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Abstract: The high potentiality of integrating renewable energies, such as photo-
voltaic, into a modern electrical microgrid system, using DC-to-DC converters,
raises some issues associated with controller loop design and system stability.
The generalized state space average model (GSSAM) concept was consequently
introduced to design a DC-to-DC converter controller in order to evaluate DC-to-
DC converter performance and to conduct stability studies. This paper presents a
GSSAM for parallel DC-to-DC converters, namely: buck, boost, and buck-boost
converters. The rationale of this study is that modern electrical systems, such as
DC networks, hybrid microgrids, and electric ships, are formed by parallel DC-to-
DC converters with separate DC input sources. Therefore, this paper proposes a
GSSAM for any number of parallel DC-to-DC converters. The proposed GSSAM
is validated and investigated in a time-domain simulation environment, namely a
MATLAB/SIMULINK. The study compares the steady-state, transient, and
oscillatory performance of the state-space average model with a fully detailed
switching model.

Keywords: Parallel DC-to-DC converters; generalized state space average model;
buck converters; boost converters; buck-boost converters

1 Introduction

Due to the revolutionary development of modern electrical systems such as electric vehicles, ships, and
microgrids, DC-to-DC converters are widely used in industry [1-6]. Moreover, DC-to-DC converters have
become the cornerstone for active power systems, especially in DC and hybrid microgrids [7—11]. The long-
term study of a fully detailed DC-to-DC converter requires not just a great deal of time but also an expensive
computer unit [12]. Therefore, the conventional concept of a state-space average model of a DC-to-DC
converter is used to minimize the simulation time as well as to design the converter controllers.

A small signal model of a DC-to-DC converter based on state-space is commonly applied as the
interested frequency range, which is around one decade below the converter switching frequency [13].
Referring to [12], the dominant oscillatory behavior cannot be captured for some topologies, such as a
resonant converter or a converter with a high ripple current. As a result, the large signal model of a
DC-to-DC converter is not represented due to the sole consideration of the DC component of the Fourier
coefficient. Hence, in order to design a reliable controller and to conduct stability studies, it is necessary
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to develop a large signal DC-to-DC converter model, including time-dependent coefficients that capture the
oscillatory behavior.

Because of the complexity of control design and a transient evaluation, DC-to-DC converter behavior
should be represented via a set of equations [14]. A generalized state space average model (GSSAM),
which is the efficient method that is proposed in [15], can be developed to represent the DC-to-DC
converter's transient, steady-state and switching dynamics. The GSSAM mainly depends on time-
dependent coefficients for one cycle of a given switching periodic signal [16]. Therefore, the switching
periodic signal can be approximated to an arbitrary accuracy with a Fourier series representation [17].
The method takes the converter power during a switching period cycle and expresses it in terms of a
group of state and output variables to represent the state space model [13].

The GSSAM has been extensively studied in the literature for a variety of converter topologies. In [18],
the authors studied four basic DC-to-DC converter topologies, namely: buck, boost, buck-boost, and Cuk
converters. The study of a single phase inverter was conducted in [19], based on applying a GSSAM,
while a dual active bridge DC-to-DC converter was evaluated in [20,21]. Because of the distinct merit of
a GSSAM in regards to control design, stability analysis, and simulation, this approach has the capability
to be applied to electric machines and poly-phase systems such as an AC machine [22] and a three-phase
six and twelve pulse diode rectifier [23]. A GSSAM for multi-phase DC-to-DC converters was recently
studied and proposed in [12].

Motivated by the potential features and flexibility of the GSSAM, this paper presents further insights and
investigations into parallel DC-to-DC converter topologies, namely: buck, boost, and buck-boost. To the
author's best knowledge, the GSSAM has not yet been applied in the literature to parallel DC-to-DC
converters with a separate DC source.

The contributions of this paper are as follows:

e The proposal of a GSSAM for n-parallel buck, boost, and buck-boost converters with a separate DC
source for each converter.

e A comparison of the steady-state, transient and switching dynamics of the proposed GSSAM model
with a switching model.

