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ABSTRACT

In this paper, we introduce a neutrosophic A/ -subalgebra, a (ultra) neutrosophic N -filter, level sets of these
neutrosophic A/ -structures and their properties on a Sheffer stroke BL-algebra. By defining a quasi-subalgebra of
a Sheffer stroke BL-algebra, it is proved that the level set of neutrosophic A/ -subalgebras on the algebraic structure
is its quasi-subalgebra and vice versa. Then we show that the family of all neutrosophic A/ -subalgebras of a Sheffer
stroke BL-algebra forms a complete distributive lattice. After that a (ultra) neutrosophic A -filter of a Sheffer stroke
BL-algebra is described, we demonstrate that every neutrosophic A -filter of a Sheffer stroke BL-algebra is its
neutrosophic A/ -subalgebra but the inverse is generally not true. Finally, it is presented that a level set of a (ultra)
neutrosophic AV -filter of a Sheffer stroke BL-algebra is also its (ultra) filter and the inverse is always true. Moreover,
some features of neutrosophic A/ -structures on a Sheffer stroke BL-algebra are investigated.
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1 Introduction

Fuzzy set theory, which has the truth (t) (membership) function and state positive meaning of
information, is introduced by Zadeh [1] as a generalization the classical set theory. This led scien-
tists to find negative meaning of information. Hence, intuitionistic fuzzy sets [2] which are fuzzy
sets with the falsechood (f) (nonmembership) function were introduced by Atanassov. However,
there exist uncertainty and vagueness in the language, as well as positive ana negative meaning
of information. Thus, Smarandache defined neutrosophic sets which are intuitionistic fuzzy sets
with the indeterminacy/neutrality (i) function [3,4]. Thereby, neutrosophic sets are determined on
three components: (¢, i, ) : (truth, indeterminacy, falsehood) [5]. Since neutrosophy enables that
information in language can be comprehensively examined at all points, many researchers applied
neutrosophy to different theoretical areas such as BCK/BCl-algebras, BE-algebras, semigroups,
metric spaces, Sheffer stroke Hilbert algebras and strong Sheffer stroke non-associative MV-
algebras [6—-15] so as to improve devices imitating human behaviours and thoughts, artificial
intelligence and technological tools.
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Sheffer stroke (or Sheffer operation) was originally introduced by Sheffer [16]. Since Sheffer
stroke can be used by itself without any other logical operators to build a logical system which
is easy to control, Sheffer stroke can be applied to many logical algebras such as Boolean
algebras [17], ortholattices [18], Sheffer stroke Hilbert algebras [19]. On the other side, BL-algebras
were introduced by Hajek as an axiom system of his Basic Logic (BL) for fuzzy propositional
logic, and he widely studied many types of filters [20]. Moreover, Oner et al. [21] introduced
BL-algebras with Sheffer operation and investigated some types of (fuzzy) filters.

We give fundamental definitions and notions about Sheffer stroke BL-algebras, A -functions
and neutrosophic N -structures defined by these functions on a crispy set X. Then a neutrosophic
N -subalgebra and a (z, y, p)-level set of a neutrosophic N -structure are presented on Sheffer
stroke BL-algebras. By defining a quasi-subalgebra of a Sheffer stroke BL-algebra, it is proved that
every (z,y, p)-level set of a neutrosophic N -subalgebra of the algebra is the quasi-subalgebra
and the inverse is true. Also, we show that the family of all neutrosophic M -subalgebras of
this algebraic structure forms a complete distributive lattice. Some properties of neutrosophic N -
subalgebras of Sheffer stroke BL-algebras are examined. Indeed, we investigate the case which
N -functions defining a neutrosophic N -subalgebra of a Sheffer stroke BL-algebra are constant.
Moreover, we define a (ultra) neutrosophic N -filter of a Sheffer stroke BL-algebra by A -functions
and analyze many features. It is demonstrated that (z, y, p)-level set of a neutrosophic N -filter
of a Sheffer stroke BL-algebra is its filter but the inverse does not hold in general. In fact, we
propound that (z, y, p)-level set of a (ultra) neutrosophic N -filter of a Sheffer stroke BL-algebra
is its (ultra) filter and the inverse is true. Finally, new subsets of a Sheffer stroke BL-algebra
are defined by the A -functions and special elements of the algebra. It is illustrated that these
subsets are (ultra) filters of a Sheffer stroke BL-algebra for the (ultra) neutrosophic N -filter but
the special conditions are necessary to prove the inverse.

2 Preliminaries

In this section, basic definitions and notions on Sheffer stroke BL-algebras and neutrosophic
N -structures.

Definition 2.1. [18] Let H = (H,|) be a groupoid. The operation | is said to be a Sheffer stroke
(or Sheffer operation) if it satisfies the following conditions:

(S xly=ylx,

(82) (x| x) | (x]y)=x,

(S3) x[(IDI@I2)=Wx[»[x]) ]z,

($4) ()TN0 =x.

Definition 2.2. [21] A Sheffer stroke BL-algebra is an algebra (C, Vv, A,|,0,1) of type
(2,2,2,0,0) satisfying the following conditions:

(sBL—1) (C, v, n,0,1) is a bounded lattice,

(sBL—2) (C,]) is a groupoid with the Sheffer stroke,
(SBL—=3) cynea=(cr|(cr|(eale))) | (er]er(ezle2))),
(sBL—4) (c1|(c2lc))V(eal(erle)) =1,

for all ¢, € C.

1=0]0 is the greatest element and 0 =11 is the least element of C.
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Proposition 2.1. [21] In any Sheffer stroke BL-algebra C, the following features hold, for all

C1,C2,C3 € C:

(D) erl(eal(esled)) [ (eal(esles))) =cal (el (ezle3z))|(er](es]e3))),
2 crlerlen) =1,
3) Ll(crle)=c,
@) | A1DH=1,
S 1D ler D) =e,
6) (crle) | (1) <czscr<cal|(c3]c3)
(7 cr = iff c1|(e2]|e) =1,
8) c1<ca2l(er]er),
) c1 =(c1lec2)]ca,
(10) (@) (crl(erl(ealea)) | (erl(er](ea]er))) <ci,
D) (crl(erl(ealea))) | (erler](ea]er))) <ca.
(11) If ¢ < ¢y, then
(@) csl(crle) =cszl(er|cr),
(@) (crlez)|(erles) <(eale3)|(e2]c3),
(iii) 2| (e3le3) <cp|(e3]e3).
(12) crl(ealex) <(ezl(erle)) [ ezl (ealea)) | (e3](e2]e2))),
(13) crl(ealex) <(eal(ezlez)) | ((er | (ezle3)) | (erl(es|ez))),
(I4) ((crve) ez | ((ecrver)les)=((er|e3) [ (er]e3) vV (eale3) | (ea]e3)),
(I5) civer=((cr|(c2le)) [ (cale)) Allea] (er]en) | (erler)).

Lemma 2.1. [21] Let C be a Sheffer stroke BL-algebra. Then
(crl(cale) [(ealer) =(eal(erlen)) | (erler),
for all ¢1,cp € C.

Corollary 2.1. [21] Let C be a Sheffer stroke BL-algebra. Then
civVer=(clleale))l(c2]c),
for all ¢1,cp € C.

