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Abstract: Research on the lateral vibrational stability of footbridges has attracted increasing attention in recent years. However, this stability contains a series of complex mechanisms, such as nonlinear vibration, random excitation, and random stability. The Lyapunov method is regarded as an effective tool for analyzing random vibrational stability; however, it is a qualitative method and can only provide a binary judgment for stability. This study proposes a new method, IEVIE–SA, which combines the energy method based on the comparison between the input energy and the variation of intrinsic energy (IEVIE) and the stochastic averaging (SA) method. The improved Nakamura model was used to describe the lateral nonlinear stochastic vibration of a footbridge, whereby the IEVIE method was used to establish the criteria for judging the lateral vibrational stability. Additionally, the SA method was used to deduce the corresponding backward Kolmogorov equation. Subsequently, the backward Kolmogorov equation was combined with the stability criterion established by the IEVIE method to analyze the first passage stability. The proposed method is a semi-analytical, quantitative method that only requires a small calculation. By applying the proposed method to the Millennium Bridge, method effectiveness was verified by comparing it with the Monte Carlo and traditional Lyapunov methods.

Keywords: Footbridge; vibration; stability; energy; stochastic; reliability



1  Introduction

Research on footbridge vibrations consists of two primary directions: vertical and lateral. During vertical vibration, it is generally believed that pedestrian excitation is rarely affected by bridge vibration, and few phenomena of vertical vibration instability have been observed. Thus, the vertical vibration of a footbridge is often regarded as a linear vibration system [1]. Compared to vertical vibration, the lateral vibration of a footbridge is much more complex. During lateral vibration, it has been shown that pedestrian lateral load depends on the vibration of a bridge, resulting in a nonlinear system [2]. Additionally, the occurrence of lateral vibration instability of a footbridge has been frequently observed. For example, sudden large lateral vibrations have been observed on the Millennium Bridge [3], the Paris Solferino Bridge [4], and the Singapore Changi Airport Bridge [5,6]. In addition to the characteristics of nonlinear vibration, lateral vibration of a footbridge is a stochastic process, and pedestrian excitation is a narrow-band stochastic process rather than a deterministic periodic process [7,8] because of intra-subject variability.

Thus, the object of this study was essentially a complex system with nonlinear, stochastic vibrational stability. Until now, representative models used to explain the lateral vibration instability of footbridges include the Dallard et al. [3], Nakamura et al. [9], Piccardo et al. [10], Ingólfsson et al. [11], and inverted pendulum models [12]. The Dallard and Nakamura models belong to the velocity-dependent, nonlinear model class. In this kind of model, the velocity-dependent part can be regarded as virtual negative damping to the bridge. When the virtual negative damping exceeds the structural damping, the vibration will lose stability. The Piccardo model involves parametric resonance, in which the dynamic equation can be transformed to the classical Matthew parametric equation with stability condition. The Ingólfsson model primarily focuses on the self-excited loads consisting of an acceleration-proportional component and a velocity-proportional component. The velocity-proportional component can be regarded as virtual damping. Like the velocity-dependent model, when the total damping is negative, the stability will lose. Unlike the general models, the Macdonald model (also known as the inverted pendulum model) requires that pedestrians rely on adjusting step position rather than step frequency to maintain their own comfort and balance. This includes an intricate implication: synchronization is not a prerequisite for large lateral vibration. Regardless, whether the walking frequency is close to the bridge frequency or not, pedestrians always yield self-excited loads. The stability condition can be obtained by considering the component in phase with velocity as a virtual damping. The Ingólfsson and Macdonald models have been used for random vibration analysis. However, the random analysis method that they use is a numerical simulation, i.e., Monte Carlo (MC) method, which needs massive calculations. Ingólfsson et al. [13] determined whether the acceleration exceeded a certain limit as the basis for judging instability, and calculated the probability of instability by the MC method. Using real statistics of the British population, Bocian et al. [14] obtained the statistical distribution of the pedestrian parameters (e.g., gait length, step frequency, and body weight) used in the inverted pendulum model. In Bocian’s model, a lateral stability analysis of a footbridge in terms of probability was conducted, but the randomness of pedestrian excitation was not reflected through the stochastic process. In recent years, the authors [15,16] used the Lyapunov method based on the maximum Lyapunov exponent to judge whether the lateral vibration of the footbridge was stable, which avoided the large number of computations required by the numerical simulation method.

Structural stability analysis has experienced a history of static to dynamic stability [17,18]. During the Euler time, static stability meant that the structure would not deviate from the initial equilibrium position under micro-disturbances, even if the critical load was reached. The Lyapunov theory is the representative for dynamic stability, which defined dynamic stability from the view of whether the trajectory of the dynamic system in the state space is sensitive to the initial disturbance [17,19–21]. Both the classical static stability method and the dynamic stability method based on the Lyapunov method are qualitative analysis methods. For random vibrational stability, the Lyapunov-based method still only provides a binary result: stability with probability one (w.p.1) or instability with w.p.1, but not the quantitative probability of stability or instability. On the other hand, the structural stability can be attributed to the input–output equilibrium of energy. Therefore, in the field of stability analysis, there exist energy-based methods such as the Wang Ren energy criterion method [22] and the energy growth exponent method [23]. However, these methods have specific limitations. The Wang Ren energy criterion method can only be used in conservative systems, and the energy growth exponent method can only be used in parametric excitation systems. Recently, Li et al. [24,25] proposed an energy-based method to identify vibrational stability based on the comparison of the input energy and the variation of intrinsic energy (IEVIE). The method can easily be used to establish a criterion for judging stability or instability in each random sample without setting a hypothesis that is as strict as the Lyapunov method.