The rationale for proposing a GSSAM for parallel DC-to-DC converters is that a modern system
configuration, such as a DC microgrid, is formed via an n-parallel connection of DC-to-DC converters
with a separate DC source, as can be seen in [24-26]. Fig. | presents the general structure of a DC
microgrid with different types of DC sources. In a DC microgrid, it is essential to operate parallel DC-to-
DC converters in order to improve the system's flexibility and reliability as well as to diminish the
converter power stress [27]. This paper proposes an expandable GSSAM for n-parallel DC-to-DC
converters. Therefore, while each converter can have different DC voltage levels and duty cycles, the
output DC voltage for each converter must be identical.

This paper is organized into six sections: Section 2 provides a brief overview of the averaging complex
exponential while Section 3 explains the modelling of DC-to-DC converters. Section 4 presents a GSSAM of
DC-to-DC converters while Section 5 discusses the simulation results. The final section presents the
conclusions from this work.

2 Brief Overview of the Averaging Complex Exponential

Any periodic function can be mathematically represented based on a summation of sine and cosine
functions. The general representation formula is known as a Fourier series and is shown in (1).
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Figure 1: General structure of a DC microgrid

f(t) = % + i[an cos(nt) + b, sin(nt)] ()
n=1

Most mathematical calculations become easier if an exponential function form is applied (¢”) instead of
using trigonometric functions. For simplicity, the general exponential representation of a Fourier series can
be written in terms of the exponential function in (2):

)= Fe" )

n=—o00
where the £, coefficient is a constant real number when n =0, and is a complex number for all values of n > 0,

which appear in a conjugate pair. A conventional average state-space variable can be achieved by considering
only one cycle of the switching signal [16], which is a DC component term that is given by (3):

o0 =5 [ S ®
s T,

where T is the switching period. Fig. 2 presents the waveform of the switching signal u(f). The complex
Fourier coefficients are given by (4) for the DC component and by (5) for the AC harmonics.
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Figure 2: Switching signal waveform
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The switching frequency is donated via @ =2z/T,. Rearranging and simplifying (5) allows the
fundamental switching signal harmonic in terms of the sine function to be expressed as follows:

C — sin(nd) sin*(nd)

6
2n s ©)

Therefore, the averaging AC harmonics of index-n can be determined by differentiation f{¢) with respect
to time and computing the product of the switching signal u(f) with the circuit state variable index-n, using
the following formulas, respectively [16,18]:

Wl (%) 0 =m0 @
W= > G, ), ®

According to (8), the average product of index-n for signals can be calculated using a discrete
convolution relationship, which leads to the following expressions for the DC component and the
fundamental component, respectively [16]:

(Wf), = (u),{fo) + (u) () + () 1)y )
(uf)y = (W), (N + )i (Mo (10)

Eq. (9) gives the DC component of the state variable, which is referred to index-0. The complex state
variables based on the fundamental component can be determined from (10). In (10), the conjugate
component can be calculated by changing the index from a positive to a negative sign [16].

3 Modelling of DC-to-DC Converters
3.1 Buck Converter Modelling

The following generalized differential equations describe the voltage and current of n-parallel buck
converters:

" dir; o Vl-"nu,-(t) Ve (11)
dt L L

dve " [iL; Ve
D (E) ke (12)

i=1

In this paper, a parallel buck switching model converter, which is shown in Fig. 3, is used for validation
by comparing it with a state space average model. The differential equations of a large signal model can be
found via applying both Kirchhoff's voltage and current laws. These laws should be applied during the two-
switch state. The state variable equations of the parallel buck converter are given in (13)-(15) while the
switching function u(f) is defined in (16).

@ Vinl 23] (l ) Ve

_ Y 13
dt L L (13)
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L TmemeN) 14
dt L, L, (14)
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Figure 3: Parallel buck converters

