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ABSTRACT

The concept of neutrosophic statistics is applied to propose two monitoring schemes which are an improvement
of the neutrosophic exponentially weighted moving average (NEWMA) chart. In this study, two control charts
are designed under the uncertain environment or neutrosophic statistical interval system, when all observations
are undermined, imprecise or fuzzy. These are termed neutrosophic double and triple exponentially weighted
moving average (NDEWMA and NTEWMA) control charts. For the proficiency of the proposed chart, Monte
Carlo simulations are used to calculate the run-length characteristics (such as average run length (ARL), standard
deviation of the run length (SDRL), percentiles (P25, Pso, P75)) of the proposed charts. The structures of the
proposed control charts are more effective in detecting small shifts while these are comparable with the other
existing charts in detecting moderate and large shifts. The simulation study and real-life implementations of the
proposed charts show that the proposed NDEWMA and NTEWMA charts perform better in monitoring the
process of road traffic crashes and electric engineering data as compared to the existing control charts. Therefore,
the proposed charts will be helpful in minimizing the road accident and minimizing the defective products.
Furthermore, the proposed charts are more acceptable and actual to apply in uncertain environment.
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Nomenclature

EWMA Exponentially weighted moving average
NDEWMA Neutrosophic double exponentially weighted moving average
NTEWMA Neutrosophic triple exponentially weighted moving average
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DEWMA Double exponentially weighted moving average
TEWMA Triple exponentially weighted moving average
CUSUM Cumulative sum

SPC Statistical process control

00C Out-of-control

IC In-control

NARL Neutrosophic average run length

NSDRL Neutrosophic standard deviation run length
NP Neutrosophic percentile

ARL Average run length

ARLO IC average run length

ARL1 OOC average run length

1 Introduction

Control charts play a vital role in monitoring processes and are used to remove assignable
causes that are responsible for substandard products (or services), wastes, reworks, and high
production or manufacturing costs. Shewhart [1] introduced control charting techniques in the
1920 and showed that these can be applied in different industries. Shewhart-type control charts are
very famous for monitoring processes in different areas of productions due to their easy imple-
mentation and high speed in detecting large shifts. They are usually referred to as memoryless
charts because they only use the current information. Since Shewhart-type charts are efficient
in detecting large shifts, researchers have designed new control charting techniques to efficiently
detect small-to-moderate process shifts as quickly as possible, including large shifts. These are
referred to as memory-type control charts as they use the current and past information to compute
the charting statistics, which makes them more sensitive in identifying small-to-moderate shifts.
More specifically, Page [2] and Roberts [3] designed the cumulative sum (CUSUM) and the
exponentially weighted moving average (EWMA) control charts, respectively. The properties of
EWMA control chart have been studied by many researchers in the statistical process control
(SPC) area. A lot of modifications to the EWMA chart have been introduced in the literature
to enhance its performance in detecting small-to-moderate shifts. References [4,5] proposed the
double EWMA (DEWMA) chart with asymptotic control limits. Later on, a lot of researchers
worked on DEWMA control with different techniques. Shafqat et al. [6] proposed the DEWMA
chart with asymptotic control limits based on linear prediction. Capizzi et al. [7] presented
the adaptive EWMA control chart to detect instantaneously small-to-large magnitudes of shifts.
Zhang et al. [8] studied DEWMA under time-varying control limits with different values for the
smoothing parameters. More basic information about the control charts can be found in [9-12].

The traditional Shewhart control charts cannot be implemented when uncertainty is expected
in the data, for more details on this, readers are referred to Aslam et al. [13] introduced the
neutrosophic EWMA (NEWMA) X chart (i.e., the EWMA chart using neutrosophic logic).
The fuzzy-based control charts are the best alternative to monitor the process when observa-
tions or the parameters are under uncertainty scenario, thus, numerous authors paid attention
to work on this; related literature can be seen in [14-20]. The fuzzy logic is a special case of
neutrosophic logic. The classical statistical methods are applied under the assumption that all
inspections in data are indomitable, certain, and particular. So, in the manufacturing process, it
may not be possible to have documentation of all determined observations or parameters of the
data. In this condition, the neutrosophic statistics can be more practical (or relevant) for the
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analysis of the data. Smarandache [21] introduced neutrosophic statistics which is a generalization
of classical statistics. Neutrosophic statistics is more efficient when applied in the analysis of
indefinite data than classical statistics. Chen et al. [22,23] demonstrated the efficiency of the
neutrosophic statistics-based analysis. Aslam [24] introduced a new area of neutrosophic quality
control monitoring. Thereafter, Aslam et al. [25,26] proposed attributes and variables charts under
neutrosophic logic.