Inspired by the IEVIE method, this study presents an IEVIE-SA method, combining the IEVIE method and the stochastic averaging (SA) method, by which the quantitative analysis of random vibrational stability was realized. Since the test results from Dallard et al. [3] demonstrated that the pedestrian’s lateral excitation depended on the velocity of the bridge, the improved Nakamura model (a velocity-dependent model) was used to describe the lateral nonlinear stochastic vibration of the footbridge. Additionally, the IEVIE method was used to determine the criteria for judging the stability of the improved Nakamura model. The SA method was used to establish a backward Kolmogorov equation corresponding to the improved Nakamura model. Then, the stability criterion was combined with the Kolmogorov equation to obtain the boundary condition of the first passage stability, whereby stability reliability was realized.

2  Lateral Vibration of Footbridge

2.1 Lateral Pedestrian Excitation

Generally, the lateral load per unit length exerted by pedestrians was defined as

fc(x,t)=mp(x)gd0G(y˙)ρ0H(ωp,ωs)ξ(t),
(1)

where mp(x)=Nmps/L is the distributed mass with N pedestrians (mass mps of single person) on the bridge (L of length), g is the acceleration of gravity, d0 is the dynamic loading factor (a suggested value of 0.04 [11,26,27]), ρ0 is the synchronization coefficient (a suggested value of 0.2 [9,28]), and G(y˙) is the velocity-dependent function describing the interaction between a pedestrian and footbridge vibration responses. In the original Nakamura model, a fractional form, including an absolute value, was used to describe the velocity-dependent function: G=y˙/(k3+|y˙|), which made it inconvenient to conduct an analytical deduction. The authors [15] proposed an improved Nakamura model (IN model) by replacing the fractional form with a polynomial form that could be conveniently used for the following analytical deduction:

G(y˙)=c1y˙−c13y˙3/5.
(2)

The function H is related to frequency detuning between pedestrian lateral walking frequency ωp and bridge frequency ωs. Synchronization of pedestrians is only possible when the frequency detuning is less than a certain small value. This kind of dependency can be simulated by a Gaussian curve.

H(ωp,ωs)=exp⁡[ρh(ωp−ωs)2].
(3)

Owing to intra-subject variability, ξ(t) is a narrow-band process. Ricciardelli et al. [29] used an improved treadmill to test the lateral pedestrian load. On the basis of the test data, they transformed the Fourier spectrum to the power spectrum and fitted the power spectrums using a Gaussian-curve. Although the Gaussian-curve can be used in numerical simulations through discretization, it is inconvenient for an analytical solution. An equivalent conversion method has been previously proposed by the authors [15], in which the original PSD was transformed to a rational form:

ξ(t)=σFhξ¯(t)=σFhcos(ωpt+δB(t)+ϕ),h=2π2πas/2−bs2,δ=2ωpbs/2−bs2,
(4)

where σF is the square root of the area of the PSD around each harmonic, h is the external excitation intensity factor, ξ¯(t) is the stochastic process with unit excitation intensity, ωp is the undisturbed gait frequency, as=0.9 and bs=0.043 are fitting quantities [13], δ is the intensity of disturbance, B(t) is the Weiner process, and Φ denotes the uniformly distributed phase ∈(0,2π). On the basis of the above, the pedestrian excitation can be written as follows:

fc(x,t)=mp(x)gd0(c1y˙−c13y˙35)exp⁡[ρh(ωp−ωs)2]σFhξ¯(t).
(5)

2.2 Equations of the Lateral Vibration of Footbridge

By using the simplest model, the modal vibration equation of the footbridge can be written as follows:

q¨(t)+2ωsζq˙(t)+ωs2q(t)=F(t).
(6)

Here ωs is the bridge frequency, ζ is the modal damping, and F(t) is

F(t)=1Ms∫0Lfc(x,t)φ(x)dx,
(7)

where Ms is the modal mass of the bridge, and φ(x) is the mode shape. On the basis of Eqs. (5) and (7), F(t) can be unfolded as
F(t)=d0ρ0gc1exp[ρh(ωp−ωs)2]hMs[∫0Lmp(x)φ(x)2dx]q˙ξ¯(t)
F(t)=d0ρ0gc1exp[ ρh(ωp−ωs)2 ]hMs[ ∫0Lmp(x)φ(x)2dx ]q˙ξ¯(t)−d0ρ0gc13exp[ ρh(ωp−ωs)2 ]h5Ms[ ∫0Lmp(x)φ(x)4dx ]q˙3ξ¯(t).
(8)

Set

g1=d0ρ0gc1exp⁡[ρh(ωp−ωs)2]hMs[∫0Lmp(x)φ(x)2dx],
(9a)

g2=d0ρ0gc13exp⁡[ρh(ωp−ωs)2]h5Ms[∫0Lmp(x)φ(x)4dx].
(9b)

Then, Eq. (6) can be rewritten as

q¨(t)+2ωsζq˙(t)−g1ξ¯(t)q˙(t)+g2ξ¯(t)q˙(t)3+ωs2q(t)=0.
(10)

3  The Criterion for Judging Vibrational Stability Based on IEVIE

A general structural vibration system can be described as

{ mz¨(t)+f1(z˙,t)+f2(z,t)=p(t)z(t0)=z0z˙(t0)=v0,
(11)

For the system expressed by Eq. (11), the total input energy EI(t) imported into the structure can be written as

EI(t)=∫0tp(t)z˙(t)dt+E0,
(12)

where E0 is the input energy contributed by the initial condition. The instantaneous work, Wext, done by the external force and the accumulated work Wint done by the internal reaction can be expressed as follows:

Wext=Fextz(t),
(13a)

Wint=∫0uFint(z)dz.
(13b)

If the damping and inertial forces are regarded as external forces, then the equivalent external force is expressed as Fext=p(t)−mz¨(t)−f1(z˙,t), and the internal reaction is expressed as Fint(z)=f2(z,t). Importantly, Fext=Fint. Using these, Eqs. (13a) and (13b) can be rewritten as

