-separated.

Proof. (a) Since [ay]1 < o we have [[ay]ilos < [anlos. Then, &, < [anlor = [en]1 < [anlos =
[en]1 < [[anliloe. Similarly [o,]1 < [[en]i]loe. Hence [w,]1 and [g,]; are single-valued neutrosophic
O£-separated.

(b) When «,, and ¢, are r-8£-closed, then o, = [a,]pe and &, = [e,]pe. Since wa,ge, we have
[anloeqen and [e,]ocqay.

When «, and ¢, are r-0£-open, [oy]¢ and [g,]¢ are r-6£-closed. Then «,ge, = a, < [&,]¢ =
[nlos <Ilenllos = [en]® = [onloeqgen. Similarly, [e,]ocqo,. Hence «;, and g, are single-valued neutro-
sophic 6£-separated.

(c) When «, and ¢, are r-6£-open, [«,]¢ and [g,]¢ are r-6£-closed. Since [w,]1 < [e,], [[wn]i]pe <

[[e4]Toe = [e]® and so [[wn]iloggen. Thus [wplogllwn]ilos. Similarly, [w,]ig[[wn]2]oe. Hence [w4]1 and
[wy,]1 are single-valued neutrosophic 6£-separated.
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When «, and g, are r-0£-closed, a, = [a,]pe and &, = [e,]ps. Since [wy]1 < [e4]¢, [enlosqglwni
and hence [[w,]2]oeqglwn]1. Similarly, [[w,]1]legglwn]2. Hence [wy]1 and [wy]; are single-valued neutro-
sophic 6£-separated.

Theorem 13. Two non-null «,, ¢, € g“j" are single-valued neutrosophic #£-separated if and only
if there exist two r-6£-open sets w, and =, such that o, < w,, &, <m,, aygm, and e,qwy.

Proof. Let «;, and ¢, be single-valued neutrosophic 0£-separated. Putting 7w, = [[an]e£]¢ and
wy, = [[en)og]¢, then w, and m, are r-0£-open such that o, < w,, &, <m,, a,qr, and &,qw,.

Conversely, let w, and =, be r-6£-open sets such that o, < w,, &, < m,, ay,qr, and &,qw,.
Since [r,]¢ and [w,]¢ are r-6£-closed, we have [o,]oe < [74]¢ <[ex]¢ and [e,]oe < [wn]¢ < [on]¢. Thus
[onlogqen and [e,]peqe,. Hence oy, and e, are single-valued neutrosophic 6£-separated.

Definition 19. An SVNS which cannot be expressed as the union of two single-valued
neutrosophic #£-separated is said to be single-valued neutrosophic 8£-connected.

Definition 20. An SVNS «, in a SVNITS (F, 255, £25¢%) is said to be single-valued neutro-
sophic §£-connected if «, cannot be expressed as the union of two single-valued neutrosophic
S£-separated.

For an SVNS «, in a SVNITS(F, 1295, £05¢)  the following implications hold: single-valued
neutrosophic connected = single-valued neutrosophlc d£-connected = single-valued neutrosophic
6£-connected. If 70 (ay,) > r, 7% (oty) < 1—r, 75 () < 1—r, then these three properties are equivalent.

_ Theorem 14. Let o, be a non-null single-valued neutrosophic 6£-connected in a SVNITS
(F,10%5,£¢°9). If «, is contained in the union of two single-valued neutrosophic 6£-separated e,
and w,, then exactly one of the following conditions (a) or (b) holds:

(a) oy <&y and o, Nw, = Q’
(b) oy <wy, and o, Ne, =0.

Proof. We first note that when o, Nwy, =0, then oy, < &y, since o < &, U wy,. Similarly, when
an Ney =0, we have o, < wy. Since oy < &, U wy, both o, Ne, = 0 and a, Nw, =0 cannot hold
simultaneously. Again, if a,Ne, # 0 and o, Nw, #* 0, then, by Theorem 12 (1), o, Nw, and a, Ne,
are single-valued neutrosophic #£-separated such that o, = (o, N&,) U (a0, Nwy,), contradicting the
single-valued neutrosophic #£-connectedness of «,. Hence, exactly one of the conditions (1) or (2)
above must hold.

Theorem 15. Let {[o,];|j € J} be a collection of single-valued neutrosophic 6£-connected in
(F, 7095 £058) If there exists i € J such that [an]iN[en]i 7é(~) for each j e J, then o, = U{[ay]jlj € J}
is single-valued neutrosophic 6£-connected.