Lemma 2.2. [21] Let C be a Sheffer stroke BL-algebra. Then
crl((eal(ezlez)) | (eal(ezle3))) = (crl(cale)) | ((erl(ezle3)) | (erl(es]e3))),
for all C1,C2,C3 € C.

Definition 2.3. [21] A filter of C is a nonempty subset P C C satisfying
(SF—1) if ¢1,cp € P, then (¢ | ) | (c1 ] ¢2) € P,

(SF—2) if ¢; € P and ¢| < ¢, then ¢ € P.

Proposition 2.2. [21] Let P be a nonempty subset of C. Then P is a filter of C if and only if

the following hold:
(SF-3) 1eP,
(SF—4) cpe P and ¢ |(c2|cp) € P imply ¢ € P.
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Definition 2.4. [21] Let P be a filter of C. Then P is called an ultra filter of C if it satisfies
cePorc|ceP, for all ceC.

Lemma 2.3. [21] A filter P of C is an ultra filter of C if and only if ¢; V¢, € P implies ¢ € P
or cp € P, for all ¢,cp e C.

Definition 2.5. [8] F (X, [—1, 0]) denotes the collection of functions from a set X to [—1, 0]
and an element of F(X,[—1,0]) is called a negative-valued function from X to [—1, 0] (briefly,
N -function on X). An N -structure refers to an ordered pair (X, /) of X and A -function / on X.

Definition 2.6. [12] A neutrosophic N -structure over a nonempty universe X is defined by
X X
Xy = = { xeX }
(Tn,IN,FN) (Tn(x), IN(x), Fn(x))

where Ty,Iy and Fy are N -functions on X, called the negative truth membership function,
the negative indeterminacy membership function and the negative falsity membership function,
respectively.

Every neutrosophic N -structure Xy over X satisfies the condition (Vx € X)(—=3 < Tn(x) +
In(x) + Fy(x) <0).

Definition 2.7. [13] Let Xy be a neutrosophic A -structure on a set X and 7,y,p be any
elements of [—1,0] such that —3 <74y + p <0. Consider the following sets:

Ty ={xeX:Tn(x) <t}
I ={xeX:Iy(x) >y}
and
Fh={xeX:Fy(x) <p}.
The set
Xn(T,y,p) ={xeX:Ty(x) <7,In(x) >y and Ty(x) < p}
is called the (z,y, p)-level set of Xy. Moreover, Xy(t,y,p) = T]{,HIK,HFI’\),.

Consider sets
Xy i={xeX:Ty(x) < Tn(c},
Xy ={xeX :Iy(x) = In(c)}
and
Xy i={xe X :Fy(x) < Fy(cp),
for any ¢, ¢;,cr € X. Obviously, ¢; € Xy, ¢c;€ X5 and ¢f € Xy [13].

3 Neutrosophic N -Structures

In this section, neutrosophic A -subalgebras and neutrosophic N -filters on Sheffer stroke BL-
algebras. Unless otherwise specified, C denotes a Sheffer stroke BL-algebra.
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Definition 3.1. A neutrosophic N -structure Cy on a Sheffer stroke BL-algebra C is called a
neutrosophic A -subalgebra of C if the following condition is valid:

min{7Ty(c1), Tn(c2)} < Tn(er | (2| 2)),

max{ly(c1),In(c2)} > In(c1 | (2| €2)) and (1)
max{Fn(c1), Fn(c2)} = Fn(cr | (c2]¢2)),

for all ¢1,cp € C.

Example 3.1. Consider a Sheffer stroke BL-algebra C where the set C=1{0,a,b,c,d,e,f,1} and
the Sheffer operation |, the join operation v and the meet operation A on C has the Cayley tables
in Tab. 1 [21]. Then a neutrosophic N -structure

X X
Cy= ix=d,1}U yeC—1{d.1
N {<—0.08,—0.999,—0.26> e } {(—0.92,-0.52,_0.0012) xeC-id, }}

on C is a neutrosophic N -subalgebra of C.

Table 1: Tables of the Sheffer operation |, the join operation Vv and the meet operation A on C

| 0 a b ¢ d e f 1
0 1 1 1 1 1 1 1 1
a 1 f 1 1 f f 1 f
b 1 1 e 1 e 1 e e
c 1 1 1 d 1 d d d
d 1 f e 1 ¢ f e ¢
e 1 f 1 d f b d b
f 1 1 e d e d a a
1 1 f e d ¢ b a 1
v 0 a b c d e f 1
0 0 a b ¢ d e f 1
a a a d e d e 1 1
b b d b f d 1 f 1
c c e f c 1 e f 1
d d d d 1 d 1 1 1
e e e 1 e 1 e 1 1
A A 1 A A 1 1 A 1
1 1 1 1 1 1 1 1 1
A 0 a b c d e f 1
0 0 0 0 0 0 0 0 0
a 0 a 0 0 a a 0 a
b 0 0 b 0 b 0 b b
c 0 0 0 c 0 c c c
d 0 a b 0 d a b d
e 0 a 0 c a e c e
f 0 0 b ¢ b ¢ f f
1 0 a b c d e f 1
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Definition 3.2. Let Cy be a neutrosophic N -structure on a Sheffer stroke BL-algebra C and
7,v,p be any elements of [—1,0] such that —3 <7+ y + p <0. For the sets

Ty ={ceC:Tn(c) > 1},
IY:={ce C:Iy(c) <y}

and
FY:={ce C:Fy(c) <p},
the set

Cn(t,y,p):={ce C:Tyn(c) 2 t,In(c) <y and Fn(c) < p}
is called the (z,y,p)-level set of Cy. Moreover, Cy(t,y,p) = T]{,HIK,HFI’\),.

Definition 3.3. A subset D of a Sheffer stroke BL-algebra C is called a quasi-subalgebra of C
if ¢1|(ca|¢2) €D, for all ¢1,cy € D. Obviously, C itself and {1} are quasi-subalgebras of C.

Example 3.2. Consider the Sheffer stroke BL-algebra C in Example 3.1. Then {0,a,f,1} is a
quasi-subalgebra of C.

Theorem 3.1. Let Cy be a neutrosophic A/ -structure on a Sheffer stroke BL-algebra C and
7,y,p be any elements of [—1,0] such that —3 <t + y + p < 0. If Cy is a neutrosophic
N -subalgebra of C, then the nonempty level set Cy(z,y,p) of Cy is a quasi-subalgebra of C.

Proof. Let Cy be a neutrosophic N -subalgebra of C and c¢j,c; be any elements of
Cn(z,y,p), for t,y,p€[-1,0] with =3 <7+y +p <0. Then Tn(c1), Tn(c2) = 7,In(c1),IN(c2) < ¥
and Fy(cy), Fn(cy) < p. Since
T <min{Tn(c1), Tn(c2)} < Tn(cr | (2] ¢2)),

In(er | (2] €2)) =max{Iy(c1),IN(c2)} =¥

and

Fy(er (2] ¢2)) =max{Fn(c1), Fn(c2)} < p,

for all ¢j,cp € C, we obtain that ¢; | (ca|c2) € Ty, ¢1| (ca ]| ¢2) € I}(, and ¢y | (¢c2 | ¢2) € Ff, and so,
crl(cale)eTy ﬂl}(, ﬂFJ’\), = Cy(t,y,p). Hence, Cy(t,y,p) is a quasi-subalgebra of C.

