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ABSTRACT

The problem of investigating the minimum set of landmarks consisting of auto-machines (Robots) in a connected
network is studied with the concept of location number or metric dimension of this network. In this paper, we study
the latest type of metric dimension called as local fractional metric dimension (LFMD) and find its upper bounds
for generalized Petersen networks GP(n, 3), where n > 7. For n > 9. The limiting values of LFMD for GP(n, 3)
are also obtained as 1 (bounded) if n approaches to infinity.
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1 Introduction

The idea of metric dimension (MD) was firstly introduced by Melter et al. [1]. It has various
applications in different areas such as the navigation system, image processing and drug discoveries. A
network consists of nodes that are represented by vertices and connections between different vertices
are denoted by edges. With the help of edges, an agent can change its position from one vertex to
another. Some vertices are referred to as landmarks from which an agent can easily find its location
in the network. The set with the minimum number of landmarks is known as the metric basis, and the
cardinality of the aforesaid set is known as MD [2,3].

Moreover, the concept of MD in integer programming problem (IPP) was studied by Chartrand
et al. [4]. Later on, Oellermann et al. [5,6] produced more refined results of (IPP) through MD.
Fehr et al. [7] also derived various results for different graphs which are used to solve relaxation
problems by using MD. For more results on MD, see [8,9].

The idea of fractional metric dimension (FMD) for different networks flourished through the
work of Arumugam et al. [10]. Moreover, different networks are studied with the help of FMD such
as hierarchical, Cartesian, corona, comb and lexicographic products [11-14]. Yi[15] and Liu et al. [16]
calculated FMD for permutation and generalized Jahangir networks. Moreover, the sharps bounds
of FMD for all the connected networks are studied in [17]. The idea of local fractional metric
dimension (LFMD) came through the work of Aisyah et al. in which they computed the LFMD for
the corona product of networks [18]. Later on, Liu et al. [19] discussed the LFMD for a particular
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class of planar networks called by circular ladders and rotationally symmetric networks. Recently,
Javaid et al. calculated the bounds of LFMD of connected and prism related networks in [20,21].

In this paper, we find local resolving neighborhood sets (LRNs) of generalized Petersen network
GP(n,3) forn > 5. After that, we calculated the sharp bounds of the local fractional metric dimension
with the help of LRNs. The organization of paper is: Section | describes the introduction, Section 2
presents the preliminaries, Section 3 includes the local fractional metric dimensions of the Generalized
Petersen network and Section 4 presents the discussion and conclusion.

2 Preliminaries

Mathematically, a network .4” consists of vertices set V(.4 )and edges set E(.#") with property
E() CV(A) x V(A). In the present study, only the simple networks without any loop or parallel
edges are considered. The distance between two vertices is considered as the length (number of edges)
of the shortest path existing between them. For more basic notions, we refer to [22,23].

For any connected graph, y € V(.#) can resolve pair {v,w} € V(A ,if d(y,v) # d(y,w). Let T
be a set which is subset of V' (_#") known as resolving set of .4 if all pair of vertices in .4 are resolved
by some vertices of T. The cardinality of resolving set is denoted by |T'|. The set having minimum
cardinality among all the resolving sets of 4" is called as metric dimension (MD).

Forvw € E(./), the local resolving neighborhood (LRN) set LR(vw) of vw is defined as LR(vw) =
{x € V() : d(x,v) # d(x,w)}. A local resolving function (LRF) is a real valued function ¢ :
V(A) — [0,1] such that ¢(LR(vw)) > 1 for each LR(vw) of .4, where ¢ (LR (vw)) = > ¢ (2).

zeLR(vw)

An LREF g is called minimal if there exists an other function ¢ : V(.4#") — [0, 1] such that ¢ < g and
¢ (u) # g(u) for at least one u € V, thatisnota LRF of /. If |g] = > ¢ (x), then LFMD of ./ is

yeV(A)
defined as

dim; (/") = min{|g| : g is a minimal LRF of .#"}. For more detail, see [1,10,19].

Forn > 7, let GP(n, 3) be a generalized Petersen network with vertex set V' (GP(n,3)) = {x,,); :
1 <i,j <n}andedgeset E(GP(n,3)) ={xixy, : 1 <i<n—1}U{xy: 1 <i<nfU{x,x}U{pyys:
1 <i<n—=3YU{y, )i, Vu1V2s Vays), where | V(GP(n, 3))| = 2n, |[E(GP(n,3))| = 3n (see Fig. 1).

Now we present the following important result which will be frequently used in the main results.

Theorem 1: (see [15]) Let A4 (V.A4, E(./)) be a connected network and LR(c) be a local resolving

neighborhood for some ¢ € E(A"). If |[LR(c)N Y| > «a forall ¢ € E(/), then, dim;, () < 'aﬂ, where,
o =min{|LR(c)| : c € E(/)}, Y = U{LR(¢) : |LR(¢)| = a}.

Theorem 2: (see [1 5]) For a connected network N, dim, (N) = 1 if N is bipartite.

Theorem 3: (see [20]) Let A (V.A4, E(_/)) be a connected network and LR(c) be a local resolving
neighborhood set. Then, 'V(yﬁ < dimy (AN), where, y = max{|LR(c)| : ¢ € E(A#)}and 2 < y <
[V (A)I.
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(b)
Figure 1: Petersen graphs (a) GP(6, 3) and (b) GP(9, 3)

3 Local Fractional Metric Dimension Generalized Petersen Network
This section deals with the main findings of the present studies.

Theorem 4. The LFMD of generalized Petersen network GP(n,3) for n = 7 1is }—‘3‘ <
dim, (GP (7,3)) < L.