Proof. Suppose that o, is not single-valued neutrosophic 6£-connected. Then there exist single-
valued neutrosophic 6£-separated ¢, and w, such that o, =&, N w,. By Theorem 14, we have
either (a) [a,]; <&, With [a,]; Nw, =0 or (b) [a,]; < w, with [a,];Ne, =0 for each j e J. Similarly,
either (a')[an]i < &n With [e]iNw, =0 or (b)) < wn With [a,]iNe, =0 for each ieJ . We may
assume, without loss of generality, that [c,]; is non-null for each j e J, and hence exactly one of
the conditions (a) and (b), and exactly one of (a’) and (b") will hold.

Since [or,]; N [een]i +0 for each j e J, the conditions (a) and (b') cannot happen, and similarly

(b) and (1) cannot hold simultaneously. If (a) and (a’) hold, then [a,]; <&, with [o,];Nw, = 0.
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Then a, <&, with o, Nw, =0 and thus w, =0 a contradiction. Similarly, if (b) and (b") hold,
then we have ¢, =0 again a contradiction.
Lemma 4. An SVNITS(F, t89¢ £65¢) is SVNA£-regular iff [an]se = [an]os for every oy € ¢%.
Proof. Obvious.
Theorem 16. Let (F, 795 £99%) be an SVNITS, «, € g“j", re . If (F, 10995 £05S) g

SVNA£-regular and «, is single-valued neutrosophic #£-connected set, then «, is single-valued
neutrosophic §£-connected set.

Proof. Follows easily by virtue of Lemma 4.

Corollary 1. For a o, € ;“j'- of SVNA£-regular space (F,t005 £05%)  the following are
equivalent:

(a) ay is r-single-valued neutrosophic connected,
(b) «a;, is r-single-valued neutrosophic 8£-connected,
(¢) a; is r-single-valued neutrosophic 6£-connected.

Proof. Follows easily by virtue of Theorem 16.

6 Conclusion

The neutrosophic set theory has been established and applied extensively to many problems
involving uncertainties. Herein, we provided clear definitions of single-valued neutrosophic opera-

tors Clggé : and CI‘;’gé : created from an SVNI topological space (.7:' , 7005 £00¢ ) and we established
that CI‘;’Z;ET ¢ (an, 1) = Clzzs¢ (an, r) when £06¢ =£§6§ . In addition, we presented the idea of r-single-

valued neutrosophic #£-connectedness based on a single-valued neutrosophic ideal £2°¢ which has
kindred with a preceding r-single-valued neutrosophic connectedness and the relationships among
them are inspected. Moreover, we introduced an r-single-valued neutrosophic §£-connectedness
connected to a single-valued neutrosophic § on the set F and analyzed some of their properties.
This study not only provides a hypothetical basis for additional requests in neutrosophic topology,
but also for the expansion of other methodical aspects.

Discussion for further works:
The current concept can be extended by

e Investigating neutrosophic metric topological spaces; S
e Investigating the products of connected and Hausdorft spaces for (F,t9°s,£29¢),

Acknowledgement: The authors acknowledge Majmaah University for supporting this study. They
are also grateful to the referees for their valuable comments and suggestions, which have improved
the contents of this article.

Funding Statement: The authors received no specific funding for this study.

Conflicts of Interest: The authors declare that they have no conflicts of interest to report regarding
the present study.



CMES, 2022, vol.130, no.3 1647

References

L.

2.

10.

11.

12.

13.

14.

15.

16.
17.

18.

19.

20.

21.
22.

23.

24.

Smarandache, F. (1999). 4 unifying field in logics, neutrosophy: Neutrosophic probability, set and logic.
Rehoboth, NM, USA: American Research Press.

Bakbak, D., Ulugay, V., Sahin, M. (2019). Neutrosophic soft expert multiset and their application to multiple
criteria decision making. Mathematics, 7(1), 50. DOI 10.3390/math7010050.

Mishra, K., Kandasamy, I., Kandasamy, V., Smarandache, F. (2020). A novel framework using neutrosophy
for integrated speech and text sentiment analysis. Symmetry, 12(10), 1715. DOI 10.3390/sym12101715.
Wang, H., Smarandache, F., Zhang, Y. Q., Sunderraman, R. (2010). Single valued neutrosophic sets.
Multispace Multistruct, 5, 410-413.

Kim, J., Lim, P. K., Lee, J. G., Hur, K. (2018). Single valued neutrosophic relations. Annals of Fuzzy
Mathematics and Informatics, 6, 201-221.

Kim, J., Smarandache, F., Lee, J. G., Hur, K. (2019). Ordinary single valued neutrosophic topological spaces.
Symmetry, 11(9), 1075. DOI 10.3390/sym11091075.

Saber, Y. M., Alsharari, F., Smarandache, F. (2020). On single-valued neutrosophic ideals in Sostak’s sense.
Symmetry, 12(2), 193. DOI 10.3390/sym12020193.