Theorem 3.2. Let Cy be a neutrosophic N -structure on a Sheffer stroke BL-algebra C and
T}V,I]’(, and Fﬁ, be quasi-subalgebras of C, for all 7,y,p €[—1,0] with =3 <7+ 9y 4 p <0. Then
Cy is a neutrosophic N -subalgebra of C.

Proof. Let Cy be a neutrosophic N -structure on a Sheffer stroke BL-algebra C, and Tf ,IK,
and FJ’\), be quasi-subalgebras of C, for all ,y,p €[—1,0] with =3 <7 +y + p <0. Suppose that
c1 and ¢p be any elements of C such that wy = T (ci | (¢c2 | ¢2)) <min{Tn(c1), Tn(c2)} =wa, t; =
max{/y(c1),In(c2)} < In(c1 | (c2| €2)) =12 and r; = max{Fn(c1), Fy(c2)} < Fy(ci | (c2]¢2)) =ra. If

1 1 1
7= 5(Wl +w) e[-1,0), y1 = 5(zl +1t)e[-1,0) and p; = 5(” + 1) €[—1,0), then w < 71 < wy,
t<yi <t and ri < py <rp. Thus, ¢c1,c2 € Ty, ci,co €I} and ¢i,co € Fy but ¢ | (e2| ) ¢ Ty,
c1| (] ep) ¢ I}(,‘ and ¢ | (¢2 | ¢2) ¢ F', which are contradictions. Hence, min{Tx(c1), Ty(c2)} <

Tn(er ] (2| c2)), In(er | (e2|e2)) <max{In(cy),In(c2)} and Fy(cy | (c2 | c2)) <max{Fy(c1), Fn(c2)},
for all ¢1,cr € C. Thereby, Cy is a neutrosophic N -subalgebra of C.
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Theorem 3.3. Let {Cy, : i € N} be a family of all neutrosophic A -subalgebras of a Sheffer
stroke BL-algebra C. Then {Cy, :i € N} forms a complete distributive lattice.

Proof. Let D be a nonempty subset of {Cy,:i € N}. Since Cy;, is a neutrosophic N -subalgebra
of C, for all i e N, it satisfies the condition (1). Then () D satisfies the condition (1). Thus, (D
is a neutrosophic N -subalgebra of C. Let E be a family of all neutrosophic A -subalgebras of
C containing | J{Cy;:i € N}. Thus, (E is also a neutrosophic A/-subalgebra of C. If A, . Cn, =
MNien Cn; and /oy Cn; = (N E, then ({Cy; : i € N},\/,/\) forms a complete lattice. Also, it is
distibutive by the definitions of \/ and /.

Lemma 3.1. Let Cy be a neutrosophic N -subalgebra of a Sheffer stroke BL-algebra C. Then
Tn(c) <Tn(l), In(c) = In(1) and Fn(c) = Fy(1), for all ce C.

Proof. Let Cy be a neutrosophic N -subalgebra of C. Then it follows from Poposition 2.1 (2)
that

Ty(c)=min{Tn(c), Tn(c)} < Tn(c|(c|c))=Tn(1),
In(1)=1In(c|(c|c) <max{Iy(c),In(c)} =1In(c)

and
Fy(1)=Fy(c|(c|0)) <max{Fy(c),Fy(c)} =Fn(c),
for all ce C.

The inverse of Lemma 3.1 is not true in general.

Example 3.3. Consider the Sheffer stroke BL-algebra C in Example 3.1. Then a neutrosophic
N -structure

r X
N {(_001,—01,—011) * @9, } {(_Ol,_OOI,—OOI) X € {a: 5 }}

on C is not a neutrosophic N -subalgebra of C since max{Fy(a), Fy(b)} = —0.11 < —0.01 =
Fn(f)=Fn(a|(b|b)).

Lemma 3.2. A neutrosophic N -subalgebra Cy of a Sheffer stroke BL-algebra C satisfies
Tn(er) =Tn(er | (2l e2)), In(e1) = In(cr | (2| ¢2)) and Fy(cy) = Fn(cr | (2| ¢2)), for all ¢, € C
if and only if Tw,Iy and Fy are constant.

Proof. Let Cy be a a neutrosophic N -subalgebra of C such that T (c1) < Tn(ci | (c2] ¢2)),
In(c1) = In(er | (e2] 2)) and Fy(c1) = Fy(cy | (e2 | ¢2)), for all ¢1,¢2 € C. Since Ty (1) < Tn(1](c]|
) =Tn(c), IN(D)=In(1]|(c|c))=1In(c) and Fn(1) > Fy(1]|(c|c)) = Fn(c) from Proposition 2.1
(3), it is obtained from Lemma 3.1 that Tn(c) = Tn (1), In(c) =Iy(1) and Fy(c) = Fn(1), for all
ce C. Hence, Ty,Iy and Fy are constant.

Conversely, it is obvious since Ty, Iy and Fy are constant.
Definition 3.4. A neutrosophic N -structure Cy on a Sheffer stroke BL-algebra C is called a
neutrosophic N -filter of C if

1. ¢1 < ¢y implies Ty (c1) < Tn(c2), In(c2) <In(c1) and Fy(c2) < Fy(cy),
2. min{Tn(c1), Tn(c2)} < Tn((er | e2) | (c1 ] ¢2)), In((er | ¢2) | (e1 ] 2)) <max{In(c1),In(c2)}
and Fy((c11c2) ]| (c1]c2)) <max{Fn(c1),Fn(c2)},

for all ¢1,cp € C.
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Example 3.4. Consider the Sheffer stroke BL-algebra C in Example 3.1. Then a neutrosophic
N -structure

x -
(-0.3,—1,-0.15)

CN={ =c,e,f,1}U{ :x=0,a,b,d}

X
(-1,-0.7,0)
on C is a neutrosophic N -filter of C.

Theorem 3.4. Let Cy be a a neutrosophic A/ -structure on a Sheffer stroke BL-algebra C. Then
Cy is a neutrosophic N -filter of C if and only if

min{7n(c1), Tn(c1 | (c2l )} < Tn(e2) < T (1),

In(1) < In(c2) <max{Iy(c1),In(c1 | (2| €2))} and (2)
Fn(1) < Fy(c2) <max{Fy(c1), Fn(c1 | (c2]2))},

for all ¢, € C.

Proof. Let Cy be a neutrosophic N -filter of C. Then it follows from (sBL-3) and Defini-
tion 3.4 that

min{7Ty(c1),Tn(c1l(c2]leaNt < Tn((er [ (erl(eale))) [ (erl(erl(eale))=Tn(c1Ac2) <Tn(e2) <Tn(1),
In(1) <In(c2) <In(crne)=In((cr](er|(e2le2))) | (er](erl(e2]e2)))) <max{In(c1),In(c1|(c2|e2))}
and

Fn(1) <Fn(ep) <Fn(cinc)=Fn((crl(er](cale) | (erl(er|(e2le2)))) <max{Fn(c1),Fy(ci|(c2]ea))},
for all ¢, € C.

