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ABSTRACT

Thin-walled structures have been used in many fields due to their superior mechanical properties. In this paper,
two types of hierarchical multi-cell tubes, inspired by the self-similarity of Pinus sylvestris, are proposed to enhance
structural energy absorption performance. The finite element models of the hierarchical structures are established
to validate the crashworthiness performance under axial dynamic load. The theoreticalmodel of themean crushing
force is also derived based on the simplified super folded element theory. The finite element results demonstrate
that the energy absorption characteristics and deformation mode of the bionic hierarchical thin-walled tubes
are further improved with the increase of hierarchical sub-structures. It can be also obtained that the energy
absorption performance of corner self-similar tubes is better than edge self-similar tubes. Furthermore, multi-
objective optimization of the hierarchical tubes is constructed by employing the response surface method and
genetic algorithm, and the corresponding Pareto front diagram is obtained. This research provides a new idea for
the crashworthiness design of thin-walled structures.
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1 Introduction

Thin-walled structures are widely used in automobiles, high-speed railways, aviation equip-
ment, and other anti-collision structures as energy absorptions due to their excellent crashwor-
thiness performance [1,2]. Therefore, there has been a growing interest in thin-walled structures
with different section shapes over the past decades. Alexander [3] experimented with the thin-
walled metal tubes under axial crushing and proposed an approximate theoretical model for the
deformation. Wierzbicki et al. [4] proposed a theoretical prediction model for thin-walled square
tubes based on the theory of super folded elements (SFEs). Based on Wierzbicki’s research,
Abramowicz et al. [5,6] found that the deformation stability of thin-walled square tubes is greatly
affected by the wall thickness, length-width ratio, and other geometric dimensions. Otubushin [7]
employed the finite element (FE) numerical simulation technology to analyze the thin-walled
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tubes. The results were compared with the experimental and theoretical prediction values, which
verified the effectiveness of the numerical simulation technology. Nia et al. [8,9] investigated the
crashworthiness of the simple and multi-cell thin-walled structures with various section shapes,
and found that the energy absorption capacity will gradually improve as the number of cells
increases within a certain range.

According to the super folded element or the simplified super folded element (SSFE), as more
corner parts are employed in the thin-walled structures, the more crushing energy can be absorbed.
Kim [10] constructed a special tube with four square cells at the corners of the square tube, and
found that the energy absorption characteristics had significantly improved as compared to the
traditional square tube. Zhang et al. [11,12] proposed a nine-cell square tube structure by adding
several cross elements inside, and derived the formula for calculating the membrane deformation
energy of right angle element, T-shaped angle element, and cross angle element. They carried
out a large amount of research on the deformation modes of different angle elements, which
guided the crashworthiness design of the multi-cell thin-walled tubes. These studies mainly focus
on improving the energy absorption capacity by increasing the edges or internal corner elements
of thin-walled structures.

Recently, the introduction of bionic ideas into the design of engineering structures aroused
the interest of researchers [13,14]. As shown in Fig. 1a, Yin et al. [15] investigated the structural
characteristics of the rhizome of Horsetail grass and designed six bionic thin-walled structures
with different cross-sections. The research showed that the crashworthiness of bionic thin-walled
tubes is better than that of the traditional square and circular thin-walled tubes. Inspired by
the microstructure of bamboo joint in Fig. 1b, Song et al. [16] proposed a bionic energy-
absorbing structure with bionic joints and a bionic section, which is gradient distribution along
the radial direction. The FE simulation and experimental results demonstrated that the bamboo-
like microstructure can improve the energy absorption characteristics of the thin-walled tube,
and joints can significantly improve the load and deformation stabilities of the thin-walled struc-
ture under axial impact. Based on the structural characteristics of antler bone in Fig. 1c, Huo
et al. [17] designed a bionic thin-walled tube with the same inner diameter, and outer diameter
with equal gradient decreasing layer by layer. Based on the multi-objective particle swarm opti-
mization (MOPSO), the multi-objective optimization design was also carried out, and the optimal
results showed that the deformation stability of the structure was progressive compression layer
by layer, and the energy absorption effect was excellent.

