Computer Modeling in - .
Engineering & Sciences Jech Science Press

DOI: 10.32604/cmes.2022.023563

@ check for updates

ARTICLE

On Some Ev-Degree and Ve-Degree Dependent Indices of Benes Network
and Its Derived Classes

Wenhu Wang'-*, Hibba Arshad’, Asfand Fahad" and Imran Javaid’

'School of Software, Pingdingshan University, Pingdingshan, China

2College of Computing and Information Technologies, National University, Manila, Philippines

*Henan International Joint Laboratory for Multidimensional Topology and Carcinogenic Characteristics Analysis of Atmospheric
Particulate Matter PM2.5, Pingdingshan, China

*Centre for Advanced Studies in Pure and Applied Mathematics, Bahauddin Zakariya University, Multan, Pakistan
*Corresponding Author: Asfand Fahad. Email: asfandfahad1@bzu.edu.pk; asfandfahad1 @yahoo.com

Received: 02 May 2022 Accepted: 07 July 2022

ABSTRACT

One of the most recent developments in the field of graph theory is the analysis of networks such as Butterfly
networks, Benes networks, Interconnection networks, and David-derived networks using graph theoretic parame-
ters. The topological indices (7's) have been widely used as graph invariants among various graph theoretic tools.
Quantitative structure activity relationships (QSAR) and quantitative structure property relationships (QSPR) need
the use of 7'/s. Different structure-based parameters, such as the degree and distance of vertices in graphs, contribute
to the determination of the values of TIs. Among other recently introduced novelties, the classes of ev-degree and
ve-degree dependent TTs have been extensively explored for various graph families. The current research focuses
on the development of formulae for different ev-degree and ve-degree dependent TIs for s— dimensional Benes
network and certain networks derived from it. In the end, a comparison between the values of the TIs for these
networks has been presented through graphical tools.
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1 Introduction

A classic and helpful strategy is to attach various graphs to objects that may be an algebraic
structure, a chemical structure of a drug, or a network, which assists in understanding certain features
of the objects. Various graph parameters can be associated with the properties of the structure under
examination which leads to a deeper study of its theory. These properties may include the algebraic
properties of the zero divisor graphs and the physio chemical properties of the chemical structures.
By adopting this strategy, several researchers studied different objects such as algebraic objects [1],
pysio-chemical properties of chemical structures [2—4], drugs used for breast cancer treatment [5], and
interconnection networks [60]. The analysis of networks, such as Butterfly network [7], Benes network
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[8,9], Interconnection network [6,10] and David-derived network [1 1] through similar approach, is one
of the most recent developments in the field of graph theory.

The class of topological indices (TIs) is a significant class of parameters associated with graphs.
Many TIs have been introduced and studied during the last fifty years. Among the class of degree
dependent T1s, the Zagreb indices (ZIs) introduced in [12], vastly studied due to the ability to estimate
the m-electron energy is still a topic of interest [13] after 5 decades. Another degree dependent graph
parameter, used in mathematical chemistry is known as Randic index (RI). The details regarding its
applications and its different variants are presented in [14]. Furthermore, the geometric-arithmetic
(GA) index was formulated [1 5] in an attempt to exceed the Randic index in terms of predicting ability.
Its chemical use and mathematical characteristics drew scientists to examine it further in [16]. Another
significant index, known as Atom bond connectivity index (ABC-index) was put forward by Estrada
and was used for investigating stain energy and stability of cycloalkanes and linear alkanes, see [17-20].
Another graph invariant, having connections with eigen values of graphs was introduced in [21] and
is a topic of interest till now known as Harmonic index (HI). In [22], Chellali et al. introduced some
new degrees of a vertex in a graph, known as ve-degree and ev-degree. Mathematical notions related
to these degrees were also studied by Horoldagva et al. [23]. The ZIs and RI, based on ev-degree and
ve-degree notions, are formulated in [24-27] and it was analyzed that predicting ability of ve-degree
Z1 has improved as compared to its classical version. For more developments on the study of TIs,
see [28-32].
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Figure 1: 3-dimentional Benes network