Wext=[p(t)−mz¨(t)−f1(z˙)]z(t)=f2(z,t)z(t),
(14a)

Wint=∫0zf2(z,t)dz.
(14b)

The total work done by Fext and Fint is

WΔ(t)=Wext−Wint.
(15)

If the thermal energy is ignored, WΔ(t) is essentially the variation of intrinsic energy. In general, it can be assumed that WΔ(t0) = 0, and the absolute value of WΔ(t) is the absolute of the variation of intrinsic energy EΔ(t), which is also called the energy index given by

EΔ(t)=|Wext−Wint|=|f2(z,t)z(t)−∫0zf2(z,t)dz|.
(16)

From previous research [24], based on IEVIE, vibrational stability at time t occurred when the input energy EI(t) was balanced with the variation of intrinsic energy. By contrast, if the input energy was less than the variation of intrinsic energy, there must be other processes for absorbing energy in the system. These processes for absorbing energy could change the system from the original state to a new state (i.e., the state of instability). Therefore, the criterion function for judging vibrational stability is established as

S(t)=EI(t)−EΔ(t).
(17)

When S(t)<0, the vibration is instable; when S(t)>0, the vibration is stable; and S(t)=0 is the limit of stability/instability. Back to Eq. (10) and set the initial condition to q(t0)=qu0 and q˙(t0)=qv0, the input energy E0 in the system of Eq. (10) has the following expression:

EI(t)=0.5ωs2qu02+0.5qv02.
(18)

The expression of EΔ(t) in the system of Eq. (10) can be written as

EΔ(t)=|ωs2q(t)2−∫0qωs2q(t)dq|.
(19)

4  Stability Analysis Based on the IEVIE-SA Method

Li et al. [24] implemented the probabilistic analysis of structural vibrational stability by combining the IEVIE method with the probability density evolution method. However, this method required a large number of calculations. The main calculation can be approximately estimated as, np×TFD. np was the number of discrete representative sample points in the probabilistic space of the probability density evolution method, which can be estimated as 200 in the normal case. TFD was the time of each finite difference calculation. In the finite difference method, the space grids should be divided carefully to satisfy the convergence condition. In the normal case of structural vibration, if the explicit finite difference method with two-order accuracy was used, the conservative estimation of each calculation time was approximately 5 s. Therefore, it was roughly estimated that the completion time for a whole calculation was approximately 1000 s. Obviously, this number of calculations is too large, especially if performing a parameter variety analysis. Thus, a new method, the IEVIE-SA method, that combines the IEVIE and SA methods was proposed in this study. The SA method is a method of combining the stochastic averaging principle [20] with the Fokker–Planck–Kolmogorov Fokker–Planck–Kolmogorov (FPK) equation. After the stochastic averaging operation, the stochastic equations were considerably simplified. In the proposed method, the SA method was used to establish the backward Kolmogorov equation, and the stability criterion built by the energy method was treated as the boundary condition of the first passage reliability whereby dynamic reliability of vibrational stability was realized. The proposed method is a semi-analytical method that can greatly improve computational efficiency because it requires only one finite difference computation.

4.1 Stochastic Averaging Method

First, a conversion on the Eq. (10) was implemented as follows:

{ q=A(t)cosϕq˙=−ωA(t)sinϕϕ=Ψ+θ,
(20)

where dΨ/dt=ω≈ωs. Combining Eqs. (10) and (20) resulted in

A˙=H1(Aq,ϕ,ωpt+Λ)=−sin⁡ϕωs[2ζAωs2sin⁡ϕ−(g1Aωssin⁡ϕ+g2A3ωs3sin3⁡ϕ)cos⁡(ωpt+Λ)],
(21)

θ˙=H2(Aq,ϕ,ωpt+Λ)=−cos⁡ϕAωs[2ζAωs2sin⁡ϕ−(g1Aωssin⁡ϕ+g2A3ωs3sin3⁡ϕ)cos⁡(ωpt+Λ)],
(22)

where Λ=δB(t)+Φ. Using a detuning parameter ε, one has

ωpωs=nm+ε.
(23)

Here n and m are chose to be positive integers. By setting Δ=εΨ−(n/m)θ+Λ, Eq. (23) was rewritten as

ωpt+Λ=nmϕ+Δ.
(24)

By utilizing Itô’s differentiation rule, the Itô equations regarding A and Δ were obtained based on Eqs. (23) and (24)

{ dA=H1(A,ϕ,Δ)dtdΔ=[ (ωpωs−nm)ωs−nmH2(A,ϕ,Δ) ]dt+δdB(t).
(25)

Given that ϕ is a fast variable when compared to A and Δ, an averaging operation of ϕ from 0 to 2π on Eq. (25) was implemented

{ dA=m1(A,Δ)dt=[ ∫02πH1A,ϕ,Δ)dϕ ]dtdΔ=m2(A,Δ)dt+δdB(t)=[ ∫02π[ (ωpωs−nm)ω−nmH2(A,ϕ,Δ) ]dϕ ]dt+δdB(t).
(26)

By considering the case of subharmonic resonance, n/m=2, Eq. (26) was rewritten as

{ dA=m1(A,Δ)dt=(−Aωsζ−g1A4cosΔ−g2A3ωs24cosΔ)dtdΔ=m2(A,Δ)dt+δdB(t)=(ωp−2ωs+g12sinΔ+g2A2ωs24sinΔ)dt+δdB(t).
(27)

4.2 First Passage Reliability of Vibrational Stability

From Eqs. (18) and (19), it was found that S(t) was a slow variable because it belonged to the energy concept, indicating that an averaging method could also be applied to S(t). Therefore, a quasi-periodic averaging operation (i.e., an averaging operation of ϕ from 0 to 2π) was implemented on Eq. (17)