Proof: The LRNs of GP(n, 3) for n = 7 are given by:
LR, = LR(x,x,) = V(GP(7,3)) — {xs,¥s}, LR, = LR(x,x3) = V(GP(7,3)) — {Xs, Y}
LR; = LR(x3x,) = V(GP(7,3)) — {x7,y7}, LRy = LR(xyx5) = V(GP(7,3)) — {x1, 1},
LRs = LR(xs5xs) = V(GP(7,3)) — {x2, )2}, LRs = LR(x4x;) = V(GP(7,3)) — {x3, 3},
LR, = LR(x;x,) = V(GP(7,3)) — {x4, ¥4}, LRy = LR(y,y,) = V(GP(7,3)) — {ye},
LRy = LR(y:ys) = V(GP(7,3)) — {31}, LRy = LR(y:ys) = V(GP(7,3)) — {n},
LRy, = LR(ysy;) = V(GP(7,3)) — {2}, LR, = LR(ysy1) = V(GP(7,3)) — {3},
LRy = LR(ysy,) = V(GP(7,3)) — {ya}, LRy = LR(y7p3) = V(GP(7,3)) — {ys},
LR(xy1) = V(GP(7,3)) = {y2, 73, Y6, ¥7} = LR(e1),
LR(x;y,) = V(GP(7,3)) = {ys, ya, 2. 11} = LR(er),
LR(x:y3) = V(GP(7,3)) = {ya, y5, ¥1. 2} = LR(e3),
LR(xsys) = V(GP(7,3)) = {ys, ¥s, ¥2. 3} = LR(ew),
LR(xsys) = V(GP(7,3)) = {ys, ¥1, ¥, ya} = LR(es),
LR(xsys) = V(GP(7,3)) = {y7, 51, ¥4, ¥s} = LR(es),
LR(x7y:) = V(GP(7,3)) = {y1, 12,5, s} = LR(ey).
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Forl <m < 14and 1 < j < 7LRN are [LR(¢})| = 10 < |LR,|. Furthermore, _L7J1LR (¢) =
-

V (GP(7.3)), | Ql LR(e)| = 14and |LR, N CJILR (¢)1> LR (¢) | = 10. Moreover, 1 <j <7, LR(e))
J= J=
are pairwise nonempty. There exist a minimal LRF ¢ : V(GP(7,3)) — [0, 1]is defined as ¢ (y) =
foreach y € Q}LR (¢;) and ¥ (») = 0 for the vertices of GP(7, 3) which are not in QLR (¢,). Therefore,
Jj= =

14

by theorem 1, dim, (GP(7,3)) < >+ = 1. Since |V(GP(7,3))| = y = 13, then by Theorem 3 we
j=I
have 33 < dim; (GP (7,3)) (as GP(7, 3) is not bipartite network). Therefore, 3 < dim, (GP (n,3)) < L.

Lemma 1: Let GP(n, 3) be Generalized Petersen network for, n = 3(mod 6) and n > 9. Then, for
l <i<n-3,1<j=<nlLR()| = |LR(e, = yyi3)| =2n—6 = [LRY,»-y)| = ILR(Y,-1)))| =

|LR(»,y5)|. Moreover, jLZJlLR (¢)={x,:1<p=<nju{y,:1<qg=<n}and |,£Jl LR (e) | =a =2n.

Proof: For, n > 9 and n = 3(mod 6) the local resolving neighborhood of generalized Petersen
network GP(n,3),forl1 <i<n-3,1<j<n,p,q# "2, =2 =

22 22 2

x,: 1<p<n
LR (yiyus) =
v, 1<qg<n
with |LR(¢)| = 27 — 6 and ULR(e) = {x,:1<p<n} U {y,:1<g<n} and we have

J=1

|jL:J1 LR (e)| =2n.
Lemma 2: Let GP(n, 3) be generalized Petersen network with n = 3(mod 6) and n > 9, then, for

l<i<n1=<j=<n(a)|LR(e)| < |LR(x;x.1)| and [LR (x;x;,;) N (L)-ZJLR (ej) | > |[LR (ej) l,
j=1

(b) |LR(ej)| < |LR(x;y))| and |LR (x;p;) N (,HILR (e]) | > |LR (e/) [,

n+3
2

Proof: (a) The local resolving neighborhood for 1 <i<n,1 <j<n,p,q #

X,

,. 1 <p<n

LR (x;x:1) =
Voo 1=q=n

with |LR(x;x;,,)| = 2n — 2 > 2n — 6 = |LR(e))|, Therefore, [LR (x;x;,,) N (.LnJlLRe,-) | =2n—2 >
=
ILR (¢) |.
(b) The local resolving neighborhood for 1 <i<n,1 <j <n,

x,: 1<p<n
LR (x;y) =

v, 1<qg<n
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with |[LR(x)| = 2n > 2n — 6 = |LR(e,)|, Therefore, [LR (x,;) N (.HILRej) | =2n> |LR(e) .
-

Theorem 5: Let GP(n,3) with n = 3(mod6) be a generalized Petersen network, where
[V(GP(n,3))| =2nand n > 9. Then, 1 < dim;, (GP (n, 3)) < ;j
Proof:

Case 1: The LRNs of GP(n, 3) for n = 9 are given by:
LR, = LR(x,x;) = V(GP(,3)) — {x¢, V6}, LR, = LR(x,X3) = V(GP(9,3)) — {x7, 7},
LR; = LR(x3x,) = V(GP(9,3)) — {x3, 5}, LRy = LR(x4x5) = V(GP(9,3)) — {x9, yo},
LRs; = LR(x5x5) = V(GP(9,3)) — {x1, 1}, LRs = LR(xsx;) = V(GP(9,3)) — {x3, 1},
LR; = LR(x;x3) = V(GP(9,3)) — {x3, 13}, LRy = LR(x3x9) = V(GP(9,3)) — {x4, 4},
LRy = LR(x9x,) = V(GP(9,3)) — {xs5, s}, LR,y = LR(x,y,) = V(GP(9,3)),
LR, = LR(x,»,) = V(GP(,3)), LR,, = LR(x3y;) = V(GP(9,3)),
LR,; = LR(x,y,) = V(GP(9,3)), LR,y = LR(xsy5) = V(GP(9,3)),
LRs = LR(xsys) = V(GP(9,3)), LRs = LR(x,y;) = V(GP(9,3)),
LR,; = LR(xgy5) = V(GP(9,3)), LRy = LR(xoyy) = V(GP(9,3)),
LR(y1ys) = V(GP(O,3)) — {Xs, X7, X5, Vs, ¥1, ¥s} = LR(e)),
LR(y»ys) = V(GP(9,3)) — {x7, x5, X0, 7, s, o} = LR(es),
LR(ysys) = V(GP(9,3)) — {xs, X9, X1, Vs, ¥9, 1} = LR(es),
LR(ysy:) = V(GP(O,3)) — {xo, x1, X2, 9, ¥1, 12} = LR(ey),
LR(ysys) = V(GP(9,3)) — {x1, X2, X3, Y1, Y2, 3} = LR(es),
LR(ysys) = V(GP(9,3)) — {x2,x3, X4, 2, 3, ¥a} = LR(eo),
LR(y7y)) = V(GP(9,3)) — {x3, x4, X5, 3, ¥4, ¥s} = LR(ey),
LR(ysy,) = V(GP(9,3)) — {X4, X5, X6, 1, s, Vs} = LR(es),
LR(yoy;) = V(GP(9,3)) — {xs, Xe, X7, Vs, Vs, Y1} = LR(ey).