In this paper, two types of bionic hierarchical tubes are proposed to improve the crashwor-
thiness of the square tubes. The organization of this paper is as follows: In Section 2, the bionic
structure prototype is analyzed, and the model parameters of the thin-walled structure are given.
Then, the FE models of the tubes are established and the theoretical analysis is constructed in
Section 3. Section 4 discusses the theory and simulation results of the bionic hierarchical tubes
with different hierarchies. In Section 5, the multi-objective optimization design is employed for the
proposed tubes. Finally, the conclusions are summarized.
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Figure 1: Bionic structures: (a) the cross sections of the five horsetails; (b) the micro-structures of
bamboo and the simplified bionic structure; (c) the antlers, osteon, and compact bone of a Red
Deer

2 Bionic Hierarchical Tubes

2.1 Analysis of Bionic Prototype
Pinus sylvestris (as shown in Fig. 2a) is commonly used as afforestation tree species in the

Greater Khingan Range of Northeast China and the dune area of Western China. The simplified
structure diagram of Pinus sylvestris is shown in Fig. 2b, and the drawing of partial enlargement
in Fig. 2c. It can be seen that the Pinus sylvestris can be regarded as a self-similar hierarchical
structure, in which the small substructures are similar to the main structure. This structural
behavior effectively improves the windbreak and sand-fixation effect of the Pinus sylvestris.

2.2 Bionic Structure Model
According to the self-similar feature of Pinus sylvestris, two types of hierarchical multi-cell

tubes are proposed. The evolution process is shown in Fig. 3. The cross-section shape of the
high-order structure is formed by using small but similar sub-squares to replace the specific parts
of the low-order structure. In the first type of structure, the intersections of internal ribs and
plates in the tube are replaced by the sub-squares. Therefore, this type of tubes is named EST,
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which is abbreviated from “Edge Self-similar Tube”. In the second kind of structure, the corners
of the tube are replaced by the sub-squares. It is called CST, which is abbreviated from “Corner
Self-similar Tube”. In Fig. 3, the suffix numbers 1∼3 represent the order of the hierarchies.

Figure 2: Simplified structure of Pinus sylvestris: (a) the canopy of Pinus sylvestris; (b) the
simplified structure; (c) the sub-structure

Figure 3: Section evolution of the hierarchical tubes

The dimensions of the structures are shown in Fig. 3. To avoid the mutual influence between
sub-structures and maintain the stability of the structures in the crushing process, the distance
between all adjacent walls should be no less than 5 mm to avoid the geometric overlap. Therefore,
the constraints for the EST are defined as follows:⎧⎨
⎩
D1−D2 −D3 ≥ 10mm
D2− 2D3 ≥ 10mm

D3 ≥ 12mm
(1)
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and for the CST are⎧⎨
⎩
D1 − 2D2 ≥ 5mm
D2 −D3 ≥ 5mm
D3 ≥ 12mm

(2)

In this paper, the dimensions D1, D2 and D3 of the structures EST1∼EST3 are selected as
80, 44 and 12 mm, respectively. Those of the structures CST1∼CST3 are 80, 35 and 20 mm,
respectively. The length and the wall thickness of the tubes are both 200 and 2 mm, respectively.

2.3 Crashworthiness Indicators
In the analysis of the collision process, the commonly used indicators are specific energy

absorption (SEA), mean crushing force (MCF), peak crushing force (PCF) and crush force
efficiency (CFE) [18].

The SEA is defined as

SEA=
∫ d
0 f (x)dx

M
(3)

where f (x) is the instantaneous crushing force, d is the compressed displacement, and M is the
total mass of the tube.