Butterfly graphs are the associated graphs of Fast Fourier Transforms (FFT) networks which
are especially effective in performing the FFT. The butterfly network is constructed by a sequence
of switch stages and connector patterns that allow '#’ different configurations. The 'n’ outputs
should be connected to ‘%’ inputs. Furthermore, the Benes network obtained by attaching back-to-
back butterfly networks is known for permutation routing [8]. These networks are key multistage
interconnection networks with appealing communication network topologies [9]. The graph associated
to s-dimensional butterfly network consists of vertex set V" with elements [v, i] in which v is an s-bit
binary number representing the row of the node and 0 < i < 5. The edge between any two vertices [v,
il and [v, 7] exists if and only if 7/ = i + 1 and either (1) v = v or (2) v, v differ in exactly the ith bit.
Clearly, for |V (BF(s))| = 2°(s+ 1) and | E(BF (s))| = s2**'. Further, an s dimensional Benes network is
obtained by connecting back-to-back butterflies BF(s). An s-dimensional Benes network is denoted
by B(s), for example B(3) is shown in Fig. 1. Further, | V(B(s))| = 2°(2s+ 1) and |E(B(s))| = s2°**. For
more regarding the structure and construction of butterfly and benes networks, we refer readers to [0].
By keeping in view the importance of these networks, Hussain et al. recently introduced some families
of graphs obtained by Horizontal and vertical identifications of Benes network. These new graphs are
known as Horizontal Cylindrical (HCB(s)) and Vertical Cylindrical (VCB(s)) Benes network. In these
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networks, |V(HCB(s))| = 2° — D@2s + 1), |V(VCB(s))| = 2*'s, [E(HCB(s))| = 25(2°™' — 1) and
|[E(VCB(s))| = 2**%s. For the complete details regarding the structures HCB(s) and VCB(s), see Figs. 2
and 3 [33,34].
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Figure 2: Normal representation of VCB(3)
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Figure 3: Normal representation of HCB(3)

2 Preliminaries

Let G(V,E) denotes a connected graph having }" as a vertex set and E as an edge set. Foru € V,
the degree u, denoted by d(u) is the cardinality of edges incident to it. For any u, v € V/, the vertices
u, v are called adjacent if there is e € E with e = uv. For u € V its open neighborhood, denoted by
N(u), is defined as: N(u) = {v € V: there exists e € E with e = uv} and the closed neighborhood
N[u] = {u} U N(u). For uv = e € E, its ev-degree is the cardinality of the vertices in N[u] U N[v] and
the ve-degree of v € V is the cardinality of N[v]. The ev-degree of e and ve-degree of u are denoted by
d,.(e) and d,.(u), respectively. In Table 1, we include the formulae of ev-degree and ve-degree dependent
variants of the well known TIs discussed above.

Table 1: Ev-degree and ve-degree based TIs of a Graph G(V,E)

Z1 (EV) M (G) = 2. d.(e)
RI (EV) R (G) = %ZE(G)dev(e)*%
Ist Zagreb Alpha Index (VE) M (G) ;EE(ZG): d,(v)?
1st Zagreb Beta Index (VE) M (G) = VEVZ@ = (d,(u) +d,.(v))

uve E(G)

(Continued)
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Table 1 (continued)

2nd ZI (VE) My(G) = > d.(wd. ()
uve E(G)
RI (VE) R(G) = > ((d.(und,.(v)) "
uve E(G)
dve(u) + dve(v) - 2
ABC-I (VE ABC*(Gt) =
( ) ( ) u v;G) dve (u) dve (v)
2Vd, (u)d,.(v)
GA-I (VE GA*(G) = Y e e’
( ) ( ) uv;G) dve(u) + dve(v)
HI (VE H*(G) = TS
( ) ( ) ung) dve(u) + dve(v)
Sum-Connectivity Index (VE) x(G@ = > d.(u)+d. ()"
uve E(G)

3 Ev-Degree Dependent Topological Indices for Bensen Networks and Its Derived Classes

In this section, we prove analytical formulae for the ev-degree dependent T1s for B(s), VCB(s) and
HCB(s). The formulae have been established through partition of the vertex sets of B(s), VCB(s) and
HCB(s) on the basis of ev-degree as shown in Tables 2—4. We start with the following theorem for B(s).