Recently, Alevizakos et al. [27,28] introduced a triple EWMA (TEWMA) control chart for
normally and exponentially distributed data to enhance the performance of the EWMA chart
with asymptotic and time-varying control limits. Letshedi et al. [29] proposed a distribution-free
TEWMA control chart using Wilcoxon rank-sum statistics to improve the detection ability in the
process location parameter with fast initial response features.

After exploring the literature, there is no work on the DEWMA and TEWMA control charts
under neutrosophic statistics for normally distributed data (or, for any other distribution). In this
study, the neutrosophic DEWMA, and TEWMA (labeled as; NDEWMA and NTEWMA) charts
are proposed. In this paper, asymptotic control limits are used to examine the neutrosophic sta-
tistical performance of the NDEWMA and NTEWMA charts. The NDEWMA and NTEWMA
control charts are compared with the classical and neutrosophic EWMA charts as well as the
classical DEWMA and TEWMA control charts.

The rest of the manuscript is as follows: In the next Section, the design structures of the
proposed control charts are discussed. In Section 3, the run-length characteristics via neutrosophic
Monte Carlo simulations are theoretical and empirically provided. A comprehensive comparison
of the proposed studies has been made with existing control charts in Section 3. In Section 4, two
illustrative examples of the practical application of the proposed charts are given using simulation
and real-life datasets. Concluding remarks are provided in Section 5.

2 The Design Structure of the Neutrosophic Control Charts Structure

In this section, the neutrosophic-based memory-type control charts (DEWMA and TEWMA)
structures are presented. These are used for monitoring the process with small-to-moderate and
moderate-to-large shifts under the neutrosophic environment. Neutrosophic environment is the
environment when we have indeterminacy interval in the random variable.

2.1 The Design Structure of the Proposed NDEWMA Chart

Let X; be a quality characteristic of a process whose distribution is normal with mean
uN € [mr, ny] and variance (o*]%, € [af,a%,] and Xy;,i=1,2,3..., Xy; €[XLi, Xyui] be a sequence of
independent and identically distributed (iid) observations from the process, where X7; and Xy; are
the minimum and maximum values of indeterminacy interval. When the process is in-control (IC),
then puy = puyo; otherwise, uy = pn1 OF N # UNO-

In this study, we are interested in the detection of shifts in the process mean from its IC
value wo to an out-of-control (OOC) value uy1 = uno+ 3oy for § #0, assuming that the process
variance is IC and remains unchanged. The NDEWMA chart is based on current and past
observations with the NEWMA plotting statistic applied as an input in another NEWMA statistic.
The charting statistics of the NEWMA can be expressed as:

Yni=AnXni+ (1 —An) Ynion v
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where Yy, €{Yr, Yu,}. vy €[rr, Ayl and thus, the NDEWMA charting statistic is given by:
ZNi=ANYNi+ (1 = AN) Zni-) (2

Zni € {Zri,Zy;} and Ay € [Ar,Ay]. Note that [0,0] < Ay < [l,1] denotes the neutrosophic
smoothing constant. The starting values are typically defined as Yyo = Zyo = uno. Hence, the
asymptotic mean and variance of the NDEWMA chart for large values of i can be written as:

E(Zy) = 100 3)
and
A2 =20+ A2) ﬁ

Var (Zy) = a7 .

(4)

Therefore, the asymptotic control limits become:

UCLy/LCLy = po % kn/Var(Zy) (5)

where UCLN € [UCLL, UCLu],LCLN € [LCLL,LCLu],ZN € [ZL,Zu],kN € [kL,ku]. Here kN 1S
control limits coefficient which is customarily taken corresponding to the desired value of IC
ARL.