For1 <m < 18and 1 < j < 9 LRN are |[LR(¢})| = 12 < |LR,|. Furthermore, QLR () =
J=

V(GP(9,3)), | UglLR (¢)1=18and |LR,N QLR (¢)1 = ILR (e) | = 12. Moreover, 1 <j <9, LR(e)
j= J=
are pairwise nonempty. There exist a minimal LRF ¢ : V(GP(9,3)) — [0, 1] is defined as ¢ () =
foreach y _CJILR (¢/) and ¥ (y) = 0 for the vertices of GP(9, 3) which are not in CJILR (¢,). Therefore,
J= J=

18
by Theorem 1, dim, (GP (9,3)) < > & = 3. Since |[V(GP(9,3))| = y = 18, then by Theorem 3
=1
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B < dimy; (GP(9,3)) implies 1 < dim;(GP(9,3)) (as GP(9,3) is not bipartite network). Therefore,

18

1 < dimy (GP (9,3)) < 3.
Case 2: The LRNs of GP(n, 3) for n = 15 are given by:
LR, = LR(x,x,) = V(GP(15,3)) — {x9, ¥}, LR, = LR(x,x;) = V(GP(15,3)) — {x10, Y10},
LR; = LR(x3x,) = V(GP(15,3)) — {x11,y1u}, LRy = LR(x,x5) = V(GP(15, 3)) — {x12, 12},
LRs; = LR(xs5x5) = V(GP(15,3)) — {x13,y13}, LRs = LR(xx;) = V(GP(15,3)) — {X14, Y1a},
LR; = LR(x;x3) = V(GP(15,3)) — {x15, 15}, LRy = LR(x3x9) = V(GP(15,3)) — {x1, 11},
LRy = LR(x9x,0) = V(GP(15,3)) — {x2, 12}, LR,y = LR(xy0x1,) = V(GP(15,3)) — {x3, 13},
LR, = LR(x;;x,) = V(GP(15,3)) — {x4, 14}, LR;, = LR(x,x13) = V(GP(15,3)) — {x5, 5},
LR; = LR(x;3x4) = V(GP(15,3)) — {xs, ys}, LRy = LR(xu,x15) = V(GP(15,3)) — {x7, »7},
LRs = LR(x,5x,) = V(GP(15,3)) — {x;, 5}, LR,s = LR(x,y,) = V(GP(15,3)),
LR,; = LR(xyy,) = V(GP(15,3)), LRy = LR(x;y;) = V(GP(15,3)),
LR,y = LR(x,y,) = V(GP(15,3)), LR,y = LR(xs5y5) = V(GP(15,3)),
LR, = LR(xsys) = V(GP(15,3)), LR,, = LR(x;y;) = V(GP(15,3)),
LR,; = LR(x3y5) = V(GP(15,3)), LRy, = LR(xyys) = V(GP(15,3)),
LR, = LR(x,0y10) = V(GP(15,3)), LR,y = LR(x,1y11) = V(GP(15,3)),
LR,; = LR(x;yy1,) = V(GP(15,3)), LRy = LR(x13)13) = V(GP(15, 3)),
LRy, = LR(x14y14) = V(GP(15,3)), LRy = LR(x5)15) = V(GP(15,3)),
LR(yys) = V(GP(5,3)) — {xo, X10, X11, V9, V10, Y} = LR(ey),
LR(y,ys) = V(GP(15,3)) = {X10, X1, X125 Y105 Y1, Via} = LR(es),
LR(ysy6) = V(GP(15,3)) — {X11, X12, Xi3, Y115 V12, Vis} = LR(es),
LR(ysy:) = V(GP(15,3)) = {X12, X13, X145 Y125 V13, Via} = LR(es),
LR(ysys) = V(GP(15,3)) = {X13, X1, X15, V135 Via» Y15} = LR(es),
LR(ysys) = V(GP(5,3)) — {x14, X15, X1, Y14, V15, 11} = LR(es),
LR(y:y10) = V(GP(15,3)) — {x15, X1, X2, Y15, V1, 12} = LR(ey),
LR(ysyn) = V(GP(15,3)) — {x1, X2, X3, 11, 12, 3} = LR(ey),
LR(ysyi) = V(GP(15,3)) — {x2, X3, X4, 12, V3, s} = LR(ey),
LR(yoyis) = V(GP(15,3)) — {x3, X4, X5, V3, Vas ¥s} = LR(ey),
LR(yuy) = V(GP(15,3)) — {x4, X5, X6, V4, Vs, Vs} = LR(en),
LR(yiuyis) = V(GP(15,3)) — {xs, X6, X7, Vs, Ve, Y1} = LR(er),
LR(yisy) = V(GP(15,3)) — {Xs, X7, X5, V6, V7, s} = LR(en3),
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LR(yuy,) = V(GP(15,3)) — {x7, X5, X9, 7, Vs, Vo} = LR(eys),
LR(yisy;) = V(GP(15,3)) — {x5, Xo, X195 Vs, Vo, Vio} = LR(eys).

