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ABSTRACT

In this paper, we study the completely monotonic property of two functions involving the function A(x) =
[/ (x)]* + ¥ (x) and deduce the double inequality

xX3x+43 625x +2275x 4 5043

S T CA) < ,

3x4(2x +1)2 3x4(50x +41)2
which improve some recent results, where ¥ (x) is the logarithmic derivative of the Gamma function. Also, we
deduce the completely monotonic degree of a function involving ¥/ (x).

>0
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1 Introduction

The Euler’s gamma function is defined [1] by the improper integral
o0
'(x) =/ e v ldy, x>0
0

and the psi or digamma function is defined by the logarithmic derivative of gamma function,
that is
I (x)

Y(x) = o

The two derivatives ¥'(x) and ¥ (x) are respectively called the trigamma and tetragamma
functions.
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Kirchhoff was the first to apply the polygamma functions ¥ (x) in the field of physics [2]
and in Feynman calculations arised several series containing polygamma functions [3]. Recently,
Wilkins et al. [4] use the digamma function, as well as new variants of the digamma function,
as a new family of basis functions in mesh-free numerical methods for solving partial differential
equations. The polygamma functions and their inequalities have many interesting applications in
physics, statistics and applied mathematics by giving estimates and approximations to the values
of some special functions [5].

A function f(x) is said to be completely monotonic [6] (Chapter XIII) on an interval J if the
derivatives £ (x) exist on J for all m>0 and

(=D (x) >0, xeJ, m=>0.

According to the Bernstein—Widder theorem [7] the function f(x) is completely monotonic on
x>0 if and only if there is a function w(v) satisfying that

S = /0 e du(v),

where the integral converges for x > 0 and w(v) is non-decreasing and bounded, that is, f(x) is
completely monotonic on x > 0 if and only if it is a Laplace transform of a non-decreasing and
bounded measure w(v).

In 2004, Alzer [8] presented the inequality

o (x)

A - -
) > S0 1 IO

x>0 (D

where

AW =[O + ¥

and

a(x) =450 + 3600x + 13290x% + 29700x> + 44101x* + 45050x° 4 31865x° + 15370x7 + 4840x%
+900x” + 75x1°.

In 2013, Guo et al. [9] proved the complete monotonicity on (0,00) of the function

o (x)

In [10], Zhao et al. proved the complete monotonicity on (0,00) of the functions

X2 4+12
A(X) = —m + A(X)
and
B=_T12 A

2x4(x+1)
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They also presented the double inequality

x2+12 x+12

X A < 0. 2
e ? - A Taar Ty 7 @

The lower bound of inequality (2) and the bound of inequality (1) are not included each
other.

In 2015, Qi [11] proved the complete monotonicity on (0,00) of the function

X2+ Bx+12

A = AT 1

If and only if B <0 and so its negative if and only if g > 4. Hence, he deduced the two-sided
inequality

2 2

Sx+12 Ax+12
X“+ox+ <A(x)<x+x+ x>0 (3)
12x4(x +1)2 12x4(x 4+ 1)2

If and only if § <0 and A >4 and posed a two-sided inequality of the function A(x) on
x> 0. For § =0 and A =4, inequality (3) recovers the lower bound and refines the upper bound
of inequality (2).

The survey [12] presented several results about the function A(x), its divided difference forms,
its variants and its g-analogous including inequalities, positivity, generalizations, (logarithmically)
complete monotonicity and applications. Also, the authors pose several open problems. For more
results related to this function, we refer to [13-25], and the literature listed therein.

Let the function f(x) be completely monotonic for x € (0,00) and denote limy_,  f(x) = f(c0).
If the function x” [f(x) — f(00)] is completely monotonic on x > 0 if and only if 8 €[0,«], then the
number « € R is called the completely monotonic degree [16,26] of f(x) with respect to x >0 and
is denoted by deg.,[f(x)] =«. This concept can help to measure completely monotonic functions
more precisely.

Qi [27] proved that
degl,[A(x)] =4
and Guo et al. [26] proved that

C(x) ]_1
1800x2(x + D10(x+2)10 |

degl, |:A(x) -
where C(x) is a polynomial of positive coefficients of degree twenty one. For more results related

to properties of completely monotonic degree, we refer to [12,16,28-32] and the references therein.