Table 2: Ev-degree based partition of V(B(s))

(dw),d»)) Ev-degree Frequency
2,4 6 252
(4’ 4) 8 2 Dst2

Table 3: Ev-degree based partition of V(VCB(s))

d,d) Ev-degree Frequency
4, 4) 8 2525+2

Table 4: Ev-degree based partition of V(HCB(s))

(dw),d)) Ev-degree Frequency
4,2) 6 272 — 12

(3,4) 7 4

(2, 6) 8 4

4,4) 8 9(s—1)(2*=3)
(3,6) 9 2

4, 6) 10 8(s—1)

(6, 6) 12 2(s — 1).
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Theorem 3.1. For an s-dimensional Benes network B(s), we have:
(i) M*(B(s)) = 22(64s — 28).
(i) R (B(s)) =27 (% + % — 1).
Proof.
By using Table 2, we compute the ev-degree based indices for Benes network as follows:
()
M B()= > du(e)

ecE(B(s))
— (6)2(25+2) + (S)Z(S)23'+2 _ 2s+2
= 2"(64s — 28).

(id)
R B = D du@*

ecE(B(s))

= (6)72 (2'%) + (8) % (5) 22 — 2%

a1 S
) (ﬁ + - 1) .
Now, we continue to prove the ev-degree dependent TIs for V'CB(s) in the next theorem.
Theorem 3.2. For VCB(s), the M (VCB(s)) and R*(VCB(s)) are given as:
(i) M (VCB(s)) = 27 - 5.
(i) R” (VCB (s)) = 2°*3 - s.
Proof. (i) From Table 3 and the definition of M*, we have:

MY (VCB(s) = > d,(e)

ecE(VCB(s))
= (8’ (5)(2™)

= 2S+9S .

(i) From Table 3 and the definition of R®, we have:

R (VCB(s) = D du(@)?

ecE(VCB(s))
=® @027
— 2% g,
We conclude the results of this section by proving the ev-degree dependent T1Is for HCB(s):

Theorem 3.3. For HCB(s), the M*'(HCB(s)) and R”(HCB(s)) are given as:
(i) M*(HCB(s)) = 277(2s — 1) + 320s — 138.
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4 2 12 8 2 6
i) R" (HCB(5)) = 22 4+ 52 [6 + 245+ V6 + V2 |+ =+ = — —= — — + = + —.

Proof. (/) From Table 4 and the definition of M, we have:

M (HCB(s)) = > d.(e)

eeE(HCB(M)
= (6’2" = 12) + (1’4 + (8’4 + (8)* (D (s — (' = 3) + (9)°(2)
+(10)°’@) (s — D + (12’2 (s = 1)
= 27 4 2°(2565 — 256) + 3205 — 138,

which upon simplification gives the required result.

(if) From Table 4 and the definition of R*, we have:

RUHCB() = 3 du(e)

ecE(HCB(r))
=027 =12)+ (DB + @)@ + @)W (s — (s = 3)
+ O Q)+ A0 @) (s = D+ 12)2)(s = 1)

1 2 12 4
— _2r+2 + _S2s + _2v|:_

V6 V2 V8 V8
+8+1}+4+2 12 8+2+6
—t =t =t —="—=--"—=+z+ —=
V10 /3 V1 V2 V6 J1i0 3 2

which upon simplification gives the required result.
Now, we present an example of the results proved in this section:

Example 3.1. By taking s = 4 in Theorem 3.1, Theorem 3.2 and Theorem 3.3, we obtain the values
of ev-degree based TIs for B(4), VCB(4) and HCB(4) as shown in Table 5:

Table 5: Ev-degree based TIs for B(4), VCB(4) and HCB(4)

B(@) VCB(4) HCB(®)

MO(B4) = 14592 M“(VCB@)) = 32768  M“(HCB(4)) — 15478

R (B(4)) = R (VCB@#) =2% R (HCB@4)) =

32 (V6+6v2-6) 40390 + 161280+/5 + 7630/6 + 7140v/2 + 60+/7 — 84+/10
3 105

4 Ve-Degree Dependent Topological Indices for Bensen Networks and Its Derived Classes

In this section, we develop formulae for the ve-degree dependent TTs for B(s), VCB(s) and HCB(s).
The key to obtaining these formulae is to obtain partition the edge set of B(s), VCB(s) and HCB(s) on
the basis of ve-degrees of the end vertices of each edge as shown in Tables 6-8.
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Table 6: Partition the edge set of B(s) in terms of ve-degrees of end vertices

(d(u),d(v)) (d.(u),d..(v))  Frequency
(2,4) (8, 12) 2
(4, 4) (12, 16) 2042
(4, 4) (16, 16) $2%2 — 29

Table 7: Partition the edge set of V'CB(s) in terms of ve-degrees of end vertices