The MCF is defined as

FMCF =
∫ d
0 f (x)dx

d
(4)

The PCF is the instantaneous maximum crushing force during the collision. In the process
of a car collision, the crushing force changes every moment, and the PCF will increase the
probability of occupant injury potentially.

The CFE is expressed as

CFE = FMCF

FPCF
(5)

It is usually used to evaluate the loading consistency of structures. The higher the CFE
value, the more stable the crushing process. In the crashworthiness design of an energy-absorbing
structure, the CFE value should be maximized. For an ideal energy-absorbing structure, the load
efficiency is 100%.

3 The FE Model and Theoretical Prediction Analysis

In the crushing process, the elastic deformation energy is very small, and the collision kinetic
energy would be stored in plastic deformation rather than by elastic energy. Therefore, for
simplicity, the elastic deformation and the corresponding energy are ignored in this study.

3.1 FE Model
The explicit nonlinear dynamic finite element theory is performed by using ANSYS/LS-DYNA

to simulate the post-buckling deformation under axial crushing. The FE model of a tube subjected
to an axial impact load is shown in Fig. 4. The model is established in the software ANSYS. The
material of the tube is AA6060T4 aluminum alloy. The mechanical properties parameters of the
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material are as follows: Young’s modulus E =68.12 GPa, initial yield strength σ =80 MPa, ultimate
stress σu = 173 MPa, Poisson’s ratio ν =0.3, ductility 17.4%. The tensile stress-strain curve can be
well fitted by a power-law curve with an exponent of n= 0.23 as shown in Fig. 5 [19].

Figure 4: FE model

Figure 5: Stress-strain curve for AA6060 T4

The constitutive behavior of the element is based on an elastic-plastic material model with
Von Mises isotropic plasticity algorithm with piecewise linear plastic hardening. Due to the
weak strain sensitivity of aluminum alloy, the influence of strain rate is neglected. Material
Type MAT_123 (Modified Piecewise Linear Plasticity) of LS-DYNA is adopted to characterize
the mechanical behavior of the material [20]. An enhanced plasticity algorithm, which includes
transverse shear effects is used to precisely update the element thickness during plastic deformation
for shell elements. No failure or damage is defined in this simulation.

A fixed boundary constraint is applied to the bottom of the tube, and a rigid wall with a
constant velocity 10m/s is used to load the structure with an axial dynamic load. The impact
compression distance is 75% of the length. The lengths, cross-section outlines, materials, boundary
conditions and loading modes of all the tubes are the same.

The tube and the rigid wall are meshed by the four-node Belytschko-Tsay shell elements with
five integration points through the thickness and one integral point in the plane. To ensure the cal-
culation accuracy, the element size is set to 2 mm × 2 mm. In the analysis process, the “automatic
single surface” contact algorithm is used to simulate the contact caused by the deformation of the
tube itself, and the “automatic surface-to-surface” contact algorithm is employed to simulate the
contact between the tube and the rigid wall. The static friction coefficient and dynamic friction
coefficient of both kinds of contact are taken as 0.2 [21].
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3.2 Theoretical Prediction and Analysis
The MCF of the thin-walled structures under axial compression can usually be obtained by

using the theory of SFE or SSFE. For square tubes, the MCF can be expressed as [22]

FMCF = 13.06σ0b1/3t5/3 (6)

where b is the side length of the square section, t is the wall thickness of the tube, and σ0 is
plastic flow stress of the material, which can be calculated by

σ0 =
√

σyσu

1+ n
(7)

In the SSFE theory, according to the energy balance of the system, the external work of
the system is equal to the sum of the energy dissipation of bending deformation and membrane
deformation during the collapse of a folded layer of a multi-cell thin-walled tube. As shown
in Figs. 6a and 6b, the simplified super folding element is composed of three ductile triangular
elements and three static plastic hinge lines. The folding in the crushing process is not complete,
and the length δ as shown in Fig. 6b will be reserved. Therefore, the effective crushing coefficient
k is introduced to calculate the external work in the crushing process. Then, the external work
can be expressed as

FMCF × 2Hk=Eb+Em (8)

where H represents the half wavelength of a folding process, Eb and Em are the energy dissipation
of bending deformation and membrane deformation, respectively. According to the research of
Wierzbicki et al. [4], the effective crushing coefficient k ranges from 0.7 to 0.75. In this study, the
value of k is taken as 0.75.