15
For1 <m < 30and 1 <, < 15LRN are |[LR(¢)| = 24 < |LR,|. Furthermore, ULR (¢,) =
. o .

V (GP(15,3)), |ﬁleR (¢) | =30and |LRmﬂGlLR (¢) 1> ILR (¢) | = 24. Moreover, 1 < < 15, LR(e))
j= Jj=
are pairwise nonempty. There exist a minimal LRF vy : V(GP(15,3)) — [0, 1]is defined as ¢ (y) = 5;
foreach y _ILjILR (¢,) and ¥ () = 0 for the vertices of GP(15, 3) which are not in QLR (¢). Therefore,
j= j=
30
by Theorem 1, dim, (GP (15,3)) < >3 = 1. Since |V(GP(15,3))| = y = 30, then by Theorem 3

20
j=1

we have 2 < dim, (GP (15,3)) implies 1 < dim,;(GP(15,3)). As GP(15,3) is not bipartite network

30 — =

therefore, 1 < dim, (GP (15,3)) < 1.
Case3: Forl <i<mn,1 <j<mnandn > 19, LR(¢;)) = LR(Yy:i13), LR(x;x;11), LR(x,;). By
Lemmas 1, 2, we have (i) |[LR(x,x;)|, LR (xy,) = |LR (¢)) | =2n—6 = o, (ii) |LR (x;x,1,1) N CJILR (e) 1,
P

|LR (x;y)N CJ}LR (ef) | > |LR (ej) | and QILR (ej) = 2n = B. The intersection of LRS having minimum
j= Jj=

cardinality is not empty. Therefore, there exist a mimimal local resolving ¢’ : V(GP(n,3)) — [0, 1]

such that |¢'| < ||, where the minimal LRF ¢ : V(GP(n,3)) — [0,1] is defined as ¢ (v) =

{éfor v ejL:JlLR (ej)}.

B
Therefore, by Theorem 1, dimy, (GP (n,3)) < >+ = 2. Since |V(GP(n,3))| = y = 2n, then

=1
by Theorem 3 we have 2 < dim, (GP (n, 3)) implies 1 < dim,(GP(n,3)). As GP(n, 3) is not bipartite

2

network therefore, 1 < dim, (GP (n,3)) < 2~

— 26"

Lemma 3: Let GP(n, 3) be Generalized Petersen network for, n = 3(mod 6) and n > 11. Then, for
l<i<n-31c¢< J =< nlLR(ej)| = |LR(5’;‘ = Yyl = 2n—6 = [LR(Y, oy = |[LR(yY,_1y2)| =

|LR(»,y5)|. Moreover, jL:JlLR (¢)={x,:1<p=<nju{y,:1<qg=<n}and |jL:Jl LR (e)| = o = 2n.

Proof: For, n > 11 and n = 3(mod 6) the local resolving neighborhood of generalized Petersen
network GP(n,3),for1 <i<n—-3,1<j<n,p# =, w5 10 g4 w3 nb w3

2° 202 2° 2° 2° 2
% 1<p=n
LR()’:‘)’M)—[ i l<g<n
with |LR(e)| = 2n — 6 and L"JLR(e,-) = {x,:1<p=n} U {y,:1=<qg=<n} and we have

J=1

',—31 LR (e)| =2n.

Lemma 4: Let GP(n, 3) be generalized Petersen network with n = 3(mod 6) and n > 11, then, for
l<i<nl<j<n

(@) |[LR(e)| < |LR(x;x;,)| and [LR (x;x;1) N (jLnJILR (ej) | > |LR (e/') [,
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(b) ILR(e)| < |LR(x;y)| and |LR (x;;) N (,HILR (ej) | > |LR (ef) [,

n+3
2

Proof: (a) The local resolving neighborhood for 1 <i<n,1 <j<n,p,q #

l<p=n

l<g=<n

LR (xpxu) =17
"

q -+

with |[LR(x;x;,,)| = 2n — 2 > 2n — 6 = |LR(e))|, Therefore, [LR (x;x;,;) N (_LnJlLRej) | =2n—2 >
J=
ILR (¢)) |
(b) The local resolving neighborhood for1 <i<n,1 <j <n,

X,

,. 1 <p<n

q - l<g=<n

LR (x;y;) = [

with [LR(x;y,)| = 2n > 2n — 6 = |LR(e;)|, Therefore, |LR (x;y;) N (lnlLRe_,) | =2n>|LR(e)|.
P

Theorem 6: Let GP(n, 3)n = 5(mod 6) be a generalized Petersen network, where |V (GP(n,2))| =
2nand n > 11. Then, 1 < dim;, (GP (n, 3)) < =

2n—6"
Proof:
The LRNs of GP(n, 3) for n = 11 are given by:

LR, = LR(x,x,) = V(GP(11,3)) — {x7,:}, LR, = LR(x,x;) = V(GP(11,3)) — {xs, s},
LR; = LR(x3x,) = V(GP(11,3)) — {x9, yo}, LRy = LR(x,x5) = V(GP(11,3)) — {x10, Y10}
LRs = LR(x5xs) = V(GP(11,3)) — {x11,yn}, LRs = LR(x¢x;) = V(GP(11,3)) — {x1, 1},
LR; = LR(x;xg5) = V(GP(11,3)) — {x3, 2}, LRy = LR(x3x9) = V(GP(11,3)) — {x3, 13},
LRy = LR(x9x,0) = V(GP(11,3)) — {x4, 4}, LR\y = LR(x)0x1;,) = V(GP(11,3)) — {x5, 5},
LR, = LR(x;,x)) = V(GP(11,3)) — {xs, ¥s}, LR, = LR(x,y,) = V(GP(11,3)),

LR; = LR(x,y,) = V(GP(11,3)), LR\, = LR(x;y;) = V(GP(11,3)),

LR;s = LR(x,y,) = V(GP(11,3)), LR,s = LR(x5y5) = V(GP(11,3)),

LR;; = LR(x¢ys) = V(GP(11,3)), LRy = LR(x,y;) = V(GP(11,3)),

LR,y = LR(xgy5) = V(GP(11,3)), LRy, = LR(xyy9) = V(GP(11,3)),

LR, = LR(xyyy,0) = V(GP(11,3)), LR,, = LR(x,,y,;) = V(GP(11,3)),

LR(y1ys) = V(GP(11,3)) — {xe, X5, X10, 12, V3, s} = LR(ey),

LR(y2ys) = V(GP(11,3)) — {x7, X0, X11, V3, Var Yo} = LR(es),

LR(ysys) = V(GP(11,3)) — {xg, X10, X1, Vs, Vs, 1o} = LR(es),

LR(yay7) = V(GP(11,3)) — {xo, X11, X2, V5, Vs, Y} = LR(es),
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LR(ysys) = V(GP(11,3)) — {x10, %1, X35, Y6, V1, )1} = LR(es),
LR(ysys) = V(GP(11,3)) — {x11, X2, X, Y7, Vs, 2} = LR(es),
LR(y1y10) = V(GP(11,3)) — {x1, x3, X5, Y5, Vo, 3} = LR(er),
LR(ysyn) = V(GP(11,3)) — {x2, x4, X, Y5, V10, Ya} = LR(es),
LR(yoy1) = V(GP(11,3)) — {x3, X5, X7, Y10, Y11, ¥s} = LR(es),
LR(ywy,) = V(GP(11,3)) — {x4, X6, X5, Y11, 15 Vs} = LR(eyo),
LR(y,y;) = V(GP(11,3)) — {x5, X7, X9, V1, V2, y7} = LR(ey)).