Conversely, let Cy be a a neutrosophic N -structure on C satisfying the condition (2). Assume
that ¢; <c¢p. Then ¢1 | (¢2 | ¢2) =1 from Proposition 2.1 (7). Thus,

Ty (c1) =min{Ty(c1), Tn(D} =min{Tn(c1), Tn(cr | (2] €2))} < Tn(c2),

In(c2) <max{Iy(c1),In(c1 | (c2 | 2))} =max{Iy(c1), In(1)} = In(c1)

and

Fy(c2) <max{Fy(c1), Fn(c1 | (c2]c2))} =max{Fn(c1), Fy(1)} = Fn(cy),

for all ¢1,cr € C. Also, it follows from Proposition 2.1 (9), (S1) and (S2) that

min{7Tn(c1), Tn(c2)} <min{Tn(c1), Tn(cy | (1| c2))}
=min{7Tn(c1), Tn(er | (((er ] e2) | (erle)) [ (e [e2) | (er [ 2N}
<Tn((c1]c2) | (c1]e2)),

In((c1 | c2) | (c1 | e2)) <max{Iy(ci),In(cy | (((cr]e2) | (e1le2)) | ((erlea)|(erle)))}
=max{Iy(c1),In(c1 | (c1]c2))}
<max{Iy(c1),In(c2)}

and
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Fn((c11e2) | (e1|e2)) <max{Fn(c1),Fy(ci|(((c1]c2)|(c1le2)) | ((c1ler) ] (crle))))}
=max{Fy(c1),Fn(c1|(c1|c2))}
<max{Fy(c1), Fn(c2)},

for all ¢j,cr € C. Thus, Cy is a neutrosophic N -filter of C.
Corollary 3.1. Let Cy be a neutrosophic N -filter of a Sheffer stroke BL-algebra C. Then

L. min{Tn(c3), Tn(cs | (((c2 | (erle)) [ (erlen)) (el (erlen) | (erle)))) < Ty((er|(e2lc2)) ]
(c2]¢2)),
In((c1 | (2] ¢2) | (e2|¢2)) <max{In(c3),In(c3 | (((c2 | (crlen) | (er|e) | ((ealer|en)l]
(cr e}
and Fy((c1 | (c2]¢2) | (c2]¢2)) <max{Fn(c3),Fy(c3 | (((c2|(cr|en)|(erlen)]ea] (el
c) | (er le))N},

2. min{Ty(c3), Tn(c3 | ((e1 | (e2le)) [l (1| (2l )N} < Tn(er | (e2]c2)),
In(er | (2| e2)) <max{ly(c3),In(c3 | ((c1 | (c2]e2)) | (cr](cale2))))} and
Fn(cr | (e2|e2)) <max{Fn(c3), Fn(cs| ((c1|(c2]e2) | (el (ca] e},

3. min{Tn(cr | ((c2 ] (ezlea)) |l (eal(e3le3)))), Tn(er | (ealea))} < Tv(er | (e31¢3)),
In(er | (e3]¢3)) <max{Iy(cy | ((c2|(c3]e3)) [ (eal(e3le3)))), In(cr | (2| c2))} and
Fn(cr | (e3le3)) <max{Fn(cy|((c2](c3le3)) [ (ca](e3le3)))), Enler] (e},

4. Tn(er | (e ] ) = Ty(l), In(cr | (c2 ] ¢2)) = In(1) and Fy(cy | (c2 | ¢2)) = Fn(1) imply
Tn(c1) < Tn(c2), IN(c2) <In(c1) and Fy(c2) < Fy(cy),

for all ¢1,¢p,c3 € C.
Proof. It is proved from Theorem 3.4, Lemma 2.1 and Lemma 2.2.
Lemma 3.3. Let Cy be a neutrosophic N -structure on a Sheffer stroke BL-algebra C. Then
Cy is a neutrosophic N -filter of C if and only if
min{7Tn(c1), Tn(c2)} < Tn(c3),
c1 =2l (el e3) implies | In(c3) <max{Iy(c1),In(c2)} and 3
Fn(c3) = max{Fn(c1), Fn(c2)},
for all C1,C2,C3 € C.

Proof. Let Cy be a neutrosophic N -filter of C and ¢; < ¢, | (¢3 | ¢3). Then it is obtained from
Definition 3.4 (1) and Theorem 3.4 that

min{7Tn(c1), Tn(c2)} <min{Tn(c2), Tn(cz2 | (¢3]¢3))} < Tn(c3),
In(e3) =max{In(c2), In(c2 | (c3]c3))} < max{ln(c1), In(c2)}
and

Fn(e3) <max{Fn(c2), Fn(cz | (e3]¢3))} <max{Fy(c1), Fn(c2)},
for all ¢1,cp,c3 € C.

Conversely, let Cy be a neutrosophic N -structure on C satisfying the condition (3). Since
it is known from Proposition 2.1 (4) that c <1 =c¢|(1]1), for all ¢ € C, we get that Ty(c) =
min{7Ty(c), Ty(0)} < Tn(1), In(1) < max{Iy(c),In(c)} = IN(c)} and Fy(1) < max{Fn(c), Fn(c)} =
Fy(c)}, for all ¢ e C. Suppose that ¢; < ¢;. Since we have ¢; <c¢» =1 (cy| ¢2) from Proposition 2.1
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(3), it is obtained that Tn(c;) =min{Tn(c1), Tn(1)} < Tn(c2), In(c2) <max{In(c1),In(1)} = In(cy)
and Fy(c2) <max{Fy(c1), Fn(1)} = Fn(c1). Since ¢y < (c1|c2) | ca=ca|(((c1|c2) | (c1]e2)) | ((er]
¢2) | (c1 ] ¢2))) from Proposition 2.1 (9), (S1) and (S2), it follows that

min{7n(c1), Tn(c2)} < Tn((c1 | e2) | (c1 | €2)),

In((c1]c2) | (e1]¢2)) =max{ly(c1),IN(c2)}

and

Fyn((c1]c2) | (e1]¢2)) =max{Fn(c1), Fy(c2)},

for all ¢1,c, € C. Thus, Cy is a neutrosophic N -filter of C.

Lemma 3.4. Every neutrosophic N/ -filter of a Sheffer stroke BL-algebra C is a neutrosophic
N -subalgebra of C.

Proof. Let Cy be a neutrosophic N -filter of C. Since

((er e [ (erlea)) [ ((er | (el ea)) | (er|(eale2)))
=c1 | ((((erlex) [(erle) | (eale)) [ (((er]ea) | (erlea)) | (e2]c2)))
=c1|((er|((ea | (cale2)) [ (el (ealea)) [ (er [ ((eal (el ea)) | (eal(eale2)))))
=cr| e [(LTD) [(er [(1]1)))
=c (A
=1

from Proposition 2.1 (1), (2), (4) and (S3), it follows from Proposition 2.1 (7) that (¢1 | ¢2) | (c1 |
) <ci|(ca|cr), for all ¢1,cp € C. Then

min{7Tn(c1), Tn(c2)} < Ty((c1 | e2) | (c11¢2)) < Tn(er | (e2]e2)),
In(er (2] e2) <In((cr]e2) | (e ]e2)) <max{In(c1),In(c2)}

and

Fy(cr ] (2l ) < Fn((er|e2) | (c1]e2)) <max{Fn(c1), Fy(c2)},
for all ¢i,cr € C. Thereby, Cy is a neutrosophic N -subalgebra of C.
The inverse of Lemma 3.4 is usually not true.