Since circuit topology changes according to the switch mode of operation, the switching function
determines the circuit topology over each switching cycle. The GSSAM of a buck converter mainly
depends on the Fourier coefficients of state variables which, in this case, are iL;, iL,, and v.. By
including more terms of the Fourier series harmonics, it is possible to reduce any approximation error
[15], but the use of higher order approximations increases the complexity of the model. Considering only
the first-order approximation for a state-space model is beneficial for the sake of simplicity. Therefore, the
first-order Fourier coefficient approximation of (13)-(15) can be written for the state variable as follows [18]:

inn = (i) e + (i) + (iz1), € (17)
iL2 = <iL2>_1€7iwt + <iL2>o + <iL2>1€iwt (18)
Ve = (ve) 1€ 4 (ve)g + (ve) € 19)

where {iz1)0, {ir1) 0, and {v.)q are the DC components of the Fourier coefficient while (i )1, (iz1); and (v.);
are the complex first-order harmonic. The negative sign of the complex first-order harmonic indicates the
complex conjugate quantity. For mathematical simplicity of driving the generalized state-space average
model, the quantities in (17)—(19) can be expanded and written as follows:

(i)g =x1 (iz1) 1 =Xa +Jxs (iz1) —1 = X4 — jixs (20)
(ir2)g = X2 (i), = X6 +jx7 (ip1)_; = X6 —Jjxg (21

(ve)o =x3 (in1); = xg +jxo (ip1)_ | = X7 — jixg (22)
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The differential equations that form the state-space average model can be found by applying (7) and (8)
and substituting (4), (5), (20)—(22) into (13)—(15). Therefore, the differential equations of the state-space
model of a parallel buck converter are:

i)y = e~ 7 (3)
(x2)y = ij’f b7 (24)
(W) =G+~ == 25)
() = nggzlnd]) — ;—81 + oxs (26)
(xs)) = — —lesjil(nd]) + 2—91 — oy 27)
(o) = 4%121'1;(5:@) - ;—i + xy (28)
(e = — 4%“81:2(%‘{2) + z—z — g (29)
(xs) =%+%—;—8C+wx9 (30)
<X9>’1=%+%—;—9C—wxs 31)

The circuit state variables of a parallel buck converter are calculated from (23)—(31) by applying the
following equations:

ir1 = X1 + 2x4 cos(wt) — j2xs sin(wt) (32)
iy = X3 + 2x6 cos(wt) — j2x7 sin(wt) (33)
Ve = X3 + 2xg cos(wt) — j2xg sin(wt) (34)

3.2 Boost Converter Modelling

The following generalized differential equations describe the voltage and current of n-parallel boost
converters:

~diyg Vi, ui(t)ve e
i Li Li

(35)

2 a T L
dve " iL; " (u;(2)iL; Ve
dve  {~(_iL; Ve 36
i Z( c>+;<c> RC (36)

An n-parallel boost switching model converter, which is shown in Fig. 4, is used for validation by
comparing it with a state space average model. The large signal model of the two parallel boost
converters can be described as:
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Figure 4: Parallel boost converters
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In order to avoid repetition, the same procedure that is explained in Section 3.1 can be applied. Hence,

the differential equations of a parallel boost converter, as described in (40)-(48), are as follows:

Vil (1—dy) . 2sin(2nd,) 2sin2(nd1)x9
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The circuit state variables of a parallel boost converter are calculated according to (20)—(22).

3.3 Buck-Boost Converter Modelling
The following generalized differential equations describe the voltage and current of n-parallel buck-
boost converters:

“dip; Viw(t) wi(t)ve  ve
A Zntill) Ve 49
L T L L L (49)

dve d iL; “~ (u;(2)iL; Ve
E:Z<_?>+Z< C >_RC 50

i=1 i=1

An n-parallel buck-boost switching model converter, which is shown in Fig. 5, is used for validation by
comparing it with a state space average model. The differential equations of a large parallel buck-boost
converter signal model, based on the state variables, are given as:
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Figure 5: Parallel buck-boost converters
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The state variables of buck-boost converters are similar to boost converters. Therefore, the differential
equations that form state space representation, based on the multi-frequency averaging model, are found as
follows:

~diVi | (di— 1) 2sin(2nd,) B 2sin*(nd,)

- 54

{x1)o I + I X3+ 2L, Xg L X9 (54)
dVip  (dy—1)  2sin(2ndy)  2sin®(nds)

= - 55

<)C2>0 L2 * L2 3 + 27'CL2 8 TEL2 i ( )