Saber, Y. M., Alsharari, F., Smarandache, F. (2020). Connectedness and stratification of single-valued
neutrosophic topological spaces. Symmetry, 12(9), 1464. DOI 10.3390/sym12091464.

Zahran, A. M., Abd El-baki, S. A., Saber, Y. M. (2009). Decomposition of fuzzy ideal continuity
via fuzzy idealization. International Journal of Fuzzy Logic and Intelligent Systems, 9(2), 83-93. DOI
10.5391/1JFIS.2009.9.2.083.

Das, R., Smarandache, F., Tripathy, B. (2020). Neutrosophic fuzzy matrices and some algebraic operations.
Neutrosophic Sets and Systems, 32, 401-409.

Alsharari, F. (2021). £-Single valued extremally disconnected ideal neutrosophic topological spaces. Symi-
metry, 13(1), 53. DOI 10.3390/sym13010053.

Alsharari, F. (2020). Decomposition of single-valued neutrosophic ideal continuity via fuzzy idealization.
Neutrosophic Sets and Systems, 38, 145-163.

Alsharari, F., Saber, Y., Smarandache, F. (2021). Compactness on single-valued neutrosophic ideal topolog-
ical spaces. Neutrosophic Sets and Systems, 41, 127-145.

Riaz, M., Smarandache, F., Karaaslan, F., Hashmi, M., Nawaz, I. (2020). Neutrosophic soft rough topology
and its applications to multi-criteria decision-making. Neutrosophic Sets and Systems, 35, 198-219.
Salama, A. A., Alblowi, S. A. (2012). Neutrosophic set and neutrosophic topological spaces. IOSR Journal
of Mathematics, 3(4), 31-35. DOI 10.9790/5728-0343135.

Salama, A. A., Smarandache, F. (2015). Neutrosophic crisp set theory. USA: The Educational Publisher, Inc.
Salama, A. A., Smarandache, F., Kroumov, V. (2014). Neutrosophic crisp sets and neutrosophic crisp
topological spaces. Neutrosophic Sets and Systems, 2, 25-30.

Hur, K., Lim, P. K., Lee, J. G., Kim, J. (2017). The category of neutrosophic crisp sets. Annals of Fuzzy
Mathematics and Informatics, 14(1), 43-54. DOI 10.30948/afmi.

Hur, K., Lim, P. K., Lee, J. G., Kim, J. (2016). The category of neutrosophic sets. Neutrosophic Sets and
Systems, 14, 12-20. DOI 10.5281/zenod0.570903.

Yang, H. L., Guo, Z. L., She, Y., Liao, X. (2016). On single valued neutrosophic relations. Journal of
Intelligent & Fuzzy Systems, 30(2 ), 1045-1056. DOI 10.3233/TFS-151827.

El-Gayyar, M. (2016). Smooth neutrosophic topological spaces. Neutrosophic Sets and Systems, 65, 65-72.
AL-Nafee, A. B., Broumi, S., Smarandache, F. (2021). Neutrosophic soft bitopological spaces. International
Journal of Neutrosophic Science, 14(1), 47-56.

Muhiuddin, G. (2021). P-ideals of BCI-algebras based on neutrosophic N-structures. Journal of Intelligent
& Fuzzy Systems, 40(1), 1097-1105. DOI 10.3233/J1FS-201309.

Mubhiuddin, G., Jun, Y. B. (2020). Further results of neutrosophic subalgebras in BCK/BClI-algebras
based on neutrosophic points. Turkish World Mathematical Society Journal of Applied and Engineering
Mathematics, 10(2), 232-240.


http://dx.doi.org/10.3390/math7010050
http://dx.doi.org/10.3390/sym12101715
http://dx.doi.org/10.3390/sym11091075
http://dx.doi.org/10.3390/sym12020193
http://dx.doi.org/10.3390/sym12091464
http://dx.doi.org/10.5391/IJFIS.2009.9.2.083
http://dx.doi.org/10.3390/sym13010053
http://dx.doi.org/10.9790/5728-0343135
http://dx.doi.org/10.30948/afmi
http://dx.doi.org/10.5281/zenodo.570903
http://dx.doi.org/10.3233/IFS-151827
http://dx.doi.org/10.3233/JIFS-201309

1648 CMES, 2022, vol.130, no.3

25. Mukherjee, A., Das, R. (2020). Neutrosophic bipolar vague soft set and its application to decision making

problems. Neutrosophic Sets and Systems, 32, 410-424.26.
26. Ye, J. (2014). A multicriteria decision-making method using aggregation operators for simplified neutro-
sophic sets. Journal of Intelligent & Fuzzy Systems, 26, 2450-2466.