Example 3.5. Consider the Sheffer stroke BL-algebra C in Example 3.1. Then a neutrosophic
N -structure

0 1 X
= { (—1,0,0) (0.~ 1, —1) } - { (—05,-05,—0.5) ¢~ 1}}

on C is a neutrosophic N -subalgebra of C whereas it is not a neutrosophic N -filter of C since
min{7Ty(a), Ty(b)} =—0.5>—-1=Ty{(a|b)| (a|b)).

Definition 3.5. Let Cy be a neutrosophic N -structure on a Sheffer stroke BL-algebra C. Then
an ultra neutrosophic N -filter Cy of C is a neutrosophic N -filter of C satisfying Ty (c) = Tn (1),
IN((g = In(1), Fn(c) = Fy(1) or Ty(c|c)=Tn(1), In(c|c) =In(1), Fy(c|c) = Fn(1), for all
ceC.
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Example 3.6. Consider the Sheffer stroke BL-algebra C in Example 3.1. Then a neutrosophic
N -structure

X
= : _ 1 U
Cy { (—=0.02,—-0.77,—0.6) x=b,d.f, } {

X
(—0.79,-0.05,—-0.41)

:x=0,a,c,e}

on C is an ultra neutrosophic N -filter of C.

Remark 3.1. By Definition 3.5, every ultra neutrosophic N -filter of a Sheffer stroke BL-
algebra C is a neutrosophic N -filter of C but the inverse does not generally hold.

Example 3.7. Consider the Sheffer stroke BL-algebra C in Example 3.1. Then a neutrosophic
N filter

X X
Cn= { (—0.18,—082,—057) = © I}U { (CT.—064.—043) “c¢te 1}}

of C is not ultra since Ty(a) # Tn(l) # Tn(a|a) =Tn({), In(a) #In(1) £ Iy(a|a) =Iy(f) and
Fy(a) # Fn(1) # TFn(a|a) = Fx(f).

Lemma 3.5. Let Cy be a neutrosophic N -filter of a Sheffer stroke BL-algebra C. Then Cy
is an ultra neutrosophic N -filter of C if and only if Ty(cy) # Tn(1), Tn(c) # T (1), In(cr) #
In(1), In(c2) # In(1) and Fy(c1) # Fy(1), Fy(c2) # Fy(1) imply Tn(cy | (c2|¢2)) =Tn(1) =Ty(c2 |
(crlen), In(er | (el ) =In(1) =In(c2 | (1] 1)) and Fy(cy | (c2]c2)) =Fn(1) =Fy(cz | (c1]cr)),
for all ¢1,cp € C.

Proof. Let Cy be an ultra neutrosophic N -filter of C, and Ty(c1) # Tn(1), Tn(cz) # Tn(1),
In(c1) #In(1), IN(c2) # In(1) and Fy(c1) # Fn(1), Fy(c2) # Fy (1), for any ¢, ¢z € C. Then T (cy |
gll) =Tn(l) =Tn(c2 | 2), IN(cr | c1) = IN(1) = In(c2 | ¢2) and Fy(cy | c1) = Fy(1) = Fy(c2 | ¢2).

ince

(crle) | (erl(eale)) (erl(eale)))=(calcr) | ((er](erle)) [ (erlerle))=(c2le) A ]D) =1

and

(2l el ((eal(erlen) [ (ealerlen) =(crleD) [ ((eal(eale2)) [ (2l (eale)))=(erle) (1D =1
from (S1), (S3), Proposition 2.1 (2) and (4), it follows from Theorem 3.4 that
Ty(1)=min{Tn(1), Tn(D)}=min{Tn(c1 [c1), Tn((c1]c1) [ ((c1] (2l e)) [ (erl(e2le2IN} < Tn(er] (2] €2)),
In(er|(e2le2)) <max{In(erlen),In((crlen) [((er| (el e2)) [(er] (c2le)))t=max{In(]),In(1)}=1In(1),
Fn(erl(ez2e2)) <max{Fy(ci|cn),Fn((crlen) | ((erl(e2le)) | (crl (2l )N }=max{Fy(1),Fn(1)}=Fn(l),

and similarly, Tx(1) < Ty(ca | (e1 | c1)), In(ea | (cr | 1)) <In(1), Fy(ea| (e |c1)) < Fy(1). Hence,
we obtain from Theorem 3.4 that Tn(c; | (ca] ) =Tn(1) =Tn(ca| (c1] 1)), In(c1 | (2| ) =
In(1)=1Iyn(c2|(c1]c1) and Fy(cy|(c2]c2))=Fn(1)=Fy(c2]|(c1]|cr)), for all ¢, € C.
Conversely, let Cy be a neutrosophic N -filter of C such that Tx(c1) # T (1), Tn(ca) # Tn(1),
In(c1) # In(1),In(c2) # In(1) and Fn(c1) # Fn(1),Fn(c2) # Fn(1) mmply Ty(cp | (c2 | 2)) =
ITn(l) = Tn(cz | (c1 | 1)), In(er | (2| 2)) = In(1) = In(c2 | (1 | 1)) and Fn(cy | (e2 | €2)) =
Fy() = Fy(ca | (c1 ] ¢1)), for all ¢1,cr € C. Assume that Twn(c) # Ty(l) # Ty(0) = Tn(1 | 1),
In(e) #In(1) #In(0) =Iy(1 ] 1) and Fy(c) # Fy(1) # Fy(0) = Fx(1 ] 1). Hence, Tn(c|c)=Tn(1]|
((clalclo)=Tyc|D)=Ty|[(A|D]AD)=TnA), Ty((1]1)](c]|c)=Tn(), In(c]
o=InL[({(clol(cle))=In(|D)=Iny(|(A]D[A]1)=In1), IN(1|1)[(c]c)=In()
and Fy(clo)=Fy(|({(clo|(cle))=Fy(c|D)=Fy(|[(A|D[A]1)=Fy), Fn(1]1)]
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(c]¢)) =Fy() from Proposition 2.1 (3), (4), (S1) and (S2). Suppose that Tn(c|c) # Tn(1) #
TnO) =Ty | 1), In(c) # In(1) # In(0) = In(1| 1) and Fy(c) # Fy(1) # Fy(0) = Fy(1 | 1). Thus,
Tn(@)=Tn(|(c|))=Tn(c|o) | (A1) A]D)=TnM), Ty [1)[{(c|c)]|(c]e))=Tn(),
In@@)=In(|(clo)=In((c|o) | (A D 1A]1)=In), IN(T[D)|((c] ) |(c]|e))=In(l) and
Fy(@)=Fy(|(cle)=Fn(c|o) (11 [A]1)=Fn), Fy((A|1)|((c|c)]|(c]c))=Fn(l)
from Proposition 2.1 (3), (4), (S1) and (S2). Therefore, Cy is an ultra neutrosophic N -filter of C.