2.2 The Design Structure of the Proposed NTEWMA Chart
The NTEWMA chart is based on current and past observations with the NEWMA smoothing
procedure utilizes sampled information three times which can be mathematically defined as:

Wni=ANZNi+ (1 —AN) Wai-1) (6)

where Wy; € {Wri, Wuit,An € [Ar,Ay] and Zy; is as defined in Eq. (2). Note that [0,0] < Ay <
[1, 1] denotes the neutrosophic smoothing constant and the starting values of Yyo=Zno= Wyo =
uno. Hence, the asymptotic mean and variance of the NTEWMA chart for large values of i can
be written as:

E(Wy) = o (7
and

6(1—1)°%x 12(0—=0)%*22 70 —=21)72A3 24 oy
Var (Wy) = - 8
ar (W) ( Q2 -2 Q2—n* 2 -3 Q2—-n?*] ny ®

The asymptotic control limits become:

UCLN/LCLN :[,L():i:kj\/\/ var(WN) (9)

where UCLN € [UCLL, UCLu],LCLN € [LCLL,LCLu], WN € [WL, Wu] and kN € [kL,ku]. The
control limits of the NTEWMA control chart were obtained using individual measurements. Note
though, if subgroups of ny > 1 are collected, then simply substitute X; with the sample mean

— —  — 2
XN € {XL,Xu} and G]%, with Z—]Z\\;.
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3 Neutrosophic Run-Length Performance of the Proposed Charts

Equations and mathematical expressions must be inserted into the main text. Two different
types of styles can be used for equations and mathematical expressions. They are: in-line style,
and display style.

3.1 Run-Length Distribution of the Proposed Neutrosophic Charts

Generally, the performance of a control chart is determined using average run length (ARL)
that is a characteristic of the run length use for measuring the superiority of the proposed
chart. The IC process performance under ARL is denoted by ARLy and the OOC process perfor-
mance is denoted by ARL;. The comparative performance of the proposed charts is made under
the neutrosophic simple random sampling scheme based on out-of-control values of run-length
characteristics to detect shifts in a process. The neutrosophic run-length characteristics used in
this paper are neutrosophic ARL (NARL), the neutrosophic standard deviation of the run-length
(NSDRL), and neutrosophic percentile run-length (i.e., the 25%, 50t and 75™ percentiles which
are denoted as NPys, NP5y, and NP7s). These neutrosophic characteristics are used for checking
the novelty of the new work when we have uncertainty based data set or uncertainty environments.
The IC ARLy is the run length characteristic that shows the IC values and OOC neutrosophic
ARL, is the run length characteristic that used for checking the OOC signal at different values of
shifts. Moreover, if the OOC neutrosophic ARL; (NARL{) values are smaller than the attained
IC neutrosophic ARLy (NARLy) value, then a control chart is considered ARL-unbiased. The
small the NARL value for a specific shift, the more efficient the control chart. The neutrosophic
Monte Carlo simulations are utilized to calculate the run-length properties of the NDEWMA and
NTEWMA control charts using the R programming language with different values of designed
parameters. The run-length characteristics (like NARLs, NSDRLs, NP»s, NP5y and NP7s) of the
NDEWMA and NTEWMA charts are calculated through neutrosophic Monte Carlo simulations
using the following algorithm:

(1) Specify the values of the smoothing parameter and parameters of the distribution (say,
uno =0 and oy =1). Generate random samples with uyo =0 and oy =1 from a normal
distribution that is Xn; ~ N (uyo +éon,1),i=1,2,3,...... 100. Initially, if § =0 the process
is IC.

(2) Calculate the variance of plotting statistics using Eqs. (4) and (8), then calculate the control
limits (LCLy € [LCLy, LCLy],UCLy € [UCLy, UCLy]) by adjusting the control limits
coefficient (i.e., Ly €Ly, Ly],kn €[kr,kp])) such that the attained NARLg is equal to the
specified NARLy.

(3) Calculate the plotting statistics Zy; and Wpy; for each random sample using Eqs. (2)
and (6).

(4) Compare the plotting statistics calculated in Step 3 to their respective control limits found
in Step 2. Proceed until a point plots for the first time beyond the control limits and record
the number of rational subgroups as one value of run length.

(5) Steps 1 to 4 are repeated N times (say, N = 10%) to obtain the IC run-length characteristics
in each instance.

(6) Calculate the neutrosophic mean, the standard deviation of the run-length (RL) and the
percentiles of the RL obtained in Step 5 to get the NARL, NSDRL, NP5, NP5y and
NP75. If the attained NARL is equal to the specified NARLy, record the control limits and
design parameters (these are considered as optimal design parameters and control limits).
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Otherwise, adjust the value of ky and repeat Steps 1 to 6 until NARLj is equal to the
specified NARL value.