(du),d»)) d,.(u),d,.(v) Frequency
4,4 (16, 16) §2+2

Table 8: Partition the edge set of HCB(s) in terms of ve-degrees of end vertices

(d(u),d(»)) d,(u),d,.(v) Frequency
(2,6) (10, 21) 42s+2

(3,4 (10, 13) 4 2s+2

(3,6) (10, 21) 2(s2542 — 2543
4,2) (14, 8) 8

4,2) (12, 8) 2572 — 20
4,4 (13, 16) 4

4, 4) (14, 16) 4

4,4 (12, 18) 8

4,4 (12, 16) 252 — 28

@, 4) (18, 16) 425 —4)

4, 4) (16, 18) 4(2s — 4)
4,4 (16, 16) 2s — 42 - 14)
(6, 6) (21, 28) 1

(6, 6) (28, 21) 1

(6, 6) (28, 28) 2s — 4

4, 6) (14, 28) 4

4, 6) (21, 16) 4

4, 6) (20, 28) 4

4, 6) (18, 28) 8s — 20

Theorem 4.1. For B(s), the ve-degree dependent TIs M¢*(B(s)), M{"(B(s)), M:*(B(s)), R*(B(s)),
ABC*(B(s)), GA™(B(s)), H*(B(s)) and x*(B(s)) are given as:

(i) M**(B(s)) = 32.2(16s — 11).
(ii) M (B(s)) = 2(32s — 16).
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(iii) M (B(s)) = 2°*(2565 — 224).
(iv) R* (B(5) = 27 [ L + L 4+ £ —1].

() ABC* (B(5) = 27 £ + 45 + 2 - £

(v) GA™ (B(9)) =272 [ 4 5 4 5= 2],

(vii) H* (B (s)) =27 [ = + =]

i) 1 (B () = 2 [ + 2 + 251].

Proof. (i) From Table 6 and the definition of M, we have:

M B$) = > d.()

VeV (Bs)
= (8)22"" + (12)*2°"' 4 (16)*(2s — 3)2°
= 2"1(208) + 51252" — 7682,

which upon simplification gives the required formula.

(if) The Table 6 and the formula for M yields:
MM B©)= D (d@) +d,. (1)

uve E(B(s))
= (12+8)2% + (124 16)2 + (16 + 16) (52 — 2')
=2"(325 — 16).

(7ii) The Table 6 and the formula for M) yields:
My (B(s)= D (d()d, (1)

uve E(B(s))
e (12) (8)2\'-%—2 + (12)(16)2s+2 + (16) ( 1 6) (S2.v+2 _ 2.v+3)
= 2"2(2565 — 224).

(iv) The Table 6 and the formula for R* gives:
RBE)= D (d.wd. )"

uve E(B(s))

= ((12)(8))"22 + ((12)(16) 22 + ((16)(16)) (5242 = 21)

1 Ky 1
:2.v+2 - - ——
[J%+ 192 " 16 8]

CMES, 2023, vol.135, no.2
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(v) The Table 6 and the formula for ABC™ yields:

d, d,(v) —
ABC” (B (s)) = Z \/ (Z)er(v)
weE(B(s)) (W) d,. (V)

_ [12+8-2 L [2416-2, /16+16 2 (o)
(1D@®) S (12)(16) (16)(16)

NN A
(vi) The Table 6 and the formula for GA™ yields:

2 dve (u) dve (V)
GA (B = 3 YW 0)
uveEz(B;(s)) dve (H) + dve (V)

_2J/(12) ® poo 2/(12)(16) iy 2/(16) (16)
T 12+8 12+ 16 16+ 16

2
:2:+2|:£+8\/§+S_2i|_

_ ot |:\/_ V7 \/_S 2i|.

(S23+2 _ 23+3)

5 14
(vii) The Table 6 and the formula for A yields:
2

Hve (B (S)) - Z dVG (u) + dv(.’(v)

uve E(B(s))

2 2
— 2s+2 2s+2 2s+2 _ 2s+3
mast taed tTTerie )

13 K
:2.v+2 - 1.
[280 + 16]

(viii) Lastly, the Table 6 and the formula for x* gives:
X“BE)= > (d.)+d, )"

uve E(B(s))

— (12 + 8)—1/22s+2 + (12 + 16)—1/225+2 + (16 + 16)—1/2(S25+2 _ 2&+3)

_2H2[1+1 s+1:|
25 2742 221

which upon simplification gives the required formula.