Lemma 3.6. Let Cy be a neutrosophic N -filter of a Sheffer stroke BL-algebra C. Then Cy is
an ultra neutrosophic N -filter of C if and only if Ty(ci V) < Tn(cr)V Tn(ca), In(c1) VIN(cy) <
In(c1 V) and Fy(cy) Vv Fy(cp) < Fn(cp VvV ¢), for all ¢j,cr e C.

Proof. Let Cy be an ultra neutrosophic N-filter of C. If Ty(cy) = Tn(1),In(c1) = In(1),
Fy(c1) = Fny(1) or Tn(cr) = Tn(l),In(c2) = In(1), Fn(cy) = Fy(1), then the proof is completed
from Theorem 3.4. Assume that Tn(c1) # Ty (1) #£ Tn(c2),In(c1) £ In(1) #£ In(c2) and Fy(c1) #
Fy(1) # Fn(cz). Thus, we have from Lemma 3.5 that Tx(ci | (c2]¢2))=Tn(1) =Tn(c2 | (c1] 1)),

In(er | (e2] ) =In(1) =In(c2 | (1| c1)) and Fy(ci | (c2|¢2)) = Fn(1) = Fy(ca | (1 | 1)), for all
c1,¢2 € C. Since

Tn(c1 V) =min{Ty(l), Tn(cr V)l =min{Ty(cy | (c2]€2)), Tn((er | (e2]e2)) | (2| e))} < T (c2),
In(c2) <max{In(cy | (c2]¢2)), In((c1 | (c2|€2)) | (e2]€2))} =max{In(]),In(c1 V 2)} =In(c1V ¢2),
Fn(c) <max{Fn(c | (c2]¢2), Fn((c1|(c2le2)) | (c2|e))} =max{Fn(1),In(c1 V 2)}=Fn(c1 V),

and similarly, Tny(c1 Vv ¢2) = Ty(c2 Vv e1) < Tn(cr), In(c1) < In(ca Vv 1) = In(c1 V ¢2), Fy(cy) <
Fy(co v c1) = Fy(er Vv ¢2) from Corollary 2.1 and Theorem 3.4, it follows that Tn(ci V ¢) <
Tn(c1) VvV Tn(e2), In(c1) VIN(c2) <In(c1 V) and Fy(c) VvV Fy(c2) < Fy(cp Vv ep), for all ¢, € C.

Conversely, let Cy be a neutrosophic N -filter of C satisfying that Ty(c; V ¢3) < Ty(c1) V
Tn(c2), In(c1) VIN(c2) <In(c1Vep) and Fy(cy) V Fy(c2) < Fy(c1 Vea), for any ¢, ¢ € C. Since
In()y=Tn(c|(cle)=Tn({c|(clO ]l cla)](cla)=Tn(cV(cle) <Tn()V Tn(c|o),
In(e)ViIy(clo) <In(eVv(clo)=In(c|clo)(clON[cle)|(cle))=In(c|(c|c))=1In(])

and

Fn(o) v EN(cle) <Fn(eviclo)=Fn(clclo]clop)clo)l(cle))=Fn(cl(cle)=Fn(l)
from Proposition 2.1 (2), (S1), (S2) and Corollary 2.1, it is obtained from Theorem 3.4 that
Tn()vTn(c|lo)=Tn(), In(c)VIN(c|c)=1In(1) and Fy(c)V Fn(c|c)=Fy(1), and so, Tn(c) =
Tn(D), IN(e)=IN(1), Fn(c)=Fn(1) or Tn(c|c)=Tn(1), In(c|c)=In(1), Fn(c|c)=Fy(l), for
all ce C. Thus, Cy is an ultra neutrosophic N -filter of C.

Theorem 3.5. Let Cy be a neutrosophic N -structure on a Sheffer stroke BL-algebra C and
7,y,p be any elements of [—1,0] with =3 <7t+y +p <0. If Cy is a (ultra) neutrosophic N -filter
of C, then the nonempty subset Cy(z,y,p) is a (ultra) filter of C.

Proof. Let Cy be a neutrosophic N -filter of C and Cy(z,y,p)#, for 7,y,p e [—1,0] with
—3<1t+y+p=<0. Asumme that ci,c; € Cy(z,y,p). Since T < Tn(c1),T < Tn(c2), In(c1) <
v, In(c2) <y, Fn(c1) < p and Fy(cp) < p, it follows that

T <min{7Tn(c1), Tn(c2)} < Tn((cr | e2) | (1| ¢2)),
In((c1 | c2) | (c1 | e2)) <max{Iy(c1),In(c2)} <y
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and
Fn((c11e2) | (e1|e2)) <max{Fn(c1),f/n(c2)} < p.

Then (c; | ¢2) | (c1 | ) € T’,I}(,,Ff\’,, and so, (¢1 | ) | (c1 | ¢2) € Cn(z,y,p). Suppose that
c1 € Cn(t,y,p) and ¢ <cp. Since T < T(c1) < Tn(c2), In(c2) <In(c1) <y and Fy(c2) < Fy(cp) <
p, we have that ¢, € T’,I}(,,F]’\),, and so, ¢y € Cy(t,y,p). Hence, Cy(z,y,p) is a filter of C.
Moreover, let Cy be an ultra neutrosophic N-filter of C. Assume that ¢; vV 2 € Cy(z,7,p).
Since T < Tn(c1 V ¢2), In(c1 V ¢3) <y and Fy(ci V ) < p, it is obtained from Lemma 3.6
that 7 < Tiy(c1 V ¢2) < Tn(c1) vV Tn(c2), In(c1) V In(c2) < In(cr Vo) <y and Fy(cp) V Fy(e2) <
Fy(c1 V) < p, for all ¢j,co € C. Thus, v < Ty(c1), In(c1) <y, Fn(c2) < p or © < Ty(c),
In(c2) <y, Fy(cy) <p, and so, ¢; € Cy(t,v,p) or ¢z € Cy(t,y,p). By Lemma 2.3, Cy(t,y,p) is
an ultra filter of C.

Theorem 3.6. Let Cy be a neutrosophic A -structure on a Sheffer stroke BL-algebra C, and
TIT\,,IK, and Fﬁ, be (ultra) filters of C, for all 7,y,p €[—1,0] with —3 <74y +p <0. Then Cy is
a (ultra) neutrosophic N filter of C.