(7) Next, generate random samples and use the optimal design parameters and control limits
to evaluate the OOC characteristics of the run-length using Steps 3 to 6 by introducing
a shift (§ #0) in the process location and calculate the NARL, NSDRL, NPys, NPsy and
NP7s.

Note that the design parameters (ky,Ay) of the NDEWMA and NTEWMA charts are
selected in such a way that the target (or desired) NARL( value is obtained.

3.2 Performance Evaluation of the NDEWMA and NTEWMA Charts

The control chart is the fundamental method of the SPC for checking the technical analysis
of any industrial process monitoring. The performance of the control chart is evaluated using the
run-length distribution, which is the most famous method used to check the control chart’s ability
to identify the exact value of the run-length characteristics at each § value. In this paper, we have
used the nominal NARL equal to 500 to compute the run-length characteristics under the standard
normal distribution, i.e., N(0,1). To evaluate the OOC run-length distributions, the shift in the
process is expressed in terms of the standard deviation, i.e., uy| = uno+ 3oy, where § denotes the
scale of shift. The values of NARLjusing the Monte Carlo simulations algorithm in Subsection
3.1 are presented in Tabs. | and 2 for the NDEWMA chart and Tabs. 3 and 4 for the NTEWMA
chart. More specifically, the first row of each cell shows the NARL values, second row of each cell
shows the NSDRL and 3™ to 5™ rows of each cell show the percentile points (NP»s, NPsy and
NP75) of the run-length distribution. Tabs. 1 and 2 present the results of proposed NDEWMA
control chart when ny € [1,3] and ny €[5, 10], respectively, for the same values of Ay. Tabs. 3
and 4 present the results of proposed NTEWMA control chart when ny €[1,3] and ny €[5, 10],
respectively, for the same values of Ay. From Tabs. 1-4, it can be seen that for the same design
parameters, there is an increasing trend in the values of NARL; when Ay increase, for small shifts;
however, there is a decreasing trend in the values of NARL; when Ay increase, for large shifts.
Moreover, small values of Ay are preferred over larger values when the detection of small shifts
are of interest; however, moderate to large values of Ay are more effective in detecting moderate
to large shifts. In other words, when shifts increase, the NARL; shows a decreasing trend when the
smoothing constant is large. The NARL; decrease as the values of ny € [ny,ny] increase, which
implies that an increase in the neutrosophic sample size has a positive effect on the performance
of the proposed control charts.

3.3 Comparison of the Proposed Control Charts with the Existing Control Charts

In this section, the comparisons between the two proposed control charts (i.e, NDEWMA
and NTEWMA) and the existing NEWMA chart (presented by Aslam et al. [30]) are presented. In
addition, the traditional EWMA, DEWMA and TEWMA control charts under classical statistics
are also compared with their neutrosophic counterparts. In classical statistics, it is known that
a control chart having smaller determined run-length values is said to be efficient in detecting
the shift in the process. In neutrosophic theory, a method is said to be efficient if it provides
the parameter in the indeterminacy interval rather than the determined values in uncertainty. A
chart under the neutrosophic statistics is said to be more efficient if it has smaller values of
neutrosophic run-length values than the competing charts. The comparison of the abovementioned
control charts are presented in Tab. 5 when n= 1, with A =0.05 for the classical control charts
(with nominal ARL = 500) and Ay €[0.05,0.10] for the neutrosophic control charts (with nominal
NARL = 500).
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3.3.1 Comparison Performance between NTEWMA and DEWMA Control Charts