1693

By using the Table 7 and the formulae of TIs defined in Table 1, we get the following results for

the VCB(s).

Theorem 4.2. For VCB(s), ve-degree dependent TIs M{™(B(s)), MP*(B(s)), M (B(s)), R*(B(s)),

ABC*(B(s)), GA*(B(s)), H*(B(s)) and x"(B(s)) are given as:
(1) M(VCB(s)) = 25652,
(if) M (VCB(s)) = 3252°+2.
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(iii) M (VCB(s)) = 25652+,
(iv) R* (VCB (5)) = 222,
(v) ABC* (VCB (s)) = 222+,
(vi) GA(VCB(s)) = s2°F2.
(vii) H" (VCB (5)) = £2.
(viii) " (VCB (5)) = 752",
By using the Table 8 and the formulae of TIs defined in Table 1, we get the following results for
the HCB(s).
Theorem 4.3. For HCB(s), the ve-degree dependent TIs M**(B(s)), M{"(B(s)), M (B(s)) and
R*(B(s)) are given as:
(i) M= (HCB(s)) = 2(512s — 352) + 816s.
(if) M} (HCB(s)) = (16s + 409)2°+* 4+ 1285 — 88.
(#i)) My (HCB(s)) = (8s — 7)2°*7 4 3040s — 2932.
(iv) R* (HCB (5)) = [5 AR M} » [K _ ﬂ} P . S
8 12V2 3 20 V130 | 7
5 1 1 4 42 3 o412 1 1 4
TR AN AW IV Wi
7v32 1

2 _ — 15456.
V6 * V13 - V14 * 36 3 21
[ V325 \/? NG L | W17 4 446
(v) ABC (HCB(s))_|:1—6+ —+——\/§}2 J{ +7+3\/_:|s+

3 4
10f 430 /56 81T 132 /3
Nt LA R S FU AR L L
2314 +2J_ +23¢_ 3 1046
14 W2 2J21 0 V35 3/A

2VJ6 43 84288 4./504 28 12\/210
) GA™ (HCB (s)) = i TINS5 +22 14
(vi) ( (5)) [s+ 5 + 7 } +[ T + >3 26 31 +
8130 N 4112 4«/208 N 2224 N 4216 32288 N 43 N 2392 N 4+/336 N V35
23 11 29 15 15 34 7 21 37 3
10«/50
— 46 — 8/3 + 30.
6 7885
(vii) H* (HCB (s)) = 22‘+3 [2-1]- Ve 17.57077354.
(viid) x* (HCB (5) [ R 1]2s+'+[ LR 8] T
viii) N=|—+ — 4+ — — — o
22 50T Jg 2f «/_ «/— V4 V31

82412_2_2_ +7[
fffffffffff

Now, we conclude the section by including the following example:

Example 4.1. By taking s = 4 in Theorem 4.1, Theorem 4.2 and Theorem 4.3, we obtain the values
of ve-degree based TIs for B(4), VCB(4) and HCB(4) as shown in Table 9:
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Table 9: Ve-degree based T1s for B(4), VCB(4) and HCB(4)
B(4) VCB(4) HCB(4)
M (B(4)) = M (VCB(4)) = M (HCB(4)) = 30400
27136 32768
MP*(B4)) = 7168 MP(VCB(@4)) = MP*(HCB(4)) = 60968
8192
M¥(B(4)) = 51200 MY (VCB4)) = M¥(HCB(4)) = 60428
65536
R* (B (4)) = R*(VCB(4)) = 16 R* (HCB (4)) =
B_J?Jrg_s _26257+56J8+56ﬁ—309—31ﬁ NG 2f+
17 21 35 1 65
2 1 1 1 22 5 1 1 2J2
— =t —+——+
V1 IV3 4V21V35 3V V6 V13 V14 33
1610 1687 1647 642
ABC™ (B (4)) = ABC™ (VCB (4)) = ABC" (HCB (4)) = “/_+ f+ f+ f+8—
8443042 642 Vi3 3 3T