Figure 6: Simplified superfold element: (a) extensional elements; (b) bending hinge lines; (c)
rotation angles

3.2.1 Bending Deformation Energy
The bending deformation energy is obtained from the energy dissipation of superimposed

three fixed hinge lines:

Eb =
3∑
i=1

M0αiLi (9)
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where M0 = σ0t2/4 is the complete plastic bending moment of the folding element, αi is the
rotation angle of the folding element at each plastic hinge line, and Li is the length of the folding
element.

As shown in Fig. 6c, it is assumed that the folded element is completely flattened, and the
axial deformation distance of the folded element is 2H. Therefore, the rotation angles of the
folded element at three hinge lines are π/2, π and π/2 [23]. Then, the energy dissipation of
bending deformation can be calculated by

Eb= 2πM0Lc (10)

where Lc is the total length of the thin-walled tube cross-section.

3.2.2 Membrane Deformation Energy
As shown in Fig. 7, the cross-section of the multi-cell thin-walled tube can be divided into

three basic folded elements: Corner element, 3-panel angle element and 4-panel angle element.
Zhang et al. [11] and Qiu et al. [24] studied the membrane deformation energy of the corner
element and 3-panel angle element under one folded wavelength compression condition, and
proposed the following expressions:

Ecornermembrane(θ)= 4M0H2 tan(θ/2)
(tan(θ/2)+ 0.05/ tan(θ/2))t/1.1

(11)

E3−panel
membrane(θ)= 4M0H2

t

(
tan θ

(tan(θ)+ 0.05/ tan(θ))/1.1
+ 2 tan(θ/2)

)
(12)

Figure 7: Types of bionic structural units

In the new bionic section proposed in this paper, the 4-panel angle element can be simplified
into a cross element. Due to the symmetry of the cross element, the membrane energy of the
cross element can be determined by summing the membrane energy of the two corner elements in
the symmetrical mode, that is, the energy dissipation can be calculated by adding the membrane
energy of all four plates.

Therefore, the membrane deformation energy of the corner element (θ = 90◦), 3-panel angle
element (θ = 90◦) and 4-panel angle element (θ = 90◦) can be approximately expressed as

Ecornermembrane(θ = 90◦)= 4.19M0
H2

t
(13)
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E3−panel
membrane(θ = 90◦)= 12.3M0

H2

t
(14)

E4−panel
membrane(θ = 90◦)= 16.76M0

H2

t
(15)

3.2.3 The MCF of the Bionic Tubes
By substituting Eqs. (10), and (13)–(15) into Eq. (8), we obtain

FMCF × 2Hk= 2πM0Lc+ (4.19NC + 12.3N3−panel+ 16.76N4−panel)M0
H2

t
(16)

where NC , N3−panel and N4−panel represent the numbers of corner elements, 3-panel angle elements
and 4-panel angle elements, respectively.

According to the stationary condition [25], the half-wavelength H can be determined as

∂FMCF

∂H
= 0 (17)

Then,

H =
√

πLct
2.095NC+ 6.15N3−panel + 8.38N4−panel

(18)

Substituting Eq. (18) into Eq. (16), we yield

FMCF = σ0t
2k

√
π(2.095NC+ 6.15N3−panel + 8.38N4−panel)Lct (19)

For dynamic loading, the dynamic enhancement factor λ should be introduced to consider
the strain rate effect and the inertia effect. For the thin-walled structure without defect guidance,
it is generally taken as 1.3–1.6 [26]. In this paper, it is selected as λ=1.3. Then, Eq. (19) can be
modified as

FMCF = λσ0t
2k

√
π(2.095NC+ 6.15N3−panel + 8.38N4−panel)Lct (20)

The prediction formulas of all the bionic hierarchical tubes are summarized as shown in
Table 1.