(1—dy) +(1—d2) x3  2sin(2nd,) +2sin2(7rd1) _ 2sin(2nd;) +2sin2(7rd2)

sl =t e e o T ST o, et Ty, 7 GO
<3C4>Z2 = dlLI/fnl + Sin;i;fll)% + (dlL_l 1))68 + wxs (57)
(xs)] = —%& — wxy + (d1L—1 1)x9 (58)
<x6>zz = dijnz + Sinz(iglz)xg + (dzL: D X3 + wx7 (59)
(o)1 = —%Xs — wxg + (dzL: 1)x9 (60)
<X8>713 _ _sinz(izdl)XI B Sinz(f;édz)x2 N (1 Zldl)x4 N (1 Zla’z)x6 _1);_2: oo 61)
(o)) = — sin;frzdl)m - sin;(;gz’z)xz + u ;ldl)xs + u Zldz)x7 + wxg — ;C—QC (62)

Based on the previous equation, the circuit state variables of a parallel buck-boost converter are
determined using (20)—(22).

4 Generalized State-Space Average Model of DC-to-DC Converters

This section presents the GSSAM of a DC-to-DC converter based on matrix representation, which is a
beneficial representation for controller design. The GSSAMSs of the n-parallel buck, boost, and buck-boost
converters are illustrated in (63)—(65), respectively. The GSSAM of two parallel buck converters is
illustrated in (63):

T
' buck buck Vini
[xbuck} — [Asys ](3n+3)><(3n+3) {xbuck] + [Binput] |: V{:z (63)

Ixn
where n in the subscript indicates the number of parallel converters, and Af;‘s"k is the system matrix, which is
given in Appendix (A.2). Hence, the expanded states and input matrixes are shown as follows:

[xbuck} - [x(])7 X(z) o 'x(3)7 xfa x{a xgaa o 'xI;vx.’I;]T (64)
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dy d d d r
L2200, 2L 0, 22, 0,...0, 0] (65)

[ Buck]: “b “h
L’ L, T Ly L,

input
The GSSAM of two parallel boost converters is illustrated in (66):

T
’ 00S 00S V’l
[xboost} = [Afys t] (3n+3)><(3n+3)[xboost] + [B?nput[] |: V”;:| (66)
ms {1xn

where the expanded states and input matrixes of the boost converter are given below, and the system matrix

Af;f” is given in Appendix (A.3).

[xboost} = [x(l)a x(z) o 'x(3)a x]f’ X{, X?’, o 'x§7 xé]T (67)
dy dy . (2nd,) ., (ndy) . (2ndy) ., (ndy) r
Bboost: = =20 A=Y _ 2\ ="l _ 2\ ...0.0 68
[ mput] L L sin onl, sin il sin nl, sin L, , (68)
The GSSAM of two parallel buck-boost converters is illustrated in (69):
. v .17
[xbuck—boosl] = [A?;SCkibOOSt]@nH)x(3n+3)[xbuck—boost] + [B%ffbow] [Vm;] (69)
ms 1 1xn

were the expanded states and input matrixes of the buck-boost converter are identical to (67) and (68), while

AQuck=boost is given in Appendix (A.4).

The previous Egs. (63)—(65) can be expanded for n-number of parallel DC-to-DC converters, namely by
replacing only three-dots (:) in the matrices with the current state differential equations in the system state
matrix as well as in the input matrix. Furthermore, considering more Fourier harmonics will increase the
system and the input matrix order. Hence, the accuracy of the GSSAM will be improved.

5 Simulation Results and Discussion

The GSSAM of parallel DC-to-DC converters is conducted in a MATLAB/SIMULINK environment,
which is compared with a detailed switching model.

5.1 Buck Converter Behavior

Fig. 6 presents the electrical quantities of the two parallel DC-to-DC buck converters, namely the
inductor currents and capacitor voltage. The inductor currents of the parallel buck converters are depicted
in Figs. 6a and 6b, respectively while the capacitor voltage is shown in Fig. 6¢c. The total load current is
the summation of both inductor currents, which is presented in Fig. 6d.