GA™ (B4)) =
2 4182 4 16v2

H" (B(4)) =
128«/5 + 256f +128

X* (B ) = &

GA(VCB(4)) =
256

H*(VCB#) = 16

x"“(VCB#4)) =
3242

42\/_+6\/§+4\/§ fﬁsﬁ_\/—

V7 w— +f 23J_ 4f 4f 2V3
W 3 am s A \/— Vi
6476

GA™ (HCB(4) = —— +
9108+/3 + 1389242 + 168+/130 — 126014 +161«/_

483

1382 96 12~/21 16

N 2§_ 46— 83+ 1{
16«/1_+8\/_ 192f+16m

29 15 17 37

16186873
H (HCB(4))_W 17.57077354
X" (HCB@4)) = 5 s

32 32 22 322 6 4
IV T S T —— 4
V5oV NG 17 35 V31 V29

44f2f111016

3,
g
S

5 Graphical Analysis

We proceed further with our obtained formulae in previous section to study graphical patterns in
the values of TIs of B(s), HCB(s) and HCB(s). In Figs. 4-6, the patterns of ZI(VE), RI(VE), ABC-
I(VE), GA-(VE) and HI(VE) (on y-axis), where the value of s has been taken on x-axis, for B(s),
HCB(s) and VCB(s) have been presented. All the figures show the rapid rise in the values of each
TI for B(s), HCB(s) and HCB(s) with the rise in the value of s. The trends in Fig. 4 (L) show that
the HCB(s) attains higher values of ZI(VE), whereas values of ZI(VE) for VCB(s) remain between
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B(s) and HCB(s). Similar trend for RI(VE) has been shown in Fig. 4 (R). In Fig. 5 (L), it can be seen
that the values of ABC-I(VE) show different behaviours as in case of ZI(VE) and RI(VE). The ABC-
I(VE) attains lowest values for HCB(s), whereas values for B(s) remain between VCB(s) and HCB(s).
Furthermore, the trend for HI(EV) is shown in Fig. 5 (R). In the case of GA(VE), the values for B(s)
remain the highest and the values for VCB(s) remain between the values of B(s) and HCB(s), see Fig. 6.

9. x 10°1
8. x 10°1
7. % 10%1
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Figure 4: Graphical comparison between ZI(VE) on left (L) and RI(VE) on right (R) of B(s), HCB(s)

and HCB(s)
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Figure 5: Graphical comparison between ABC(VE) on left (L) and HI(VE) on right (R) of B(s),

HCB(s) and HCB(s)
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Figure 6: Graphical comparison between GA-I(VE) of B(s), HCB(s) and HCB(s)

6 Conclusion

The study of newly formed networks is always a fascinating topic. Using B(s), several novel
networks such as HCB(s) and VCB(s) have been defined through identifications in [33] and further
investigated in [34]. Furthermore, the ev-degree and the ve-degree of these structures were not
investigated yet. In the current work, we constructed the ev-degree based partition of the vertex set
and the ve-degree based partition of the edge set for these networks. Through these partitions, we
developed formulae for several ev-degree and ve-degree based TIs for B(s), HCB(s) and VCB(s) in
terms of the parameter s. Further, we presented the comparative analysis of the values of ZI(VE),
RI(VE), ABC-I(VE), GA-I(VE) and HI(VE) for B(s), HCB(s) and VCB(s). It is observed that similar
patterns have been developed for ZI(VE) and RI(VE), whereas the other three TIs produce different
trends.

Acknowledgement: The authors are thankful to their respective institutes.

Funding Statement: This work is partially supported by the National Natural Science Foundation
of China (Grant No. 61702291); China Henan International Joint Laboratory for Multidimensional
Topology and Carcinogenic Characteristics Analysis of Atmospheric Particulate Matter PM2.5.

Conflicts of Interest: The authors declare that they have no conflicts of interest to report regarding the
present study.

References

1. Selvakumar, K., Gangaeswari, P, Arunkumar, G. (2022). The wiener index of the zero-divisor
graph of a finite commutative ring with unity. Discrete Applied Mathematics, 311, 72-84. DOI
10.1016/j.dam.2022.01.012.


https://doi.org/10.1016/j.dam.2022.01.012

1698 CMES, 2023, vol.135, no.2

10.
I1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Yang, Y., Liu, H., Wang, H., Fu, H. (2015). Subtrees of spiro and polyphenyl hexagonal chains. Applied
Mathematics and Computation, 268, 547-560. DOI 10.1016/j.amc.2015.06.094.

Oz, M. S., Cangul, I. N. (2022). Enumeration of independent sets in benzenoid chains. MATCH Communi-
cations in Mathematical and in Computer Chemistry, 88, 93-107. DOI 10.46793/match.88-1.0930.