⟨[⋅]⟩=12π∫02π[⋅]dϕ.
(28)

After the averaging operation on Eq. (17), the simplified expression of S(t)>0 was

A(t)<2(ωs2qu02+qv02),0≤t≤T.
(29)

It should be noted that Eq. (28) is actually a deterministic averaging over T (equivalent to averaging over φ), for the purpose to determining a critical value of vibration instability. This randomness has not been eliminated, which can be reflected in A(t) (see Eq.(25)). Eq. (29) denotes a first passage event of A(t) with the boundary Ac=2(ωs2qu02+qv02). On other hand, it can be known that the two-dimensional diffusion process [A(t),Δ(t)] was governed by Eq. (27). Since this study mainly focused on the resonance, the safety domain Ωs of vibrational stability was independent of the phase difference angle Δ, that is to say, Ωs was determined by Ac (i.e., Ωs={A(t)<Ac}). Under the initial conditions of [A0,Δ0], when A(t) first left the area of Ωs, i.e., A(t) approached Ac for the first time, the first passage event occurred. The transition probability density with regard to [A(t),Δ(t)] was noted as p(A(t),Δ(t)∣A0,Δ0), which satisfies the following backward Kolmogorov equation:

∂p∂t0+m1(A0,Δ0)∂p∂A0+m2(A0,Δ0)∂p∂Δ0+δ22∂2p∂Δ02=0.
(30)

The corresponding conditional reliability can be defined as the probability of [A(τ),Δ(τ)]∈Ωs under the given initial condition of [A0,Δ0]

R(t∣A0,Δ0)=Pr{[A(τ),Δ(τ)]∈Ωs,τ∈(0,t]∣[A0,Δ0]∈Ωs}.
(31)

Subsequently, on the basis of Eq. (30), we have

∂R∂t0+m1(A0,Δ0)∂R∂A0+m2(A0,Δ0)∂R∂Δ0+δ22∂2R∂Δ02=0.
(32)

Let τ=t−t0; then, Eq. (32) can be rewritten as

−∂R∂τ+m1(A0,Δ0)∂R∂A0+m2(A0,Δ0)∂R∂Δ0+δ22∂2R∂Δ02=0.
(33)

The initial condition of Eq. (33) is

R(t∣A0,Δ0)=1,[A0,Δ0]∈Ωs.
(34)

The boundary condition of Eq. (33) with regard to A0 was

R(t∣Ac,Δ0)=0,
(35a)

R(t∣Amin,Δ0)=finite.
(35b)

The boundary condition of Eq. (33) with regard to Δ0 satisfied the following periodic conditions:

R(t∣A0,Δ0)=R(t∣A0,Δ0+2nπ),
(36a)

∂R(t∣A0,Δ0)∂Δ0=∂R(t∣A0,Δ0+2nπ)∂Δ0.
(36b)

The partial differential equation of Eq. (33) generally had only numerical solutions, which could be solved by the finite difference method. In this study, the Peaceman–Rachford alternate direction implicit format of finite difference method is adopted (see Appendix A).

5  Application of the IEVIE-SA Method to the London Millennium Bridge

The Millennium Bridge in London is a shallow suspension bridge with an 81 m north span, a 144 m central span, and a 108 m southern span. The first lateral mode of the central span was taken as the numerical example. According to the previous work [30], the structural parameters were given as follows: ωs=0.48×2π, ms=2000 kg/m, mps=70 kg, and ζ=0.007.

Fig. 1 shows the time-varied stability reliability R(t) within T∈[0,60 s] when the number of pedestrians was Np=180 and the frequency ratio fr (the ratio between walking frequency and doubled bridge frequency, i.e., fr=fp/2fs) was 1. Stability reliability decreased rapidly with increasing time in the early stage but tended to converge in the later stage. The result of the MC method (106 simulations) is also given in Fig. 1, and it matched well with that of the proposed method, thereby verifying the effectiveness of the proposed method.
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Figure 1: Comparison between the IEVIE-SA and MC methods for the case of Np=180 and fr=1

Fig. 2a shows the results when the number of pedestrians was Np=150 and the frequency ratio was fr= 0.95, 1, or 1.05. When the frequency ratio was fr=1 (i.e., the bridge frequency was half of the pedestrian walking frequency), stability reliability was very small (Rt=60fr=1=0.1013), that is to say, the probability of vibration instability was very large (Pf=0.8987). When the frequency ratio was away from fr=1, such as when fr=0.95 or fr=1.05, stability reliability increased rapidly (Rt=60fr=0.95=0.8780 and Rt=60fr=1.05=0.8637). These results showed that a 1/2 subharmonic (fp/2fsr=1) resonance played a key role in the vibration and may cause a dangerous situation. In addition, this may explain the large vibration in the central span of the Millennium Bridge because the fundamental frequency of the central span of the Millennium Bridge is approximately half of the pedestrian walking frequency. Fig. 2b presents the results when the number of pedestrians was Np=180 and the frequency ratio was fr= 0.95, 1, and 1.05. The influence of the frequency on stability reliability was similar to that in Fig. 2a. By comparing Figs. 2a and 2b, it was shown that the number of pedestrians also had an important influence on stability reliability. The increase in the number of pedestrians led to a decrease in stability reliability, which will be discussed in detail in the following Figs. 3a and 3b.