Our first aim will be to establish the double inequality

X2+ 3x+3 625x2 4+ 2275x + 5043

XX A , 0
1?2 - AW < T3 a G0 g a2 =
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which improves the upper bound of inequality (3) for x > 0 and the lower bound of inequality

(3) for x> 3—12 (9+ v/ 849) ~ 1.1918. Also, we proved the complete monotonicity of the following

two functions on (0, 00):

2

x“+3x+4+3
A =23 2
3Ix*2x+1)

and

625x2 4+ 2275x + 5043
3x4(50x +41)2

A(x).

The second aim of this paper is to compute the completely monotonic degree of a function

involving ¥/ (x).

2 Lemmas
For proving our main results, we need the following lemmas.

Lemma 2.1 The function

1 X2 [ ¥ 4+3x+3 (x+1)2+3(x+1)—|—3:|

, 1
L = = Ty T 2 3@t 2 3G 4 R@xt 3

is completely monotonic on (0,00) and

k(x)

V> T D s D2 s 3

x>0,

where

k(x) = 96x° + 816x% +3040x7 + 6536x° 4 8968x> + 8157x* + 4962x> + 1977x> + 477x + 54.

Proof. Using the integral representations formulas [33]

1 1 ©
—:—/ Y emdy, s5,x>0
I'(s) Jo

xS

and

o0 |, A—XV

(—l)mlﬁ(r)(x)Z/ — dv, meN, x>0,
o e Vv—1

we have

oo e—3v/2
. —Xxv
L(.X) = /0 mg(\/)e dV, X > 0,

(4)

)

(6)

(7

(8)
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where

0(x) = 2eV/2< — 15 +92v—246)+2e3v/2( 15v+104v—252) 63y 4 12652

—e2"(Tv +36) +e"(70v + 528) — 492

o

Z :
— 2”n
with
16
ay = —

3”
7 (
+12(11 ><2”+2—14><3"+1—3><4"+5"+41),

8
—-27)n® - 5 (17x3"—189) n* + (35 x 21— 7 % 22171 1 4136 x 373 — 520)n

Using the inequalities 3" > n* for n> 1, we get

=77

16n 136
2 n
=2 |3 == — == ) — 16n+168
[ <27 9) E ]
16n 136
2
—16

8n3 5
>—7(2n —51n—54> >0, n>27.

(3" —27)n’ - g (17 x 3" — 189) n?

n
Also, by using the inequalities 12 (%) > 77” 4708 for n>19 and 2" >n for n>1, we have
- (35 x 211 7 % 2211 4 4136 x 273 — 520) n

—|—12<11x2”+2—14><4”+1—3><4”+5"+41>

7
> [12 x 5" — 2% ( 2” + 708)] +[2"(587n 4 528) — 520n]

>0, n>19

and hence a, > 0 for n > 27. Furthermore, Mathematica software computation shows that

Ziis anz,vl—:;! is a polynomial in v with all positive coefficients. Then @, > 0 for n > 5 and hence
£(v) >0 for v> 0 and consequently the function L(x) is completely monotonic in (0, c0). Now the
function L(x) is decreasing, and using the asymptotic expansion [33]

o0

B



268

where the mth Bernoulli number By, is defined by [34]

o

B t
Zﬂtm= T |t <2,

m! el
m=0

We obtain limy_, o L(x) =0 and hence L(x) >0 for x> 0.