For1 <m <22and 1 <j < 11 LRN are |LR(¢;)| = 16 < |LR,|. Furthermore, QLR (¢) =
=
11 11
V(GP(11,2)), | u LR(e)| =22 and |[LR, N UlLR (¢)| = ILR(e;) | = 16. Moreover, 1 < j < 11,
Jj= j=

LR(e)) are pairwise nonempty. There exist a minimal LRF ¢ : V(GP(14,2)) — [0, 1] is defined as
¥ (y) = +foreachy € _ILIJ]LR (¢;) and ¥ (y) = 0 for the vertices of GP(11, 3) which are not in _L]leR (¢).
j= =

22

Therefore, by Theorem 1, dim, (GP(11,3)) < > - = &. Since |V(GP(11,3))| = y = 22, then by

16
j=1

Theorem 3 we have 2 < dim, (GP (11, 3)) implies 1 < dim,;(GP(11,3)). As GP(11,3) is not bipartite

22 —

network therefore, 1 < dim, (GP (11,3)) < Z.

8

Case 2: The LRNs of GP(n, 3) for n = 17 are given by:
LR, = LR(x,x;) = V(GP(17,3)) — {x10, V10}» LR, = LR(x,x3) = V(GP(17,3)) — {x11, Y11},
LR; = LR(x3x,) = V(GP(17,3)) — {x12, y12}, LRy = LR(xyx5) = V(GP(17,3)) — {x13, yi3},
LRs; = LR(xs5xs) = V(GP(17,3)) — {x14, Yia}s LRs = LR(xsx;) = V(GP(17,3)) — {x15, Vis},
LR, = LR(x;x3) = V(GP(17,3)) — {x15, V16}» LRs = LR(x3x9) = V(GP(17,3)) — {x17, Y17},
LRy = LR(x9x,0) = V(GP(17,3)) — {x1, i}, LR,y = LR(x,0x1;) = V(GP(17,3)) — {x3, 11},
LR,, = LR(x;,x,) = V(GP(17,3)) — {x3, 13}, LR;, = LR(x;,x13) = V(GP(17,3)) — {x4, 4},
LR,; = LR(x;3x,4) = V(GP(17,3)) — {x5, 5}, LRy = LR(x,x;5) = V(GP(17,3)) — {Xs, Vs},
LRs = LR(x)5x6) = V(GP(17,3)) — {x7, 7}, LR;s = LR(x)5x,;) = V(GP(17,3)) — {35, ¥s},
LR,; = LR(x;x,) = V(GP(17,3)) — {x9, 1o}, LR;s = LR(x,y,) = V(GP(17,3)),
LR,y = LR(x,y,) = V(GP(17,3)), LRy = LR(x;3y;) = V(GP(17,3)),
LR, = LR(x,y,) = V(GP(17,3)), LRy, = LR(x5y5) = V(GP(17,3)),
LRy; = LR(xsys) = V(GP(17,3)), LRy, = LR(x;y,) = V(GP(17,3)),
LRys = LR(xgy5) = V(GP(17,3)), LRy = LR(x0y9) = V(GP(17,3)),
LRy, = LR(x,0y10) = V(GP(17,3)), LRy = LR(x,,y,,) = V(GP(17,3)),
LRy = LR(x,,y1,) = V(GP(17,3)), LRy, = LR(x13y13) = V(GP(17,3)),
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LRy, = LR(x,,y14) = V(GP(17,3)), LRy, = LR(x;5y:5) = V(GP(17,3)),
LRy; = LR(x,5y16) = V(GP(17,3)), LRyy = LR(x}7y17) = V(GP(17,3)),
LR(yys) = V(GP(7,3)) — {xo, X11, X13, o> Y11, V1s} = LR(ey),

LR(yys) = V(GP(7,3)) — {x10, X12, X14, Y7, V12, Yir} = LR(e),

LR(ysys) = V(GP(7,3)) — {x11, X135, X15, s, Vi3, 11} = LR(ey),

LR(ysy7) = V(GP(7,3)) — {x12, X14, X165 Yo, Y14, 2} = LR(es),

LR(ysys) = V(GP(7,3)) — {x13, X15, X17, Y10, V15, ¥} = LR(es),

LR(ysys) = V(GP(7,3)) — {x14, X16, X1, Y11, V16> Va} = LR(es),

LR(y1y10) = V(GP(17,3)) — {X15, X17, X2, Y12, 17, ¥s} = LR(e7),

LR(ysyn) = V(GP(17,3)) — {xi6, X1, X3, V13, V1, Yo} = LR(es),

LR(yoyi) = V(GP(17,3)) — {X17, X2, X4, Y14, ¥2, ¥} = LR(ev),

LR(ywyis) = V(GP(17,3)) — {x1, X3, X5, Y15, V3, s} = LR(en),

LR(yuyis) = V(GP(17,3)) = {x2, X4, X6, V16, Vs, o} = LR(en),

LR(yiyis) = V(GP(17,3)) = {x3, X5, X7, Y17, ¥s, Yo} = LR(en),
LR(yiy16) = V(GP(17,3)) = {x4, X¢, X3, V1, Ve, Yu} = LR(ey),

LR(yuyn) = V(GP(17,3)) = {x5, X7, X9, 2, y7, 12} = LR(enn),

LR(yisy)) = V(GP(17,3)) = {xs, X5, X10, 3, Vs, Y13} = LR(ess),

LR(y1y>) = V(GP(17,3)) = {x7, X0, X11, s> Vo, V1s} = LR(ese),

LR(yys) = V(GP(17,3)) — {X5, X10, X12, Vs, V10> Vis} = LR(ey7).