Proof. Let Cy be a neutrosophic N -structure on C, and Tf ,I}(, and FJ’\), be filters of C, for
all 7,y,pe[—1,0] with =3 <t+y + p <0. Assume that

11 =Tn((c1|c2) | (c1|c2)) <min{Tn(c1), Tn(c2)} =12,
yi =max{Iy(c1),In(c2)} < In((c1|c2) | (c1]¢2)) =2
and

p1 =max{Fy(c1),/n(c2)} < Fy((c1]¢c2) | (c1]¢2)) = p2,

1 1
for some c¢j,ce C. If 79 = %(Tl +12), o= 5()/1 +12), po= 5(/01 +p2) €[—1,0), then 71 <79 < 12,

Y1 <vo<y2 and p; < po < p2. So, (¢ | ¢2) | (c1 | er) ¢ TR, I, Fy when ¢i,¢2 € Ty, 1)), Fy’, which
contradict with (SF-1). Thus

min{Tn(c1), Tn(c2)} < Tn((c1 | c2) | (c1]¢2)),
In((c1]c2) | (c1]e2)) <max{In(c1),In(c2)}

and

Fy((c1 | e2) | (c1]e2)) <max{Fn(c1),fn(c2)},
for all ¢1,cy € C. Let ¢1 < c¢y. Suppose that Ty (c2) < Tn(c1), In(c1) < In(c2) and Fy(cy) < Fn(c2),

1 1 1
for some ¢y, co€ C. If % = E(TN(CI)+TN(CZ))a y*= E(IN(CI)+IN(CZ))a p*= E(FN(Cl)-i-FN(Cz)) €
[—1,0), then Tn(cy) < t* < Tn(cr), In(c1) < y* < In(cp) and Fy(c1) < p* < Fy(cy). Hence,

c] € T’*,IK,*,F ]’s,* but ¢, ¢ T’*,I%*,Fl’\),* which is a contradiction with (SF-2). Therefore, Tn(c;) <
Tn(cr), In(c2) < In(c1) and Fy(c2) < Fn(cy), for all ¢1,cr € C. Thereby, Cy is a neutrosophic
N ilter of C.

Also, let T§, I, and F} be ultra filters of C, for all 7,y,p€[~1,0] with =3 <t +y +p <0,
and Tn(ci V) =1, In(ci V) =y and Fy(c; vV ¢3) = p. Since ¢ V ¢y € Tx ,I}Q,FJ’\),, it follows
from Lemma 2.3 that ¢; € Tx, I}, Fy or ¢y € Tx, 1}, Fy. Thus, Tyx(ci V) =1 < Tn(c), Ta(ca),
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In(c1),In(c2) <y =In(c1Ver) and Fn(cy), Fy(c2) < p=Fn(c1Ver), and so, Ty(c1Vep) < Ta(e)V
Tn(c2), IN(c1) VvV IN(c2) < In(c1 V ) and Fy(cy) V Fy(c2) < Fn(cp V ¢), for all ¢1,¢p € C. By
Lemma 3.6, Cy is an ultra neutrosophic N -filter of C.

Definition 3.6. Let C be a Sheffer stroke BL-algebra. Define
Cy:={ce C:Tn(c) < Tn(0)},
Cy:={ce C:Iy(c) < In(c))}
and
CY :={ce C: Fy(c) < Fy(cp)),

for all ¢;, ¢, ¢y € C. It is obvious that ¢, € Cy,¢; € Cy and ¢f € CZ.

Example 3.8. Consider the Sheffer stroke BL-algebra C in Example 3.1. Let ¢; = a,¢; = b,
cr=ceC,

) ) —-0.55 if x=0,1
—0.18 if x=0,a,f,1 0 if x=d,e,f )
Ty(x)= ) Iy(x)= ) and Fy(x)=1-0.56 if x=a,b,c
—0.29 otherwise, —1 otherwise )
—0.57 if x=d,e,f.

Then
Cy={xeC:Ty(@ <Tn(x)}={xeC: =018 <Tn(x)}={0,a,f,1},

CN ={xeC:Iy(x) <In(b)}) ={xe C:Iy(x) < -1} ={0,a,b,c,1)
and

Cy={xeC:Fy(x) <Fy(0)}={xe C:Fy(x) <—0.56}={a,b,c,d,e,f}.

Theorem 3.7. Let ¢;,¢; and ¢s be any elements of a Sheffer stroke BL-algebra C. If Cy is a
(ultra) neutrosophic N-filter of C, then Cy, Cy and Cj\i are (ultra) filters of C.

Proof. Let ¢, ¢; and ¢y be any elements of C and Cy be a neutrosophic N ilter of C. Assume
that ¢1,¢; € Cy., Cy, Cf{}- Since Tn(c;) < Tn(cr), Tn(cr) < Tn(cz), In(cr) < In(ci), In(c2) < In(c))
and Fy(c1) < Fn(cr), Fy(c2) < Fn(cr), we get that
Tn(cr) =min{Ty(c1), Tn(c2)} < Tn((cr | e2) | (e1 | e2)),

In((c1 [ e2) | (e1 | e2)) =max{Iy(c1), In(c2)} < In(ci)
and
Fy((c1 | e2) | (e1]e2)) <max{Fn(c1), Fn(c2)} < Fy(cr).

Then (c1 | ) | (c1 | ¢2) € C"f,CJ‘;’},CZ. Suppose that ¢; € Cy, Cy, Cj\i and ¢; < ¢y. Since
Tn(er) < Tn(er) < Tn(ea), In(e2) < In(c1) < IN(¢i) and Fyn(cz) < Fy(c1) < Fy(cp), it is obtained

that ¢; € Cy, Cy, Cj\f Thus, Cy, Cy. CJL\’; are filters of C.
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Let Cy be an ultra neutrosophic N -filter of C and ¢; Vv ¢; € Cy, Cy, CJL\’; Since
In(e) =Tn(erVer) = Tn(en) VvV ITn(e),
In(c1) VIN(c2) < In(e1 Ver) < In(ci)
and
Fn(c1) vV Fn(c2) < Fy(erVer) < Fy(er)
from Lemma 3.6, it follows that Tn(c;) < Tn(c1), In(c1) < In(ci), Fn(c1) < Fn(cr) or Ty(er) <
Tn(c2), In(c2) < In(ci), Fn(c2) < Fn(cr). Hence, ¢; € Cy, Cy, Cj\i or ¢; € Cy;, Cy, CJL\’; Therefore,
Cy.Cy and CZ are ultra filters of C from Lemma 2.3.

Example 3.9. Consider the Sheffer stroke BL-algebra C in Example 3.1. For a neutrosophic
N filter

x
(—0.21,-0.41,-0.61)

of C, ¢;=b, c;=c and ¢y =f € C, the subsets

X
(—0.13.—0.53.-0.93) "

CN={ :x=0,a,b,d}U{

=c,e,f,1}

Ch={xeC:Ty(b) < Ty()}={xe C: =021 < Ty(x)}=C,
Cy={xeC:Iy(x)<In(0)}={xe C:In(x) <—-0.53}={c,e,f, 1}
and

Cly={xe C:Fy(x) <Fy()} ={xe C:Fy(x) <-0.93} = {c.e.f. 1}

of C are filters of C. Also, Cf’v, Cy and C{V are ultra since Cy is ultra.
The inverse of Theorem 3.7 does not hold in general.
Example 3.10. Consider the Sheffer stroke BL-algebra C in Example 3.1. Then

Cy={xeC:Tn() <TyX)}={xeC:—-0.11 <Ty(x)}=C,
Cl={xeC:Iyx) <Iy(d}={xeC:Iy(x) <0} =C

and

Cy={xeC:Fy(x)<Fy(e)}={xeC:Fy(x) <—0.12}=C
of C are filters of C but a neutrosophic N -structure

X X .
(=0.11,0,—-0.12) 0,—1,-0.87)
is not a neutrosophic N -filter of C since Ty(d) = —0.11 < 0= Ty(a) when a <d.