Table 1: Theoretical prediction formulas for the MCF of bionic hierarchical tubes

Section NC N3−panel N4−panel FMCF

EST1 4 4 1 (λσ0t/2k)
√
41.36πLct

EST2 8 8 0 (λσ0t/2k)
√
65.96πLct

EST3 24 16 0 (λσ0t/2k)
√
148.68πLct

CST1 4 0 0 (λσ0t/2k)
√
8.38πLct

CST2 8 8 0 (λσ0t/2k)
√
65.96πLct

CST3 12 16 0 (λσ0t/2k)
√
123.54πLct
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4 Crashworthiness Comparison

4.1 Validation of FE Model
To ensure the effectiveness and accuracy of the FE model, it is necessary to verify the

energy conservation problem in the whole crushing process. In the collision simulations, the use of
reduced integration algorithms will lead to the generation of hourglass mode and result in energy
loss. Therefore, it is necessary to ensure that the hourglass can be controlled within 5% of the
total energy [27].

The corresponding results of hourglass energy and total internal energy are shown in Table 2.
It can be seen that the ratios of hourglass energy to internal energy (RHIs) are less than 1%.
The accuracy requirements of the models are satisfied. Therefore, the hourglass deformation is
well suppressed and the calculation results are effective, which demonstrates that the FE model
established in this paper has high reliability.

Table 2: RHI of the bionic hierarchical tubes

Section Hourglass energy (J) Internal energy (J) RHI

EST1 2.19 10557.13 0.07%
EST2 13.12 13370.87 0.10%
EST3 15.79 22399.46 0.07%
CST1 2.01 3235.62 0.01%
CST2 74.30 12483.38 0.60%
CST3 9.11 19635.94 0.04%

The comparison between the FE results and the theoretical prediction of the MCF is shown
in Table 3. As can be seen from this table, the relative errors between the theoretical values and the
simulation values are both in a reasonable range. With the increase of the hierarchical structures,
the error decreases obviously. In the 2nd-order and higher-order hierarchical tubes, the errors have
been reduced to less than 4%. Therefore, the theoretical model is enough accuracy to predict the
MCF, which can be used for subsequent research.

Table 3: Comparison of the MCF between FE simulation and theoretical analysis

Section FMCF (kN)

Theoretical results FE results Errors (%)

EST1 64.94 60.61 7.16%
EST2 89.21 89.61 −0.44%
EST3 134.36 134.11 0.19%
CST1 23.87 21.93 8.82%
CST2 91.69 90.34 1.53%
CST3 154.92 150.87 3.28%
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4.2 Post-Buckling Deformation Analysis
The deformation mode of the bionic hierarchical tubes under axial crushing can be summa-

rized as progressive deformation mode and local instability mode [28]. Progressive deformation
mode is a folding process in which the folding elements are folded orderly according to the
expected effect, and the local instability mode means that the folded elements will not deform
according to the expected effect, which will lead to the reduction of the number of super folded
elements.

The deformation modes of the bionic tubes are shown in Fig. 8. For the EST, it can be
found that the deformation modes of EST1 and EST2 are more stable than EST3. For EST1
and EST2, the modes are both symmetric collapse mode, but for EST3, the diamond deformation
mode appears. For the CST, the three tubes are both compressed with symmetric collapse mode.
Besides, the number of folds of the tubes increases with the increase of the hierarchical orders,
which also means that the energy absorption of the higher-order tubes is better.