Fig. 3 shows stability reliability when the frequency ratio was fixed and the number of pedestrians was varied. Fig. 3a corresponds to the case of fr=0.95 and Np=[150,180,210], and Fig. 3b corresponds to the case of fr=1 and Np=[150,180,210]. As shown in Fig. 3a, stability reliability decreased with the number of pedestrians. When the number of pedestrians was relatively small (Np=150), its corresponding stability reliability was Rt=60Np=150=0.8781, and when the number of pedestrians increased to Np=180, stability reliability decreased to Rt=60Np=180=0.8092. In Fig. 3b (fr=1), the weakening effect of increasing numbers of pedestrians on stability reliability was also observed.
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Figure 2: Stability reliability with a fixed number of pedestrians and the variant frequency ratio: (a) Np=150 & fr=[0.95,1,1.05]; (b) Np=180 & fr=[0.95,1,1.05]
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Figure 3: Stability reliability under a fixed frequency ratio and varying numbers of pedestrians: (a) fr=0.95 & Np=[150,180,210]; (b) fr=1 & Np=[150,180,210]

To more clearly illustrate the influence of parameters on vibrational stability, Fig. 4 shows a three-dimensional diagram of stability reliability under different combinations of pedestrian number and frequency ratios. The shape of the surface of R−Np−fr appeared as a “valley.” When the frequency ratio is away from fr=1, stability reliability was large and even (i.e., two flat areas on the top of the valley); when the frequency ratio was close to fr=1, stability reliability decreased sharply (i.e., cliffs on both sides of the valley); and when the frequency ratio was almost fr=1, stability reliability reached a minimum (i.e., the middle bottom of the valley). It clearly showed that the frequency had a dominant effect on vibrational stability, and the number of pedestrians had a relatively smooth effect on vibrational stability. Additionally, the effect of frequency on vibrational stability depended on the number of pedestrians. The frequency range at the bottom of the valley (frequency corresponding to low reliability) became wider as the number of pedestrians increased. In other words, as the number of pedestrians increased, the probability points inducing a high probability of instability also increased. The effect of the number of pedestrians on vibrational stability was also related to the frequency. When the frequency ratio was far from fr=1, the effect of the number of pedestrians on vibrational stability was small, but when the frequency ratio was near fr=1, an increase in the number of pedestrians significantly reduced stability reliability.

Of note, compared with the traditional Lyapunov method that can only obtain two qualitative results (stability or instability), the quantitative results obtained by the proposed method contained more information and were more practical, especially for designers.
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Figure 4: Three-dimensional graph of R−Np−fr

The influence of randomness on the system stability is also investigated through the parameter analysis of bs in Eq.(4), since the intensity of random disturbance δ has a monotonic relationship with bs (increasing bs is equal to strengthening the random disturbance). Figs. 5a and 5b correspond to the case of bs=[0.023,0.043,0.063] & fr=1 and bs=[0.023,0.043,0.063] & fr=0.95, respectively. It can be found that the influence of bs on the stability reliability R depends on the distribution of fr: Rt=60 increases along with bs when fr=1, while decreases with the increase of bs when fr far from 1 (fr=0.95).
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Figure 5: Stability reliability with different combinations of bs and fr: bs=[0.023,0.043,0.063] (a) fr=1; (b) fr=0.95

To further verify the effectiveness of the proposed method, the Lyapunov method based on the maximal Lyapunov exponent was implemented for comparison. Performing a linear operation about the derived coefficients in Eq. (27) at A=0 gave

{ dA≈m˜1dt=(−ωsζ−g1cosΔ4)AdtdΔ≈m˜2dt+δdB(t)=(ωp−2ωs+g1sinΔ2)dt+δdB(t).
(37)

With γ=lnA, Eq. (37) was rewritten as

{ dγ=(−ωsζ−g1cosΔ4)dtdΔ=(ωp−2ωs+g1sinΔ2)dt+δdB(t).
(38)

Since Δ(t) was the Ergodic Markov process within [0,2π], its invariant measure was the stationary probability density function p(Δ) that had the following stationary FPK equation:

d2pdΔ2−2δ2ddΔ[(ωp−2ωs+g1sinΔ2)p]=0.
(39)

In addition, p(Δ) satisfied the periodic boundary condition p(Δ)=p(Δ+2π) and the probability normalization condition ∫02πp(Δ)dΔ=1. The solution of Eq. (39) was given as

p(Δ)=Cexp⁡(σ¯Δ−g¯cosΔ)∫ΔΔ+2πexp⁡(−σ¯τ+g¯cosΔ)dτ,
(40)

where σ¯=2(ωp−2ωs)/δ2, g¯=g1/δ2, and C is the normalization constant given as C=1/[4π2exp⁡(−σ¯π)Iiσ¯(−g¯)I−iσ¯(−g¯)], with In(x) being the modified Bessel function of the first kind. On the basis of Oseledec’s multiplicative ergodic theory, the Lyapunov exponent λ from the solution of Eq. (37) under non-zero initial value was defined as

λ(A0,Δ0)=limt→∞1tln⁡|A(t;A0,Δ0)|,w.p.1,
(41)

where A0 and Δ0 are the initial values. On the basis of Eqs. (40) and (41), the maximal Lyapunov exponent λmax was

λmax=limt→∞1t|A(t)A(0)|=limt→∞1t[γ(t)−γ(0)]=−ωsζ−limt→∞1t∫0tg14cosΔ(τ)dτ=−ωsζ−g14E[cosΔ]=−ωsζ−g14∫02πp(Δ)cosΔdΔ.
(42)

The stability of the trivial solution of Eq. (38) was determined by the sign of λmax. The trivial solution of Eq. (38) was stable w.p.1 when λmax<0 and unstable w.p.1 when λmax>0. Thus, the critical boundary between stability and instability could be approximated by λmax=0. This kind of stability definition given by the sign change of the maximum Lyapunov exponent is also called stochastic D-bifurcation.

Unlike the traditional Lyapunov definition of random vibrational stability, we can simply give the definition of random vibrational stability according to the probability obtained from IEVIE-SA. If the following equation was satisfied,

R(t)≥Rlim,t>t0.
(43)

the system was stable with probability Rlim, or the system was unstable with probability 1−Rlim.