For1 <m < 34and1 <j < 17 LRN are |LR(e;)| = 28 < |LR,,|. Furthermore, _ILSILR (¢) =
P
V(GP(17,3)), | _ILJILR (¢)| = 34 and [LR, N _GlLR (¢)| = ILR () | = 28. Moreover, 1 < j < 17,
J= J=

LR(e;) are pairwise nonempty. There exist a minimal LRF ¢ : V(GP(17,3)) — [0, 1] is defined as
¥ (y) = 5 foreachy e QLR (¢;) and ¥ (y) = 0 for the vertices of GP(17, 3) which are not in GlLR (¢).
J= J=

34

Therefore, by Theorem 1, dimy, (GP (17,3)) <> 5. =

14°
=1
. 17
dlm_,,» (GP(17, 3)) < ﬁ

Case3: Forl <i<mn,1 <j<mnandn > 23, LR(¢;)) = LR(:y:i13), LR(x;x:1,), LR(x,;). By
Lemmas 3, 4, we have (i) |LR(x;x;1)|, LR(x;y;)) > |LR(e)| = 2n—6 = a, (ii) [LR (x;X;1;) N ULR (e) 1.
Jj=1

|LR (x;y;)N LnJlLR (e,-) | > |LR (ej) | and ULR (e,-) = 2n = B. The intersection of LRS having minimum
= : j=1 :
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cardinality is not empty. Therefore, there exist a mimimal local resolving ¥’ : V(GP(n,3)) — [0, 1]
such that |¢'| < ||, where the minimal LRF ¢ : V(GP(n,3)) — [0,1] is defined as ¢ (v) =

[lfor Ve QLR(Q,)].

Therefore, by Theorem 1, dim;; (GP (n,3)) < Zl = ;2. Since |V (GP(n,3))| = y = 2n, then
by Theorem 3 we have 3 2 < dimy (GP (n, 3)) 1mphes 1 < dzm,,»(GP(n 3)). As GP(n,3) is not bipartite
network therefore, 1 < dzm,f (GP (n,3)) < 7.

Lemma 5: Let GP(n, 3) be Generalized Petersen network for, n = 1(mod 6) and n > 13. Then, for
l <i<n-=3,1<j<n|LR()| = |LR(¢; = yyis)l =2n—6 = ILR(Vn 2Vl = [LRy,1p2)| =

ILR(»,p,)|. Moreover, ‘/_L:JlLR (e)={x,:1<p<nfu{y,:1<g<n}and] u LR(¢)| =a =2n.

Proof: For, n > 13 and n = 3(mod 6) the local resolving nelghborhood of generalized Petersen
network GP(n,3),for1 <i<n—3,1<j<n,p#£ "3 w5t g4 3 nb i

22 22 2° 2’2’ 2
X l<p<n
LR(yinS)_[q. l<g<n
with |LR(e)| = 2n — 6 and UILR() = {x,:1=<p=n} U{y,:1=<qg=<n} and we have
J=
|ULR()|—2n

Lemma 6: Let GP(n, 3) be generalized Petersen network with n = 3(mod 6) and n > 13, then, for
1<i<n,1<j<n.(a)|LR(e)| < |LR(x;x;.,)| and |LR (x;x;;) N (ULR( )= I|LR(e) |,

(mILR@m<dLRuwmamﬂLR(n%NW(ULR()|>|LR()I

n+3

Proof: (a) The local resolving neighborhood for I <i<n,1 <j<n,p,q # %>

x,: 1<p<n
LRuwm)=I1. 1<§<n

q —= =

with |LR(x;x,,,1)] = 2n — 2 > 2n — 6 = |LR(e;)|, Therefore, |LR (x,x;,,) N (ijJlLRe_,-) | =2n—2 >
ILR (e)) |.

(b) The local resolving neighborhood for1 <i<n,1 <j<n,
x,: 1<p=<n

LR(xiy,-):[‘ l<q<n

q -

with |LR(x,y,)| = 2n > 2n — 6 = |LR(e,)|, Therefore, |[LR (x;y,) N (_LMJILRe/) | =2n> |LR(e) |.
-

Theorem 6: Let GP(n,3) with n = 3(mod6) be a generalized Petersen network, where
|V(GP(n,3))| =2nand n > 13. Then, 1 < dim, (GP (n,3)) < 2=

— 2n-6"
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Proof:
The LRNs of GP(n, 3) for n = 13 are given by:

LR, = LR(x,x;) = V(GP(13,3)) — {xs, 5}, LR, = LR(x,x;) = V(GP(13,3)) — {xo, o},
LR; = LR(x3x,) = V(GP(13,3)) — {x10, 10}, LRy = LR(xyx5) = V(GP(13,3)) — {x11, 1},
LRs; = LR(xs5xs) = V(GP(13,3)) — {x12, y12}, LRs = LR(xx;) = V(GP(13,3)) — {x13, y13},
LR; = LR(x;x3) = V(GP(13,3)) — {x1,1}, LRy = LR(x3x9) = V(GP(13,3)) — {x2, 12},
LRy = LR(x9x,0) = V(GP(13,3)) — {x3, 13}, LRy = LR(xy0x1;,) = V(GP(13,3)) — {x4, y4},
LR, = LR(x;,x,) = V(GP(13,3)) — {x5, 5}, LR;, = LR(x,x13) = V(GP(13,3)) — {x4, Vs},
LR,; = LR(x;3x,) = V(GP(13,3)) — {x7,y7}, LRy = LR(x,y,) = V(GP(13,3)),