In the 2nd-order hierarchical tubes, both EST2 and CST2 have the same number of corner
elements and 3-panel-angel elements. The observation results show that the stability of the CSTs is
better than that of the ESTs. Besides, the CST3 structure is composed of 12 corner elements and
16 3-panel angel elements, and 24 corner elements and 16 3-panel angel elements are included in
EST3. As is well known, increasing the number of elements in the thin-walled tube can effectively
improve its crashworthiness. It can be found that the arrangement of internal stiffeners in a multi-
cell structure has an important impact on the crashworthiness of thin-walled tubes. Next, we
compare the crashworthiness of the bionic hierarchical tubes by the evaluation indicators.

Figure 8: FE simulation deformation diagram of the tubes: (a) EST1; (b) EST2; (c) EST3; (d)
CST1; (e) CST2; (f) CST3
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4.3 Energy Absorption and Crush Force Efficiency
The FE simulation results of the energy absorption characteristics of the bionic hierarchical

tubes are given in Fig. 9. It can be seen that in the same type of tubes, the tube with a
higher-order hierarchy has better energy absorption capacity than that with a low-order structure.
Compared with the similar low-order tubes, the SEA of EST3 is increased by 192% and 32%,
and of CST3 by 55% and 24%, respectively. It means that the two tubes can absorb more energy
per unit mass during the crushing process. The results show that the SEA and internal energy
of CST2 and EST2 are close to each other in the process of crushing, but for the tubes with
3rd-order hierarchy, the difference of internal energy increases rapidly, and the number of corner
elements and 3-panel angle elements in CST3 is less than that in EST3. However, the number
of folds in CST3 is about 7, while that of EST3 is only 4. This is due to the interaction of
internal structures in the process of crushing. The arrangement of the internal structures of EST3
is relatively less uniform than that of CST3, showing a pattern of higher middle density and the
density of four corners is small.

The CFE indicator represents the load uniformity of the structure. The larger the CFE value,
the better the crashworthiness of the structure. From Fig. 9, it can be observed that with the
increase of hierarchies, EST3 and CST3 show the most uniform load. This is mainly due to the
increase of the hierarchical structures which promote the local plastic deformation. Besides, the
mechanical properties of the hierarchical tubes are better than that of the non-hierarchical tubes.

(a) (b)

Figure 9: The energy absorption characteristics of the tubes: (a) SEA; (b) CFE

4.4 Crushing Force
Fig. 10 shows the impact force-displacement curves of the 1st–3rd order hierarchical tubes. It

can be found that the changing trend of the six tubes is similar in the collapse process. At the
beginning of the collision, the curves of the six tubes increase obviously after contacting with the
rigid wall, and begin to decline after reaching an extreme point, which is commonly referred to
as the initial peak point. After that, there are multiple peaks in the process of impact load, and
the wave peaks and troughs alternately appear, corresponding to the collapse of the hierarchical
tubes layer by layer. For the EST, only EST2 shows a good periodic folding mode. During the
crushing process of EST3, the distance between the two peaks of the curve appears at a large
interval. It is implicit in this phenomena that the folding is incomplete and the energy absorption
is not ideal. The dotted lines in show the MCFs of the tubes. It can be found that in the same
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order hierarchical tubes, the MCFs of the CSTs are better than those of the ESTs, and the MCF
of CST3 is 15.3% higher than that of EST3. According to the above analysis, it can be found
that CST3 has better crashworthiness and can be used in the following optimization research.

(a)

(b)

(c)

Figure 10: Crushing force-displacement curves of tubes: (a) EST1 and CST1; (b) EST2 and CST2;
(c) EST3 and CST3
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5 Crashworthiness Optimization

5.1 Experimental Design
In order to design and manufacture a multi-cell thin-walled structure with better energy

absorption effect, the wall thickness t, the hierarchy dimension parameters D2 and D3 of CST3
are taken as the design variables to be determined, and the FPCF and SEA of the tube are taken
as the optimization performance indexes. Therefore, the multi-objective optimization of CST3 can
be described by⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

min f (x)= [−SEA(x),FPCF(x)]
x= [D2,D3, t]T

s.t. 0.8mm≤ t≤ 2mm
25mm≤D2 ≤ 35mm
12mm≤D3 ≤ 20mm

(21)

As shown in Table 4, taking the above three structural parameters as design variables, the
optimal Latin hypercube test design method is used to determine 20 spatial sample points,
and LS-DYNA software is used to carry out collision simulation, and the response values of
corresponding models are calculated.