Fig. 6 compares the results of the Np and fr spaces of the proposed method and the Lyapunov method based on the maximal Lyapunov exponent λmax. The light gray and light green areas are the areas of instability and stability, respectively, that were determined by the Lyapunov method. The black curve is the critical boundary between instability and stability. The yellow “+” denotes the points of Np and fr obtained from the IEVIA-SA method, which were stable with probability less than 10% (or unstable with probability greater than 90%). Since probability greater than 90% indicated very high probability of instability, it was conservatively regarded as approximately unstable. From Fig. 6, all points that were unstable with probability greater than 90% were located in the area of instability determined by the Lyapunov method. Additionally, the outer contours of these points were consistent with the critical boundaries obtained by the Lyapunov method. These well-matched results verified the effectiveness of the IEVIE-SA method. From another perspective, the limitation of the Lyapunov method was also revealed because it only obtained a binary qualitative result (stability or instability) without any intermediate values. The judgment of stability or instability was too absolute and may be relatively unreasonable in practice. In contrast, the IEVIE-SA method proposed in this study used probability to represent the degree of vibrational stability (or instability), and it is more practical and persuasive. Moreover, the influence from randomness is also reflected in Fig. 6. When the value of bs is enlarged to 1.5 bs, the instability area with points those were unstable with probability greater than 90% is obviously reduced (the critical Np needed to trigger instability increases), which means the increase of random disturbance is beneficial to the stability. This conclusion can also be found in the result obtained by Lyapunov method.

[image: images]

Figure 6: Comparison of the IEVIE-SA and Lyapunov methods

6  Conclusions

This study established a framework to efficiently and quantitatively analyze the stability reliability of the lateral vibration of a footbridge. The IN model was used to describe the lateral vibration of footbridges, considering the correlation between pedestrian excitation and bridge vibration, and the randomness of pedestrian excitation. The IEVIE method based on the comparison of input energy and the variation of intrinsic energy was used to establish the judging criteria to identify vibrational stability. In addition, the SA method was used to establish the stochastic Itô equation with slow variables as well as the corresponding backward Kolmogorov equation for condition reliability. Subsequently, the stability criterion established by the IEVIE was combined and treated as the boundary condition of the first passage reliability within the backward Kolmogorov equation, by which the first passage reliability of vibrational stability was obtained. The main results were as follows:

1)    The proposed method was successfully applied to the central span of the Millennium Bridge, and its validity was verified by comparing it with the MC and traditional Lyapunov methods.

2)    The frequency had an important influence on the lateral vibrational stability of the footbridge. When the walking frequency was equal to the doubled bridge frequency, stability reliability had an extremely small probability. This may explain the large vibration of the central span of the Millennium Bridge, which has a fundamental frequency that is half of the pedestrian walking frequency. The number of pedestrians also affected the lateral vibrational stability of the footbridge. Stability reliability decreased with increasing numbers of pedestrians. When the number of pedestrians reached 180 under the worst case (fr=1), the vibration was unstable with a probability of 96%, which was consistent with the on-site observed result [30] (the critical number of pedestrians that triggered the unstable vibration was approximately 170) and the results from other researchers [10,13].

3)    Compared to the number of pedestrians, the frequency had a more dominant influence on the lateral vibrational stability of the footbridge. However, the influence from the number of pedestrians and the frequency were coupled: the greater the number of pedestrians, the more frequency points that could cause a large probability of instability. On the other hand, the closer the frequency ratio was to 1, the greater the change in stability reliability caused by the number of pedestrians.

4)    Compared to the traditional Lyapunov method, the proposed method could conduct quantitative analysis of the random vibrational stability of the footbridge, which is more practical and reasonable. Another advantage of the proposed method is that it uses the stochastic averaging method to simplify the stochastic equations, which greatly reduces the number of calculations.

Nevertheless, the proposed method also has some limitations. First, the IN model used in this study was essentially a backstepping model and did not guarantee that the full mechanism of the lateral vibration of the footbridge was revealed. In the future, more valuable data should be collected to further refine this model. Second, in this study, only three parameters were analyzed: the number of pedestrians, the frequency ratio, and the intensity of random disturbances. There may be other key parameters that also have an important influence on the lateral vibrational stability of the footbridge. Therefore, more detailed studies with respect to parametric analysis are needed. Third, for the sake of simplicity, this paper considers only the first-order mode, thus the suitability of the proposed method in another adjacent mode (e.g., the lateral second mode with a frequency around 1 Hz in the central span of the Millennium Bridge) cannot be guaranteed. Moreover, it cannot exclude the possibility that the forced resonance and subharmonic resonance may act simultaneously to drive the large lateral vibration, which is worth studying in the future. Finally, due to the limited data, this study only used the Millennium Bridge as a numerical example. It is necessary to collect information from other footbridges as references to further verify the generality of the proposed method.

Funding Statement: This research was supported by the National Natural Science Foundation of China (No. 51608207) and the Natural Science Foundation of Guangdong Province, China (No. 2019A1515011941).

Conflicts of Interest: The authors declare that they have no conflicts of interest to report regarding the present study.

References

 1.  Pedersen, L., Frier, C. (2010). Sensitivity of footbridge vibrations to stochastic walking parameters. Journal of Sound and Vibration, 329(13), 2683–2701. DOI 10.1016/j.jsv.2009.12.022.

 2.  Fujino, Y., Siringoringo, D. M. (2016). A conceptual review of pedestrian-induced lateral vibration and crowd synchronization problem on footbridges. Journal of Bridge Engineering, 21(8), C4015001. DOI 10.1061/(ASCE)BE.1943-5592.0000822.

 3.  Dallard, P., Fitzpatrick, T., Flint, A., Low, A., Smith, R. R. et al. (2001). London Millennium Bridge: Pedestrian-induced lateral vibration. Journal of Bridge Engineering, 6(6), 412–417. DOI 10.1061/(ASCE)1084-0702(2001)6:6(412).