Lemma 2.2 The function

Ulx) = 625x% +2275x + 5043 625(x + 1)2 +2275(x+ 1) + 5043
3x4(50x +41)2 3(x+ D*(50x +91)2

+1+ ! ¥ (x)
-+ ——vY¥'(x
x  2x2

is completely monotonic on (0, 00) and

) X2 | 625x2 +2275x+ 5043 625(x + 1)2 4+2275(x + 1) + 5043
< — —_—
2 3x4(50x +41)2 3(x 4 1*(50x +91)2
11
+ ; + 2__)(2’ X > 0

Proof. Using the formulas (6) and (7), we obtain

o0 —91v/50
Ukx) = —wg .
(x) /0 67818264 (e" — 1) u(v)e v, x>

where

u(v) =130 (5651522\/3 — 67613182y 4 354726096v — 491362936)

+etv/30 <—565 1522 + 67613182v% — 286907832y + 491773100)

— 1681 (14391 + 40100) — 410164417730
— 1183(100737v 4 415700) + 2¢"(71681571v + 279590600)

2—n— 125 nyn
2:: - 753571n!

with
b, = (54017153140041 x 2225" _709777372049200 x 41"

+327338438907600 x 91" — 18229840278741 x 100") n
+ 10000 (19789528031 x 41" — 3500263931 x 91") n?

— 6028568 (—1397953 x 2mt225m+1 4 674081 x 4725+

—122943275 x 41" + 122840734 x 91" + 102541 x 141")
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— 20500000 (753571 x 41" — 68921 x 91") .

Now
bl = (—18229840278741 x 100" + 54017153140041 x 2"+225"),

= 52" (—18229840278741 x 2" +216068612560164) <0, n>5.

n
: 91 19789528031n—70977737204.92
By using that (§}) > SRRl for 0= 10 we deduce that

bg] = (—709777372049200 x 41" + 327338438907600 x 91”) n

+ 10000 (19789528031 x 41" — 3500263931 x 91") n?
<0, n=>10.

n
For n>24, n’ < (%) and hence

bl = — 6028568 (—1397953 x 22251 1 674081 x 4725

—122943275 x 41" + 122840734 x 91" + 102541 x 141")
— 20500000 (753571 x 41" — 68921 x 91") n’

<23 [18839275 41" (4917731 2" —102500 3") — 507967893251 8"25"+!

4753571 x 2! (1397953 % 50"1 — 61420367 x 91”)

+1681 x 3" (105062500 x 91" — 45967831 x 94")]
<0 forn=>26.

Hence b, < 0 for n > 26. Using Mathematica, we can see that all coefficients of the poly-
nomial Y2 . (—bn—z_;s_;sz%_,;v”) are positive. Then b, < 0 for n > 5, hence u(v) > 0 for v > 0,
and consequently the function U(x) is completely monotonic in (0,00). Now the function U(x)
is decreasing, and using the asymptotic expansion (9), we obtain limy_~ U(x) =0 and hence
U(x) >0 for x> 0.

3 Main Results
Now we begin to prove our main results.

Theorem 3.1 The functions

X2+ 3x+3
fl(x)—A(X)—m (13)
and
2
Fa() = 625x* +2275x + 5043 CAG) (14)

3x4(50x +41)2
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are completely monotonic on (0,00) and

2 43x+3 625x% 4 2275x + 5043
$<A(X)< X+ X+ , x>0. (15)
3x42x+1)2 3x4(50x + 41)2
Proof. Using recursion formula [33]
1
w(x+1):1//(x)+;, x>0 (16)

we get

x+D2+3(x+1)+3
3(x+ DAQx 4+ 1) + 1)2

fi) = filx+ D =9"(x) =" (x+ D +

x24+3x+3

Y@ +Y DY@ =9 6+ D) - S

2
= 5 L.

The two functions xz—z and L(x) are completely monotonic on (0;00) and the product of two

completely monotonic functions is also completely monotonic, then the difference f;(x) —f;(x+ 1)
is completely monotonic on (0;00), and hence the function f;(x) is also completely monotonic on
(0;00), see [11]. Now using the formula (9) and its derivative formula

1 1 <m+DB
wl/(X)N—;—;—me—_i_zm, X —> 0 (17)
m=2

We get lim,_, o f7(x) =0 and hence f;(x) > 0 for x > 0, that is

x24+3x+3

—_— 0.
g 3x4(2x+1)?2 Y=

A(x)

Now, using the recursion formula (16), we get

625x2 4+ 2275x + 5043
3x4(50x + 41)2

Y D+ O+ D =¥ (0]

 625(x+ 12 4+2275(x + 1) + 5043
3(x+ DASE0(x+ 1) +41)2

Jul) = fux+ D=9y " (x+ 1) —¢"(0) +

2
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The two functions % and U(x) are completely monotonic on (0;00), and hence the functions

fu(x) —fu(x+1), and f,(x) are completely monotonic on (0;00). Now using the formulas (9) and
(17), we have limy_, 0 f,(x) =0, and then f,(x) > 0 for x > 0, that is

625x2 4+ 2275x + 5043

A
) < =3 FG0x T4

x> 0.