In this section, we show the comparison between the implementation of the NTEWMA
control chart over the proposed NDEWMA control chart. For the neutrosophic value of Ay €
[0.05,0.10] and n=1 the proposed NTEWMA control chart has smeller values at every value of
the shift in contrast of NDEWMA control chart. Tab. 5 shows the NARL values of the control
charts when sample size n = 1 and neutrosophic Ay € [0.05,0.10], while the NARL values of
the control charts when neutrosophic ny €[1,5] and Ay €[0.05,0.10]. We note that the proposed
NTEWMA has smaller values of NARL as compared to the NDEWMA. For example, when n =
1, NARLyy €[500,500],8 = 0.25, and Ay €[0.05,0.10] the NTEWMA control chart’s NARL and
NSDRL are NARL; € [71.1, 90.4] and NSDRL, € [47.8, 51.2]. Note though, when sample size is
ny €[1,5] with the same Ay, the NARL; € [80.3, 90.4] and NSDRL € [47.8, 57.3]. The NARL
and NSDRL values of the NDEWMA chart are NARL € [82.5, 96.9], NSDRL € [66.0,69.7]. The
NTEWMA control chart has the best small shifts performance; however, the NDEWMA control
chart has better large shifts performance.

3.3.2 Comparison Performance between NTEWMA, NDEWMA and NEWMA Control Charts

The proposed NTEWMA and NDEWMA control charts seem to have the better performance
for small to moderate shifts; however, the existing NEWMA chart (by Aslam et al. [13]) has
the better large shift performance, see Tab. 5. From Tab. 5, when Ay € [0.05,0.10],6 = 0.25
and n = 1, the NTEWMA chart yields NARL; € [71.1, 90.4] and NSDRL| € [47.8, 51.2],
while the NDEWMA chart yield NARL € [82.5, 96.9] and NSDRL € [69.74, 66.01] [66.0, 69.7]
and the NEWMA chart yields NARL| € [89.4, 100.5] and NSDRL € [65.1, 89.6]. Thus, it follows
that the NTEWMA and NDEWMA charts.

Perform better than the NEWMA chart for small to moderate shifts. Note though, the
NEWMA chart has the best performance for large shifts as compared to the NDEWMA and
NTEWMA charts.

3.3.3 Comparison Performance between Neutrosophic Charts and Classical Control Charts

It is observed from Tab. 5 that the NEWMA, NDEWMA and NTEWMA charts under
neutrosophic statistics have smaller NARL values as compared to the existing EWMA, DEWMA
and TEWMA charts under classical statistics, respectively. For example, when § = 0.25, the
EWMA and NEWMA charts yield ARL and NARL equal to 100.5 and [89.4, 100.5], respectively.
Similarly, the DEWMA and NDEWMA charts yield 96.9 and [82.5, 96.9], respectively. Finally, the
TEWMA and NTEWMA charts yield 90.4 and [71.1, 90.4], respectively. The comparisons of
the proposed control charts under neutrosophic statistics show their superiority as compared to
the existing control charts under classical statistics. Finally, it is worth noting that the neutrosophic
charts reduces to their corresponding classical statistics chart when there is no indeterminacy.
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4 Illustrative Examples

4.1 Simulated Data

For the simulated data, we suppose that ny €[1, 3], NMARLy= 500 and Ay €[0.05,0.10]. Note
that 200 observations of the process mean from the normal distribution are generated, the first
100 observations were generated assuming that the process is IC, with uoy =0 and oy =1 and
the next 100 observations are generated assuming that the process has shifted with § = 0.5. The
simulated data along with Xy; € [X, Xy] as well as the EWMA, DEWMA, DEWMAy, TEWMA,
and TEWMAy charting statistics are shown in Figs. 1-6. From Tabs. 1 and 3, the calculated
NARL for NDEWMA chart is NARL; € [31.3, 37.3] and the one for the NTEWMA chart is
NARL € [29.9, 40.9]; thus, it is expected that the shift in the simulated data of the NDEWMA
and NTEWMA charts should be detected OOC between samples 31 and 37 and between samples
29 and 40, respectively. Using the asymptotic control limits, we select Ay € [0.05,0.10] and the
control limits coefficients for the NEWMA chart are ky € [2.702,2.805], while those of the
NDEWMA chart are ky €[2.096,4.112] and for the NTEWMA chart, ky €[1.839,2.870]. From
Alevizakos et al. [27], the control limits coefficients of the EWMA, DEWMA and TEWMA charts
are given by k=2.702,2.055 and 1.838, respectively.