LRs = LR(x,y,) = V(GP(13,3)), LRy = LR(x;3y;) = V(GP(13,3)),

LR,; = LR(x,y,) = V(GP(13,3)), LRy = LR(x5y5) = V(GP(13,3)),

LR,y = LR(xsys) = V(GP(13,3)), LRy = LR(x;y,) = V(GP(13,3)),

LR, = LR(xgy5) = V(GP(13,3)), LRy, = LR(x9y9) = V(GP(13,3)),

LRy; = LR(x,0y10) = V(GP(13,3)), LR,y = LR(x,,y,,) = V(GP(13,3)),

LRys = LR(x,y1,) = V(GP(13,3)), LRy = LR(x;13) = V(GP(13,3)),

LR(yys) = V(GP(13,3)) — {xs, Xo, X10, Vs, 9, 13} = LR(e)),

LR(y,ys) = V(GP(13,3)) — {x9, X10, X11, Ve, Y10, )1} = LR(e2),

LR(y:ys) = V(GP(13,3)) — {X10, X1, X12, V7, V11, 2} = LR(es),

LR(y.y7) = V(GP(13,3)) — {x11, X12, X13, Vs, V12, 3} = LR(es),

LR(ysys) = V(GP(13,3)) — {x15, X13, X1, V9, V13, Va} = LR(es),

LR(ysys) = V(GP(13,3)) — {x15, X1, X2, Y10, V15 ¥s} = LR(ey),

LR(y7y10) = V(GP(13,3)) = {x1, X2, X3, Y11, V2, Y} = LR(ey),

LR(ysyn) = V(GP(13,3)) = {x5, X3, X4, Y12, V3, 1} = LR(ey),

LR(yoyin) = V(GP(13,3)) — {x3, X4, X5, Y13, Va, Y3} = LR(ey),

LR(ywyis) = V(GP(13,3)) — {x4, X5, X6, 11, V5, Yo} = LR(ey),

LR(yuy) = V(GP(13,3)) — {xs, X6, X7, V2, Vs, Vio} = LR(en),

LR(yuy,) = V(GP(13,3)) — {Xs, X7, X3, 3, 7, Yu} = LR(en),

LR(yi;y;) = V(GP(13,3)) — {x7, X3, Xo, V4, Vs, Y12} = LR(ey3).

For1 <m < 26and 1 <j < 13 LRN are |LR(¢;)| = 20 < |LR,|. Furthermore, _lkj]LR () =
P

V (GP(13,3)), | BILR ()| = 26 and |LR, N _BILR (¢)1 = ILR(e)| = 20. Moreover, | < j < 13,
Jj= Jj=
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LR(e;) are pairwise nonempty. There exist a minimal LRF ¢ : V(GP(13,2)) — [0, 1] is defined as
¥ (y) = 5 foreachy € ULR (¢;) and ¥ () = 0 for the vertices of GP(13, 3) which are not in LlleR (¢).
j=1 =

26

Therefore, by Theorem 1, dim;, (GP (13,3)) < >’ 5 = 2. Since |V(GP(13,3))| = y = 26, then by
j=1

Theorem 3 we have % < dim, (GP (13, 3)) implies 1 < dim,(GP(13,3)). As GP(13,3) is not bipartite
network, therefore, 1 < dim;, (GP (13, 3)) < %

Case 2: The LRNs of GP(n, 3) for n = 19 are given by:
LR, = LR(x,x;) = V(GP(19,3)) — {x11,y11}, LR, = LR(x,x;5) = V(GP(19,3)) — {x12, yia},
LR; = LR(x3x,) = V(GP(19,3)) — {x13, 13}, LRy = LR(xyx5) = V(GP(19,3)) — {xX14, Via},
LRs; = LR(xs5x5) = V(GP(19,3)) — {x15, 15}, LRs = LR(xsx;) = V(GP(19,3)) — {x16, Vis}s
LR, = LR(x;x3) = V(GP(19,3)) — {x17, 17}, LRy = LR(x3x9) = V(GP(19,3)) — {x15, Vis},
LRy = LR(x9x,0) = V(GP(19,3)) — {x19, 1o}, LR)y = LR(x}0x1;) = V(GP(19,3)) — {x1, 11},
LR,, = LR(x;;x,) = V(GP(19,3)) — {x5, .}, LR;, = LR(x,x13) = V(GP(19,3)) — {x3, 13},
LR,; = LR(x;3x,4) = V(GP(19,3)) — {x4, 4}, LR,y = LR(x,x;5) = V(GP(19,3)) — {x5, ys},
LRs = LR(x)5x6) = V(GP(19,3)) — {xs, s}, LRis = LR(x16x17) = V(GP(19,3)) — {x7, »7},
LR,; = LR(x;;x;5) = V(GP(19,3)) — {x3, 5}, LR;s = LR(x3x10) = V(GP(19,3)) — {xo, ¥o},
LR,y = LR(x0x,) = V(GP(19,3)) — {x10, Y10},
LRy, = LR(x,y)) = V(GP(19,3)),
LR, = LR(x,y,) = V(GP(19,3)), LRy, = LR(x3y;) = V(GP(19,3)),
LRy; = LR(x,y,) = V(GP(19,3)), LRy, = LR(x5y5) = V(GP(19,3)),
LRys = LR(xsys) = V(GP(19,3)), LRy = LR(x;y,) = V(GP(19,3)),
LRy, = LR(xgy5) = V(GP(19,3)), LRy = LR(xy)9) = V(GP(19,3)),
LRy = LR(x,0y10) = V(GP(19,3)), LRy, = LR(x,,y,,) = V(GP(19,3)),
LR;; = LR(x,,y1,) = V(GP(19,3)), LRy, = LR(x1313) = V(GP(19,3)),
LRy; = LR(x,y14) = V(GP(19,3)), LRyy = LR(x,5:5) = V(GP(19,3)),
LR;s = LR(x,6y16) = V(GP(19,3)), LRys = LR(x,7,y,7) = V(GP(19,3)),
LRy, = LR(x3y15) = V(GP(19,3)), LRy = LR(x10y19) = V(GP(19,3)),
LR(yys) = V(GP(19,3)) — {x11, X12, X13, Vs, V12, Y16} = LR(e1),
LR(y»ys) = V(GP(19,3)) — {x12, X13, X14, ¥9, Y13, Yir} = LR(es),
LR(ysys) = V(GP(19,3)) — {x13, X4, X15, V10, V14, Vis} = LR(es),
LR(ysy;) = V(GP(19,3)) — {x1, X15, X16, V115 V15, Vio} = LR(ew),
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LR(ysys) = V(GP(19,3)) — {x15, X15, X17, Y12, V15, )1} = LR(es),
LR(ysys) = V(GP(19,3)) — {x15, X17, X13, Y13, V17, 2} = LR(e),
LR(y1y10) = V(GP(19,3)) — {x17, X15, X19, V1, V13, 3} = LR(er),
LR(ysyn) = V(GP(19,3)) — {x15, X19, X1, Y15, V10, Va} = LR(es),
LR(yoy1) = V(GP(19,3)) — {x15, X1, X2, V16, V1, ¥s} = LR(ev),
LR(ywyis) = V(GP(19,3)) — {x1, X2, X3, 17, 12, s} = LR(eno),
LR(yuyis) = V(GP(19,3)) = {x2, X3, X4, Y15, V5, ¥} = LR(en),
LR(yinyis) = V(GP(19,3)) — {x3, X4, X5, Y19, Vs, s} = LR(enn),
LR(yiy16) = V(GP(19,3)) — {x4, X5, X6, V1, Vs, ¥o} = LR(ey3),
LR(yuyn) = V(GP(19,3)) — {xs5, X¢, X1, V2, Vo Y10} = LR(ewn),
LR(yisyis) = V(GP(19,3)) — {x6, X7, X5, V3, y7, yu} = LR(ers),
LR(yisy19) = V(GP(19,3)) — {x7, X5, Xo, V4, Vs, Y12} = LR(eys),
LR(yizy)) = V(GP(19,3)) — {xX5, X0, X10, Vs, 9, Y1z} = LR(eny),
LR(yi5y,) = V(GP(19,3)) — {Xo, X10, X11, ¥s, Y10, Y} = LR(ens),
LR(yy;) = V(GP(19,3)) — {x10, X11, X12, V7, V115 Y15} = LR(ey).