 4.  Hoorpah, W., Flamand, O., Cespedes, X. (2008). The simon de beauvoir footbridge in Paris. Experimental Verification of the dynamic behaviour under pedestrian loads and discussion of corrective modifications. Proceedings of Footbridge. Porto.

 5.  Brownjohn, J. M. W., Fok, P., Roche, M., Moyo, P. (2004). Long span steel pedestrian bridge at Singapore Changi Airport–Part 1: Prediction of vibration serviceability problems. Structural Engineer, 82(16), 21–27.

 6.  Brownjohn, J. M. W., Fok, P., Roche, M., Omenzetter, P. (2004). Long span steel pedestrian bridge at Singapore Changi Airport–Part 2: Crowd loading tests and vibration mitigation measures. Structural Engineer, 82(16), 28–34.

 7.  Racic, V., Brownjohn, J. M. W. (2011). Mathematical modelling of random narrow band lateral excitation of footbridges due to pedestrians walking. Computers & Structures, 90–91(1), 116–130. DOI 10.1016/j.compstruc.2011.10.002.

 8.  Racic, V., Brownjohn, J. M. W. (2011). Stochastic model of near-periodic vertical loads due to humans walking. Advanced Engineering Informatics, 25(2), 259–275. DOI 10.1016/j.aei.2010.07.004.

 9.  Nakamura, S. (2004). Model for lateral excitation of footbridges by synchronous walking. Journal of Structural Engineering, 130(1), 32–37. DOI 10.1061/(ASCE)0733-9445(2004)130:1(32).

10. Piccardo, G., Tubino, F. (2008). Parametric resonance of flexible footbridges under crowd-induced lateral excitation. Journal of Sound & Vibration, 311(1–2), 353–371. DOI 10.1016/j.jsv.2007.09.008.

11. Ingólfsson, E. T., Georgakis, C. T., Ricciardelli, F., Jönsson, J. (2012). Experimental identification of pedestrian-induced lateral forces on footbridges. Journal of Sound & Vibration, 330(6), 1265–1284. DOI 10.1016/j.jsv.2010.09.034.

12. Macdonald, J. H. G. (2009). Lateral excitation of bridges by balancing pedestrians. Proceedings of the Royal Society A Mathematical Physical & Engineering Sciences, 465(2104), 1055–1073. DOI 10.1098/rspa.2008.0367.

13. Ingólfsson, E. T., Georgakis, C. T. (2011). A Stochastic load model for pedestrian-induced lateral forces on footbridges. Engineering Structures, 33(12), 3454–3470. DOI 10.1016/j.engstruct.2011.07.009.

14. Bocian, M., Macdonald, J., Burn, J. (2014). Probabilistic criteria for lateral dynamic stability of bridges under crowd loading. Computers & Structures, 136(16), 108–119. DOI 10.1016/j.compstruc.2014.02.003.

15. Jia, B. Y., Yu, X. L., Yan, Q. S., Zheng, Y. (2017). Nonlinear stochastic analysis for lateral vibration of footbridge under pedestrian narrowband excitation. Mathematical Problems in Engineering, 2017(22), 1–12. DOI 10.1155/2017/5967491.

16. Jia, B. Y., Yu, X. L., Yan, Q. S. (2018). Effects of stochastic excitation and phase lag of pedestrians on lateral vibration of footbridges. International Journal of Structural Stability & Dynamics, 18(7), 1–17. DOI 10.1142/S0219455418500955.

17. Nawrotzki, P., Eller, C. (2000). Numerical stability analysis in structural dynamics. Computer Methods in Applied Mechanics and Engineering, 189(3), 915–929. DOI 10.1016/S0045-7825(99)00407-7.

18. Ziegler, H. (1977). Principles of structural stability. Basel: Birkhauser.

19. La Salle, J., Lefschetz, S. (2012). Stability by Liapunov's direct method with applications by Joseph L Salle and Solomon Lefschetz. New York: Elsevier.

20. Zhu, W. Q. (1992). Nonlinear stochastic dynamics and control—Hamiltonian theoretical framework. Beijing: Science Press.

21. Xie, W. C. (2003). Moment Lyapunov exponents of a two-dimensional system under bounded noise parametric excitation. Journal of Sound and Vibration, 263(3), 593–616. DOI 10.1016/S0022-460X(02)01068-4.

22. Wang, R., Ru, C. (1985). An energy criterion for the dynamic plastic buckling of circular cylinders under impulsive loading. New York: Elsevier.

23. Li, Y. C., Wang, Z. (2016). Unstable characteristics of two-dimensional parametric sloshing in various shape tanks: Theoretical and experimental analyses. Journal of Vibration and Control, 22(19), 4025–4046. DOI 10.1177/1077546315570716.

24. Li, J., Xu, J. (2016). A quantitative approach to stochastic dynamic stability of structures. Chinese Journal of Theoretical and Applied Mechanics, 48(3), 702–713. DOI 10.6052/0459-1879-15-304.

25. Xu, J., Li, J. (2015). An energetic criterion for dynamic instability of structures under arbitrary excitations. International Journal of Structural Stability and Dynamics, 15(2), 2496–2606. DOI 10.1142/S0219455414500436.

26. Yuan, X. B. (2006). Research on pedestrian-induced vibration of footbridge (Ph.D. Thesis). Tongji University. Shanghai, China.

27. Brownjohn, J. M. W., Pavic, A., Omenzetter, P. (2004). A spectral density approach for modelling continuous vertical forces on pedestrian structures due to walking. Canadian Journal of Civil Engineering, 31(1), 65–77. DOI 10.1139/l03-072.