Table 4: Sample parameters and response values

No. D2 (mm) D3 (mm) t (mm) FPCF (kN) SEA(kJ/kg)

1 31.32 14.53 0.800 56.49 15.90
2 32.89 18.32 0.863 59.82 15.91
3 25.53 17.47 0.926 71.50 17.84
4 27.63 14.11 0.989 74.50 19.26
5 35.00 12.84 1.053 69.75 17.92
6 29.74 17.05 1.116 80.39 19.95
7 28.16 20.00 1.179 87.01 19.88
8 33.95 16.21 1.242 95.25 20.76
9 30.79 12.42 1.305 95.11 22.43
10 32.37 19.58 1.368 112.99 22.12
11 26.05 16.63 1.432 108.96 24.40
12 26.58 13.26 1.495 112.41 26.21
13 30.26 15.37 1.558 129.38 25.97
14 34.47 13.68 1.621 135.19 25.39
15 29.21 18.74 1.684 146.93 26.74
16 25.00 19.16 1.747 147.88 27.70
17 33.42 17.89 1.811 167.81 26.50
18 28.68 12.00 1.874 159.21 29.62
19 27.11 15.79 1.937 171.11 30.13
20 31.84 14.95 2.000 186.78 29.75

5.2 Construction of Approximate Model and Error Analysis
The optimization design process of the thin-walled tube requires a lot of iterative calculation,

which not only takes a long time, but also often fails to obtain convergence results. Therefore, for
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complex FE analysis, the method of establishing approximate function through an approximate
model has been widely used.

The response surface methodology (RSM) can fit the design space with a 1st–4th order
polynomial function, which has good accuracy, fast calculation speed and simple calculation [29].
Therefore, in this section, the polynomial RSM is used to construct the approximate model of
SEA and the PCF of the tube. Its expression is generally expressed as follows:

ŷRSM(x)=
k∑
i=1

αiϕi(x) (22)

where k is the number of the polynomial functions {ϕi(x)}, x is the vector of the design variable,
{αi} is the vector of coefficients.

Generally, the accuracy of the surrogate model is evaluated by the coefficient of determination
coefficient R2 and relative average absolute error (RAAE), which are expressed as follows:

R2 = 1−

n∑
i=1

(yi− ỹi)
2

n∑
i=1

(yi− ȳi)
2

(23)

RAAE=

n∑
i=1

|yi− ŷi|

n ·STD (24)

where n is the number of sample points; {yi} represent the numerical simulation values, {ỹi} rep-
resent the theoretical prediction values, {ȳi} represent the average values of numerical simulation,
and STD represents the standard deviation of the test sample point.

Based on the sample point parameters and response surface results in Table 4, the 1st–4th
order response surface models of SEA and PCF, and the model accuracy is compared and ana-
lyzed, as shown in Table 5. Generally, the larger R2, the smaller RAAE, the higher the accuracy
of the model. In Table 5, it can be found that the R2 of SEA and PCF under the 2nd-order
polynomial RSM are 0.9903 and 0.9937, which are both greater than 0.9 and close to 1. The
RAAE results are 0.0312 and 0.0239, respectively, which are close to 0. Therefore, the 2nd-order
polynomial RSM has high accuracy and can be used for subsequent optimization analysis.