0.5
1

UCL, =04326

0.0
1

EWMA

LOE =-043326

-0.5

T T T T T
0 50 100 150 200

Figure 1: The EWMA control charts for simulated data

UCL, . = 06458 4 .
t 5 L )

EWMA,
0
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—e %
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T T T T T
0 50 100 150 200

Figure 2: The NEWMA control charts for simulated data
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Figure 3: The DEWMA control charts for simulated data
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Figure 4: The NDEWMA control charts for simulated data
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Figure 5: The TEWMA control charts for simulated data
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Figure 6: The proposed NTEWMA control charts for simulated data

In order to visually display the implementation of the NDEWMA and NTEWMA charts
against the existing EWMA, DEWMA and TEWMA charts, Figs. 1-6 is constructed. The pro-
posed NTEWMA chart detects the shift after the 130" observation while the NDEWMA chart
detects the shift after the 144!h observation but the existing NEWMA control chart (by Aslam
et al. [30]) does not detect any shift. The existing classical EWMA, DEWMA and TEWMA
control charts detect shifts after the 155" observation. This indicates the superiority of the
NTEWMA chart over the NDEWMA and NEWMA charts as well as the classical EWMA,
DEWMA and TEWMA charts in quickly detecting small shifts.

4.2 A Real Data Application

In this section, we use a real-life application discussed by Faisal et al. [31] to illustrate the
application of the NDEWMA and NTEWMA charts. The dataset (i.e., The real life application
example results dataset can be obtained from authors on request) is based on the voltage on the
fixed capacitance level and contains 200 observations. The first 100 observations are obtained by
applying a capacitance (C) of 200 uF and are considered as IC observations. The dataset is found
to follow a normal process model and the IC values of mean and variance are pg=396.9804 V
and 002 = 1.9887 V, respectively. The next 100 observations are obtained by applying a capacitance
of 150 uF and represent the OOC observations. The voltage and capacitance have an inverse
relationship, i.e., when capacitance decrease then voltage increases. So, an electrical engineer
decides to implement the NTEWMA chart with steady-state (or asymptotic) control limits to
detect a shift of § = 1.5. Assuming that the nominal NARLy = 500, the optimal neutrosophic
design parameters are Ay €[0.55,0.60] and ky €[2.941,2.989] for NTEWMA and the coefficient of
the control limits for the NDEWMA chart are ky €[3.073,3.086]. The proposed NTEWMA chart
is displayed in Fig. 7, where the shift in the voltage mean is detected after the 111th observation.
The NDEWMA chart is displayed in Fig. 8, where the shift in the voltage mean is detected
after the 113th observation. The classical EWMA, NEWMA, classical DEWMA and classical
TEWMA charts detect the shift after the 158th, 121st, 119th, and 120th observations, respectively
(see Figs. 9-12). This indicates that the proposed NTEWMA control chart works more efficiently
as compared to the competing charts under the uncertainty environment. It is worth mentioning
that the proposed NDEWMA control chart also performs better than the existing NEWMA chart
in an uncertain environment. More importantly, it is observed that the neutrosophic charts tend
to outperform their classical counterparts.
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Figure 7: The proposed NTEWMA control chart for real life data
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Figure 9: The NEWMA control chart for real-life data
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Figure 10: The classical TEWMA control chart for real-life data
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Figure 11: The classical DEWMA control chart for real-life data
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Figure 12: The classical EWMA control chart for real-life data
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5 Concluding Remarks

The traditional Shewhart chart is the most preferred monitoring scheme in detecting large
shifts more quickly; however, for small-to-moderate shift detection, the EWMA, DEWMA, and
TEWMA control charts have been shown to have better performance. In this paper, we proposed
new NDEWMA and NTEWMA control charts under an uncertainty environment, and these
are shown to outperform the existing NEWMA chart for small shifts detection. We studied
its run-length performance using the asymptotic control limits under neutrosophic environments
with neutrosophic Monte Carlo simulations in R software. The NTEWMA chart is more effi-
cient in a wider range of shifts as the value of the smoothing parameter increases. The results
showed that the NTEWMA chart is very efficient in small shift detection when the smoothing
constants are small. Finally, we applied the NTEWMA and NDEWMA charts as well as the
EWMA, NEWMA, DEWMA, and TEWMA charts to simulated data and data from an electrical
engineering process, where the results confirmed the findings.

The proposed charts using other sampling schemes can be studied as future research. The
proposed control charts can be extended as future research to monitor process dispersion and joint
monitoring for univariate and multivariate setup under a complex system or under an uncertainty.
Moreover, the proposed charts using some non-normal distribution can be considered as future
research.
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