19
For1 <m < 38and 1 <j < 19 LRN are [LR(e;)| = 32 < |LR,|. Furthermore, HLR (e_,-) =
=

V (GP(19,3)), | le LR(e)| = 38 and |LR, N _LlleR ()1 = ILR(¢)| = 32. Moreover, 1 < < 19,
j= Jj=
LR(e;) are pairwise nonempty. There exist a minimal LRF ¢ : V(GP(19,3)) — [0, 1] is defined as
¥ (») = 5 foreachy € BILR (¢;) and ¥ (y) = 0 for the vertices of GP(19, 3) which are not in BILR (¢).
Jj= =

38
Therefore, by Theorem 1, dim;, (GP (19,3)) < 1= % Since |V(GP(19,3))| = y = 38, then by

20
j=1

Theorem 3 we have % < dimy (GP (19, 3)) implies 1 < dim,(GP(19,3)). As GP(19,3) is not bipartite
network therefore, 1 < dim;, (GP (19,3)) < .

Case3: Forl <i <n, 1 <j<mnandn > 25, LR(¢;)) = LR(Y,y:3), LR(x;x:,,), LR(x;y;). By
Lemma 5, 6, we have (i) |[LR(x;x;.1)|, LR(x;p;) > |LR(e;)| = 2n — 6 = a, (i) |LR (x;x;.1) N _LnJlLR ()1,

J=
|LR (x,3,) N _LnJlLR (¢) 1= ILR () | and CJILR (¢;) = 2n = B. The intersection of LRS having minimum
Jj= j=

cardinality is not empty. Therefore, there exist a mimimal local resolving ¥’ : V(GP(n,3)) — [0, 1]
such that |y'| < ||, where the minimal LRF ¢ : V(GP(n,3)) — [0,1] is defined as ¢ (v) =

[éfor ve :UlLR (e,-)}.
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B

Therefore, by Theorem 1, dim;, (GP (n,3)) < Zi = ;2. Since |V (GP(n,3))| = y = 2n, then
by Theorem 3 we have 2” < dimy (GP (n, 3)) 1mplie§ 1 < lm,,»(GP(n, 3)). As GP(n, 3) is not bipartite
network therefore, 1 < dim;, (GP (n,3)) < 2" .

Theorem 7. The LFMD of generalized Petersen network GP(n, 3) forn > 8 and n = 0(mod 2) is 1.

Proof: As generalized Petersen network G P(n, 3) for n > 8 and n = 0(mod 2) is bipartite network.
Therefore, by Theorem 2 we have dim,(GP(n, 3)) = 1.

Table 1: Upper and lower bounds of LEFMD of generalized petersen G P(n, 3) network for,n =7,n > 9
for n = 3(mod 6), n > 11 for n = 5(mod 6), and n > 13 for n = 1(mod 6)

GP(n,3) Upper bounds of LFMD Lower bounds of LFMD
n=1 z
n>9 S 1
n Z 11 2526 1
n>13 2 1

Table 2: Limiting values of LFMD of generalized petersen GP(n, 3) network for, n > 9 for n =
3(mod 6),n > 11 for n = 5(mod 6), and n > 13 for n = 1(mod 6)

GP(n,3) Limiting values of upper bound of LFMD Comment
n>9 2)1 - = =1 Bounded
n>11 i;rii.c =1 Bounded
n>13 ;TI; =1 Bounded

n—00 2"_

4 Discussion and Conclusion

In this paper, we have investigated the LFMD generalized Petersen network GP(n, 3) forn > 7
with the exact value of lower and upper bounds. We have also checked the bounded and unbounded
behavior of networks and found that for n > 8 and n = 0(@nod 2)GP(n,3) is bipartite Network
having LFMD is 1. The details of computed values of LFMD are given in Tables | and 2. Even
before the aforementioned tables, we illustrate Theorem 5 with the help of a example finding LFMD
for the generalized Petersen graph with n = 9. By Fig. Ib and Theorem 5 (Case A), it can be
observed that the LRN sets of thee edges y14, Va¥s, ViVe» VaV7, VsVss V1Vs» YsVa, Voy; have the cardinality
of 12 which is minimum among all the other LRNs. Moreover, the union of these LRNs is equal
to the order of GP(n,3). The cardinality of the other LRNs with the intersection of this union
is larger or equal to 12. By Theorem 1, dim,GP (9,3) < % = % In addition, the cardinality of
LRNs with maximum cardinality is 18 consequently by Theorem 3, dim,GP (9, 3) > % = 1. Therefore,
1 < dimyGP (9,3) < 3.
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