Yang, Y., Sun, X. J, Cao, J Y, Wang, H., Zhang, X. D. (2020). The expected subtree number
index in random polyphenylene and spiro chains. Discrete Applied Mathematics, 285, 483—492. DOI
10.1016/j.dam.2020.06.013.

Bokhary, S. A. U. H., Adnan, Siddiqui, M. K., Cancan, M. (2021). On topological indices and
gspr analysis of drugs used for the treatment of breast cancer. Polycyclic Aromatic Compounds. DOI
10.1080/10406638.2021.1977353.

Imran, M., Hayat, S., Mailk, M. Y. H. (2014). On topological indices of certain interconnection networks.
Applied Mathematics and Computation, 244, 936-951. DOI 10.1016/j.amc.2014.07.064.

Liu, X. C., Gu, Q. P. (2002). Multicasts on wdm all-optical butterfly networks. Journal of Information Science
and Engineering, 18(6), 1049-1058.

Benes, V. E. (1965). Mathematical theory of connecting networks and telephone traffic. New York: Academic
Press.

Manuel, P. D., Abd-El-Barr, M. 1., Rajasingh, 1., Rajan, B. (2008). An efficient representation of benes
networks and its applications. Journal of Discrete Algorithms, 6(1), 11-19. DOI 10.1016/j.jda.2006.08.003.
Xu, J. (2013). Topological structure and analysis of interconnection networks. New York: Springer.

Imran, M., Baig, A. Q., Ali, H. (2016). On topological properties of dominating david derived networks.
Canadian Journal of Chemistry, 94(2), 137-148. DOI 10.1139/cjc-2015-0185.

Gutman, I., Trinajsti¢, N. (1972). Graph theory and molecular orbitals. total ¢-electron energy of alternant
hydrocarbons. Chemical Physics Letters, 17(4), 535-538. DOI 10.1016/0009-2614(72)85099-1.

Chen, C., Liu, M., Gu, X., Das, K. C. (2022). Extremal augmented Zagreb index of trees with given numbers
of vertices and leaves. Discrete Mathematics, 345(4), 112753. DOI 10.1016/j.disc.2021.112753.

Randic¢, M. (2008). On history of the randi¢ index and emerging hostility toward chemical graph theory.
MATCH Communications in Mathematical and in Computer Chemistry, 59(5), 5-124.

Vukicevic, D., Furtula, B. (2009). Topological index based on the ratios of geometrical and arithmeti-
cal means of end-vertex degrees of edges. Journal of Mathematical Chemistry, 46(4), 1369-1376. DOI
10.1007/s10910-009-9520-x.

Aouchiche, M., El Hallaoui, 1., Hansen, P. (2020). Geometric-arithmetic index and minimum degree of
connected graphs. MATCH Communications in Mathematical and in Computer Chemistry, 83, 179-188.
Estrada, E., Torres, L. A., Rodriguez, L., Gutman, I. (1998). An atom-bond connectivity index: Modelling
the enthalpy of formation of alkanes. Indian Journal of Chemistry, 37, 849-855.

Estrada, E. (2001). Generalization of topological indices. Chemical Physics Letters, 336(3—4), 248-252.
DOI 10.1016/S0009-2614(01)00127-0.

Das, K. C., Gutman, 1., Furtula, B. (2011). On atom-bond connectivity index. Chemical Physics Letters,
511(4-6), 452-454. DOI 10.1016/j.cplett.2011.06.049.

Gutman, I., ToSovi¢, J., Radenkovi¢, S., Markovi¢, S. (2012). On atom-bond connectivity index and its
chemical applicability. Indian Journal of Chemistry, 51, 690-694.

Zhong, L. (2012). The harmonic index for graphs. Applied Mathematics Letters, 25(3), 561-566. DOI
10.1016/j.aml1.2011.09.059.

Chellali, M., Haynes, T. W., Hedetniemi, S. T., Lewis, T. M. (2017). On ve-degrees and ev-degrees in graphs.
Discrete Mathematics, 340(2), 31-38. DOI 10.1016/j.disc.2016.07.008.