28. Fujino, Y., Pacheco, B. M., Nakamura, S. I., Warnitchai, P. (1993). Synchronization of human walking observed during lateral vibration of a congested pedestrian bridge. Earthquake Engineering and Structural Dynamics, 22(9), 741–758. DOI 10.1002/eqe.4290220902.

29. Ricciardelli, F., Pizzimenti, A. D. (2007). Lateral walking-induced forces on footbridges. Journal of Bridge Engineering, 12(6), 677–688. DOI 10.1061/(ASCE)1084-0702(2007)12:6(677).

30. Dallard, P., Fitzpatrick, T., Flint, A., Bourva, S. L., Low, A. et al. (2001). The London millennium footbridge. Structural Engineer, 79(171), 17–33.

Appendix A: Peaceman–Rachford’s Alternate Direction Implicit Format
  
The two-dimensional partial differential Eq. (33) can be solved using the finite difference method. When the convergent condition is strict, the backward Euler and Crank–Nicolson schemes can be used because they are unconditionally stable. However, in these two methods, the difference equations on each time layer will have a huge number, and they are no longer tridiagonal linear equations. The calculations for solving such equations are unacceptable. In this study, the Peaceman–Rachford’s alternate direction implicit format (PR ADI) was used, and PR ADI was unconditionally stable and could be solved using the chasing method. For convenience, R(A0,Δ0,t) in Eq. (33) was abbreviated to R. In addition, the time step was set as dt=t/s, and tn=ndt,0≤n≤s. The space steps with regard to A and Δ were set as hA and hΔ, respectively, resulting in A0,i=A0,min+(i−1)hA,1≤i≤k and Δ0,j=Δ0,min+(j−1)hΔ,1≤j≤m. To establish the one-dimensional implicit format, the derivative with regard to A0 was replaced by the unknown center difference quotient of R on the n+1th time layer, and the derivative with regard to Δ0 was replaced by the known center difference quotient of R on the nth time layer. The resulting equations were only implicit in the direction of A0, which was easier to solve by using the chasing method. For the sake of symmetry, the above steps were repeated on the next time layer, on which the Δ0 direction was implicit and the A0 direction was explicit. By doing this, the two adjacent time layers could be combined to form a difference format. The corresponding PR ADI format of Eq. (33) was as follows:

Rijn+12−Rijndt/2=αijδA0Rijn+12+βijδΔ0Rijn+κδΔ02Rijn,
(A1)

Rijn+1−Rijn+12dt/2=αijδA0Rijn+12+βijδΔ0Rijn+1+κδΔ02Rijn+1,
(A2)

where n denotes the time mesh step index and i and j represent the space mesh step indices. Other symbols were defined as follows:
Rijn+12=12(Rijn+Rijn+1);αij=m1(A0,i,Δ0,j);βij=m2(A0,i,Δ0,j);κ=δ22δA0Rijn+12=Ri+1,jn+12−Ri−1,jn+122hA;δΔ0Rijn=Ri,j+1n−Ri,j−1n2hΔ;δΔ02Rijn=Ri,j+1n−2Ri,jn+Ri,j−1nhΔ2.
By setting λ values as
λa=αijdt4hA;λb=βijdt4hΔ;λκ=κdt2hΔ2,
Eq. (A1) could be rearranged as

λaRi−1,jn+12+Ri,jn+12−λaRi+1,jn+12=(λκ−λb)Ri,j−1n+(1−2λκ)Ri,jn+(λb+λκ)Ri,j+1n.
(A3)

The matrix form corresponding to Eq. (A1) had the following form:

[1λa0⋯⋯λa1−λa⋯⋯0λa1−λa⋯⋮⋮⋮⋮⋮0⋯⋯λa1][R2,jn+12R3,jn+12⋮⋮Rk−1,jn+12]=[−λaR1,jn+120⋮0λaRk,jn+12]+[(λκ−λb)R2,j−1n+(1−2λκ)R2,jn+(λb+λκ)R2,j+1n(λκ−λb)R3,j−1n+(1−2λκ)R3,jn+(λb+λκ)R3,j+1n⋮0(λκ−λb)Rk−1,j−1n+(1−2λκ)Rk−1,jn+(λb+λκ)Rk−1,j+1n].
(A4)

By combining the initial condition (Eq. (34)) and the boundary conditions (Eqs. (35) and (36)) and using the chasing method to solve Eq. (A4), the solution of [R2,jn+12,R3,jn+12,⋯,Rk−1,jn+12]T was easily obtained. Then, Eq. (A2) was rearranged as

(λb−λκ)Ri,j−1n+1+(1+2λκ)Ri,jn+1−(λb+λκ)Ri,j+1n+1=−λaRi−1,jn+12+Ri,jn+12+λaRi+1,jn+12.
(A5)

The matrix form corresponding to Eq. (A5) can be expressed as

[1+λκ−λκ−λb0⋯⋯λb−λκ1+λκ−λκ−λb⋯⋯0λb−λκ1+λκ−λκ−λb⋯⋮⋮⋮⋮⋮0⋯⋯λb−λκ1+λκ][Ri,2n+1Ri,3n+1⋮⋮Ri,m−1n+1]=[(λκ−λb)Ri,1n+10⋮0(λb+λκ)Ri,mn+1]+[−λaRi−1,2n+12+Ri,2n+12+λaRi+1,2n+12−λaRi−1,3n+12+Ri,3n+12+λaRi+1,3n+12⋮0−λaRi−1,m−1n+12+Ri,m−1n+12+λaRi+1,m−1n+12]
(A6)

Like that for Eq. (A4), the chasing method can be used to solve Eq. (A6) to obtain the result of the n+1th time layer. It can be seen that the calculation of Rijn+1 consisted of two steps, and each step was only implicit in one direction. By repeating the above steps on the following time layers, the final result of the last time layer could be obtained.
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