The proof of Theorem 1 is complete.

Remark 1. The upper bound of inequality (15) is better than the upper bound of inequality
(3) for x > 0. Also, the lower bound of inequality (15) is better than the lower bound of inequality

(3) for x> & <9+«/849) ~1.1918.

Theorem 3.2. The completely monotonic degree of L(x) on (0,00) is 1.

Proof. Using the integral representation (&), we get

1 oo —3v/2
L(x)=— / —Zm(v)e_”dv, x>0,
xJo 48" —1)

where
() =862 (v — 1872 + 1220 - 344) — 4" (¥ — 187 + 1220 — 338)

+¢"(385v +2722) — 4e5v/2( — 182 +134v—350)+e3V(7v+22)

—27(7v + 50) — e2"(203v + 1394)
Q—n— 1
- Z "3375 0!

with

5>” 68.5125n + 940.95]

k, = 92n (82944”12 + 9450000) |:(Z 8.2944n2 + 945
. n

157.5n + 1485 5\"
6" (17281 + 1528416 —(=
+6" (17280 + n>[17.28n3+15284.16n <6)]

+ 2"(2598750n + 18373500)

+103 (16n3 — 480n> + 48561 — 18576)

3 _ 216n3 — 25921 + 8964n — 9126
1613 — 480n2 +4856n — 18576
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Now using the inequalities

68.5125n 4+ 940.95 <5)”
n>1,

8.2944n2 + 945 4

157.5n+ 1485 5\" =7
>\ = n
17.28n3 +15284.16n 6 -

216n3 —2592n% + 8964n — 9126
16n3 — 480n% 4 4856n — 18576

we obtain that k, > 0 for n > 27. Furthermore, Mathematica computation shows that

<3" n>15

Z skn 23;75 nr is a polynomial in v with all positive coefficients. Then k,, > 0 for n > 5, and hence
m(v) > 0 for v> 0 and consequently the function xL(x) is completely monotonic in (0, c0). Hence
we have

degl,[L(x)] > 1. (18)

If we suppose that x*L(x) is completely monotonic on (0,00), then the function x*L(x) is
decreasing, that is

xL'(x)  x[y"()—¢' (0]

n=- =- )
L(x) Y(x) — ¢ (x)
where
k
() = )

6x2(x+ D*2x+ 1)2(2x + 3)?2
with
k(x) =96x” + 816x% + 3040x7 + 6536x° + 8968x° + 8157x* +4962x> + 1977x* + 477x + 54.

Using the relation [35]

1
(r +1 o
Yy(x) =1’ V'Z(z—i—x)”‘l’ x>0;r=1,2,3,...
We get
: [ / _l _ : 2.4 2 .
lim | xy'(x) =0 and lm |[x*¢y"(x)+—|=0.
x—=0[ X x—0 X
Also,
lim | ®(x) 1 L nd  lim 20’ (x) + 2
xXp(x)——|=—= an x¢oxX)+—-|==.
x—=0] X 2 x—0 X 2




CMES, 2022, vol.131, no.1 273

Then

(200 + 2] = [0 + 2]
[ —1] =[x 1]

and hence we get

deg [L(0)] < 1. (19)

n<- -1 asx—0

Combining (18) and (19) completes the proof.

4 Conclusions

The main conclusions of this paper are stated in Theorems 3.1 and 3.2. Concretely speaking,
the authors proved the completely monotonic property of two functions involving the sum of the
Trigamma square and Tetragamma functions, derived a new double inequality for this sum and
deduced the completely monotonic degree of a function involving the Trigamma function.

Funding Statement: The authors received no specific funding for this study.
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