The 2nd-order approximate functions of the SEA and PCF of the tube to design variables
are determined by fitting, as shown in the following formulas:

SEA=−7.18+0.53x1+0.47x2+22.52x3−0.01x21−0.03x22−2.26x23+0.02x1x2−0.12x1x3+0.05x2x3

(25)

FPCF =204616.83− 4978.14x1− 4199.15x2− 111667.02x3− 6.59x21

− 35.45x22+ 36398.35x23 + 120.43x1x2+ 2815.95x1x3 + 2021.69x2x3 (26)
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Table 5: Accuracy comparison of 1st–4th order response surface models

Index Order R2 RAAE

SEA 1 0.9886 0.0339
2 0.9903 0.0312
3 0.9857 0.0379
4 0.9878 0.0351

FPCF 1 0.9687 0.0531
2 0.9937 0.0239
3 0.9888 0.0318
4 0.9727 0.0496

5.3 Optimization Results
Taking the PCF and SEA as output variables, the optimization process is established in the

Optimization module of Insight software. The improved non-dominated sorting genetic algorithm
(NSGA-II) is adopted [30]. The population size is 12, and the genetic times are 20. After 483
calculations, 96 sets of optimal solutions are generated. The distribution of the optimal solution
set and the Pareto front obtained by fitting are shown in Fig. 11.

Figure 11: Pareto optimal solution set

It can be seen from the figure that the changing trends of the PCF and SEA are contradic-
tory. If we pursue a lower PCF, the SEA will inevitably decrease, and the two values will not
reach the optimal solution at the same time. In fact, any solution on the Pareto front is an optimal
solution, which needs to be combined with the actual engineering problems to allocate the weights
of the two solutions. For example, if the design condition is that the PCF is not more than
136 kN, the satisfactory solution (−28.57, 135.88) is shown in Fig. 11. The corresponding struc-
tural parameters are D2 = 25.68 mm, D3 = 14 mm and t=1.69 mm. The results of the RSM and
those of the FE model are compared as shown in Table 6. It can be seen that the errors are kept
within 1%, which indicates that the RSM has high accuracy.
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Table 6: Comparative analysis of optimization and FE results

Objective NSGA-II

Optimization Simulation Error

SEA (kJ/kg) 28.34 28.12 −0.78%
FPCF (kN) 135.14 134.37 −0.57%

Considering the constraint condition that the PCF is less than or equal to 136 kN, the energy
absorption effect of the CST3 tube before and after optimization is compared as shown in Fig. 12.
Fig. 12a shows the impact force-displacement curve of the CST3 before and after optimization.
It can be found that the PCF of the optimized tube keeps, and the MCF increases by 4.4%. The
time-SEA curve of the tube before and after optimization is shown in Fig. 12b. After 1 ms, the
SEA of the optimized tube begins to exceed that of the non-optimized tube, and the SEA grows
by 10.7%.

(a)

(b)

Figure 12: The energy absorption effect of the CST3 tube before and after optimization: (a)
crushing force; (b) SEA

6 Conclusion

Based on the idea of bionics, two types of hierarchical tubes are proposed in this paper.
According to the results of numerical simulation and theoretical prediction, it is found that the



946 CMES, 2022, vol.131, no.2

improvement of the hierarchical structures has a great impact on the crashworthiness of thin-
walled tubes. In the same order hierarchical tubes, the CST is better than the EST. Comparing and
analyzing six tubes, it is found that the thin-walled tube CST3 has high specific energy absorption
and load efficiency, and is a good energy absorption structure. In order to find the optimal size
of the hierarchical tubes, the RSM and NSGA-II algorithms are used to optimize the thin-walled
tube CST3. The optimization results show that it must be a conflict result when the SEA and
PCF are taken as the optimization objectives. Therefore, the Pareto front of thin-walled tubes is
obtained in this paper, which provides reference values for solving practical engineering problems.
In addition, the hierarchical tubes before and after optimization are selected for comparative anal-
ysis when the peak impact force is 136 kN. The optimized SEA and MCF are greatly improved,
and the precision error with the RSM is within 1%, which indicates that the hierarchical tube
CST3 has better crashworthiness.
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