Theorem 3.8. Let ¢;,c; and ¢; be any elements of a Sheffer stroke BL-algebra C and Cy be
a neutrosophic N -structure on C.

CN={ :x=0,c,d,e}u{ x=a,b,f,1}

1. If Cy,Cy and CZ are filters of C, then
Tn(cr) <min{Tn(c2|(c3]¢3)), Tn(c2)} = Tn(cr) < Tn(c3),
max{Iy(c2 | (c3]¢c3)),In(c2)} < In(c1) = In(c3) < In(c1) and “4)
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max{Fy(c2|(c3]¢3)), Fn(c2)} < Fn(c1) = Fy(c3) < Fn(cr),

for all C1,C2,C3 € C.
2. If Cy satisfies the condition (4) and

c1 < ¢y implies Tn(c1) < Tn(ca), In(c2) < In(cy) and Fy(c2) < Fn(cy), ®)

for all ¢1,¢p,¢3 € C, then Cy,Cy and C;(; are filters of C, for all ¢; € Tg,l, ci elg,l and
cf € F];I.
Proof. Let Cy be a neutrosophic A -structure on C.

1. Assume that Cy,Cy and C]C'\f' are filters of C, for all ¢, ¢i,cy € C, and ¢j,¢; and ¢3 are
any elements of C such that Txn(cy) < min{Tn(c2 | (¢3 | ¢3)), Tn(cz)}, max{Iy(cy | (c3 |
3)),In(c2)} < In(c1) and max{Fn(c2 | (¢3 | ¢3)), Fn(c2)} < Fn(cr). Since ¢ | (3] ¢3),¢2 €
Cy. Cy, C]C'\f' where ¢, = ¢; = ¢y = c¢i, we have from (SF-4) that ¢3 € Cy, Cy, C]C'\f' where ¢, =
ci=cr=c1. So, Ty(c1) < Tn(c3), In(c3) <In(cy) and Fy(c3) < Fy(cy), for all ¢y, cp,¢3 € C.

2. Suppose that Cy be a neutrosophic N -structure on C satisfying the conditions (4) and

(5), for any ¢, € Tj;l, i € I&l and ¢ € Fj;l. Let c1,¢ € Cy, Cy, Cj{:. Since ¢ < (¢2 | 1) |
ci=cp |l (((cr]e) ] (cr]e)) | ((er|e2) | (er|c2))) from Proposition 2.1 (9), (S1)~(S2),

and Ty(c;) < Tn(c1), Tn(cr) < Tn(ca), In(cr) < In(ci),In(c2) < In(ci), Fn(c1) < Fy(cr) and
Fy(c2) < Fn(cyp), it follows from the condition (5) that

T'n(c) <min{Tn(c1), Tn(c2)} <min{Tn(c1),Tn(c1|(((c1lea) [ (cr]e2)) | ((erlea)[(er]ea))N},
max{Iy(cy),In(c1|(((c1]e2) [ (erle)) [((erlea)|(erle))))} <max{In(c1),In(c2)} <In(ci)

and max{Fy(c1), Fy(c1 | (((c1]c2) [ (c11ea)) | ((e1]ea) | (er|e2))))} <max{Fn(c1), Fy(c2)} <
FN(Cf).
Thus, Tn(c)) < Tn((er | e2) | (e1 | ), In((e1 | ) | (c1 | €2)) < In(ci) and_FN((Cl | c2) | (e1 |
¢2)) < Fy(cy) from the condition (4), and so, (¢i | ¢2) | (c1 | ¢2) € Cy, Cy, C]C'\f. Let ¢; < ¢ and
c1 € Cy, Cy, Cf{:- Since T (cy) < Tn(cr) < Tn(c2), In(c2) < In(er) < In(c;) and Fn(cz) < Fn(cp) <

Fy(cs) from condition (5), it is obtained that ¢, € Cy;, Cy, CZ. Thereby, Cy., Cy and C;{; are filters
of C.

Example 3.11. Consider the Sheffer stroke BL-algebra C in Example 3.1. Let

—-0.07 if x=1
—0.77 otherwise,

—0.63 if x=e,1

0 otherwise,

—0.84 if x=a,d,e, 1

Tn(x) =
N (x) { —0.42 otherwise.

In(x) = { and Fy(x) = {

Then the filters Cy = C, Cy, = {e.1} and C! ={a,d,e, 1} of C satisfy the condition (4), for the
elements ¢, =a,c;=e and ¢y =d of C.

Also, let

X

1
: C—-{1}; U
(=0.91,-0.23,—-0.001) e { }} { (=0.17,-0.86, —0.79)}

o=
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be a neutrosophic N -structure on C satisfying the conditions (4) and (5). Then the subsets
Cy={xeC:Ty() =Ty} ={xe C: =091 < Ty(x)}=C,

Cy={xeC:Iy(x) <Iy(b)})={xeAd:Iy(x) < -023}=C

and

Cy ={xeC:Fy(x) < Fy()} = {x € C: Fy(x) < —0.79} = {1}

of C are filters of C, where ¢;=f,¢c;=0b and ¢, =1 of C.

4 Conclusion

In the study, neutrosophic N -structures defined by A -functions on Sheffer stroke BL-algebras
have been examined. By giving basic definitions and notions of Sheffer stroke BL-algebras and
neutrosophic N -structures on a crispy set X, a neutrosophic AN -subalgebra and a (z,y, p)-level set
of a neutrosophic N -structure are defined on Sheffer stroke BL-algebras. We determine a quasi-
subalgebra of a Sheffer stroke BL-algebra and prove that the (t,y, p)-level set of a neutrosophic
N -subalgebra of a Sheffer stroke BL-algebra is its quasi-subalgebra and vice versa. Besides, it is
stated that the family of all neutrosophic A -subalgebras of the algebra forms a complete distribu-
tive lattice. It is illustrated that every neutrosophic N -subalgebra of a Sheffer stroke BL-algebra
satisfies Ty (x) < Ty (1), In(1) < In(x) and Fy(1) < Fy(x), for all elements x of the algebra but the
inverse does not generally hold. We interpret the case which A -functions defining a neutrosophic
N -subalgebra of a Sheffer stroke BL-algebra are constant. Also, a (ultra) neutrosophic N -filter of
a Sheffer stroke BL-algebra is described and some properties are analysed. Indeed, it is proved that
every neutrosophic N -filter of a Sheffer stroke BL-algebra is the neutrosophic A -subalgebra but
the inverse is not true in general, and that the (z,y, p)-level set of a (ultra) neutrosophic N -filter
of a Sheffer stroke BL-algebra is its (ultra) filter and the inverse is always true. After that the

subsets Cj;ﬁ, Cj‘;’} and CJL\’; of a Sheffer stroke BL-algebra are described by means of AN -functions
and any elements ¢;,¢; and ¢y of this algebraic structure, it is demonstrated that these subsets are
(ultra) filters of a Sheffer stroke BL-algebra if Cy is the (ultra) neutrosophic N -filter.

In future works, we wish to study on plithogenic structures and relationships between
neutrosophic N -structures on some algebraic structures.
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