Horoldagva, B., Das, K. C., Selenge, T. A. (2019). On ve-degree and ev-degree of graphs. Discrete
Optimization, 31, 1-7. DOI 10.1016/j.disopt.2018.07.002.


https://doi.org/10.1016/j.amc.2015.06.094
https://doi.org/10.46793/match.88-1.093o
https://doi.org/10.1016/j.dam.2020.06.013
https://doi.org/10.1080/10406638.2021.1977353
https://doi.org/10.1016/j.amc.2014.07.064
https://doi.org/10.1016/j.jda.2006.08.003
https://doi.org/10.1139/cjc-2015-0185
https://doi.org/10.1016/0009-2614(72)85099-1
https://doi.org/10.1016/j.disc.2021.112753
https://doi.org/10.1007/s10910-009-9520-x
https://doi.org/10.1016/S0009-2614(01)00127-0
https://doi.org/10.1016/j.cplett.2011.06.049
https://doi.org/10.1016/j.aml.2011.09.059
https://doi.org/10.1016/j.disc.2016.07.008
https://doi.org/10.1016/j.disopt.2018.07.002

CMES, 2023, vol.135, no.2 1699

24.

25.

26.

217.

28.

29.

30.

31

32.

33.

34.

Stileyman, E. (2017). A new tool for gspr researches: Ev-degree randi¢ index. Celal Bayar University Journal
of Science, 13(3), 615-618.

Sahin, B., Ediz, S. (2018). On ev-degree and ve-degree topological indices. Iranian Journal of Mathematical
Chemistry, 9(4), 263-2717.

Lee, J. R., Hussain, A., Fahad, A., Raza, A., Qureshi, M. I. et al. (2022). On ev and ve-degree based
topological indices of silicon carbides. Computer Modeling in Engineering & Sciences, 130(2), 871-885.
DOI 10.32604/cmes.2022.016836.

Zahra, N., Ibrahim, M. (2022). A study of ve and ev degree based topological indices of tran-
sition metal tetra-cyano benzene structure. Alexandria Engineering Journal, 61(8), 6409-6417. DOI
10.1016/j.a€j.2021.12.001.

Deepika, T., Lokesha, V. (2020). Computing discrete adriatic indices of probabilistic neural network. Euro-
pean Journal of Pure and Applied Mathematics, 13(5), 1149-1161. DOI 10.29020/nybg.ejpam.v13i5.3712.
Ranjini, P, Lokesha, V., Cangiil, I. N. (2011). On the Zagreb indices of the line graphs of the subdivision
graphs. Applied Mathematics and Computation, 218(3), 699-702. DOI 10.1016/j.amc.2011.03.125.
Shwetha Shetty, B., Lokesha, V., Ranjini, P. (2015). On the harmonic index of graph operations. Transactions
on Combinatorics, 4(4), 5-14.

Lokesha, V., Deepika, T., Ranjini, P, Cangul, 1. (2017). Operations of nanostructures via, and indices.
Applied Mathematics and Nonlinear Sciences, 2(1), 173-180. DOI 10.21042/AMNS.2017.1.00014.

Das, K. C., Cevik, A. S., Cangul, I. N., Shang, Y. (2021). On sombor index. Symmetry, 13(1), 140. DOI
10.3390/sym13010140.

Hussain, A., Numan, M., Naz, N., Butt, S. 1., Aslam, A. et al. (2021). On topological indices for new classes
of benes network. Journal of Mathematics, 2021, 6690053. DOI 10.1155/2021/6690053.

Wang, W., Nisar, A., Fahad, A., Qureshi, M. 1., Alameri, A. (2022). Modified Zagreb connection indices
for benes network and related classes. Journal of Mathematics, 2022, 8547332. DOI 10.1155/2022/9347942.


https://doi.org/10.32604/cmes.2022.016836
https://doi.org/10.1016/j.aej.2021.12.001
https://doi.org/10.29020/nybg.ejpam.v13i5.3712
https://doi.org/10.1016/j.amc.2011.03.125
https://doi.org/10.21042/AMNS.2017.1.00014
https://doi.org/10.3390/sym13010140
https://doi.org/10.1155/2021/6690053
https://doi.org/10.1155/2022/9347942

	On Some Ev-Degree and Ve-Degree Dependent Indices of Benes Network and Its Derived Classes
	1 Introduction
	2 Preliminaries
	3 Ev-Degree Dependent Topological Indices for Bensen Networks and Its Derived Classes
	4 Ve-Degree Dependent Topological Indices for Bensen Networks and Its Derived Classes
	5 Graphical Analysis
	6 Conclusion