The zero-order model is mainly based on the DC component of the Fourier series, which corresponds to
(4), as depicted in Fig. 6 in the gray color. The moving average complex states, including the DC component
of the currents and the voltage, are referred to (6) and (8). The results show that there is no significant
difference between the state-space average models and the fully switched detailed model. In fact, the
dynamic and oscillatory behavior of the average state-space models can be captured. Therefore, including
more harmonic coefficients of the Fourier series leads to an increase in the model order, which improves
the model accuracy and increases the model complexity.
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Figure 6: Parallel buck converter currents and output voltage. (a) Converter #1 inductor current,
(b) Converter #2 inductor current, (¢) Output voltage, (d) Load current

In this case, the DC load voltage is assumed to be fixed due to a constant duty cycle. Initially, at t=0's,
the converters start to supply the DC load according to its resistance which, in this case, is equal to 10 Q. At
t=1 ms, the DC load changes to be equal to 5 €, therefore the load becomes double and both converters
equally share the load current. The transient response of the proposed model is obviously seen to be
identical to the switched model. At t=2 ms, the DC load is reduced to be equal to 10 Q. During the load
step change, the DC voltage remains at the same level except during the load transition, which has
regular transient response. It is noted that the proposed GSSAM of the parallel buck converter presents
the transient, steady state, and switching dynamic of the converters, based on the operation conditions.

5.2 Boost Converter Behavior

The electrical quantities of the parallel DC-to-DC boost converter are presented in Fig. 7. These
quantities are the inductor current and capacitor voltage. Figs. 7a and 7b, respectively, present the
inductor currents of the two parallel boost converters. In this converter topology, it can be seen that there
is a coupling term in the state variable equations, which raises the converter model complexity [18]. In
other words, the state variables are multiplied by the duty cycle signal, therefore the GSSAM is just
approximated by considering only the zero- and first-order of Fourier series harmonics [12]. The GSSAM
based on zero- and first-order harmonics still captures the converter’ current and voltage behaviors.
Hence, the capacitor voltage of the parallel DC-to-DC boost converter is shown in Fig. 7c while the total
load current is presented in Fig. 6d. Since the output DC voltage of the boost converter is based on the
input voltage divided by (1 — d), this relationship increases the complexity of the boost converter.

Initially, at t =0 s, both the GSSAM and switching models start to feed the connected DC load according
to the applied duty cycle which is, in this case, equal to 0.25. It can be clearly observed that both
boost converters have an identical response. A double increase of the DC load step change takes place at
t=1 ms. Therefore, both converter currents are increased accordingly and the DC voltage for both the
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GSSAM and switching models have an identical transient response, as shown in Fig. 7c. The DC load is
reduced by half at t=2 ms, so the transient response of both converters matches the switching converter
model.

081

Zero-order Model | Zero-order Model |

0.4 Switching Model 0.4 Switching Model
0 —— GSSA Model 1 0 —— GSSA Model
0 0.5 1.0 1.5 2.0 2.5 3.0 0 0.5 1.0 1.5 2.0 2.5 3.0
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24 F
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(©) (d)

Figure 7: Parallel boost converter currents and output voltage at d = 0.25. (a) Converter #1 inductor current,
(b) Converter #2 inductor current, (¢) Output voltage, (d) Load current

Fig. 8 presents the model difference between the GSSAM and the fully detailed switching model when
the duty cycle is equal to 0.7. It can be clearly seen that, for both parallel boost converters, the inductor
current shows some error difference compared to the switching model, as illustrated in Figs. 8a and 8b,
respectively. Hence, the inductor currents will affect the total load current, as shown in Fig. 8d. The
output DC voltage is less affected than the inductor currents due to an increase in duty cycle, as depicted
in Fig. 8c. The GSSAM of the boost converter shows some differences compared to the switching model
once the duty cycle is increased. The reason behind this issue is that the switching frequency should be
selected to be higher than a converter's RLC natural frequency in order to eliminate the high order
harmonics [12]. Therefore, this converter topology requires proper choice of switching frequency or
inclusion of more Fourier harmonics in order to achieve accurate performance of the average model when
the duty cycle becomes more than 0.5 due to the existence of even harmonics [13].

5.3 Buck-Boost Converter Behavior

Fig. 9 shows the parallel DC-to-DC buck-boost converter inductor current and capacitor voltage. In
Figs. 9a and 9b, respectively, the currents of the parallel buck-boost converters are depicted while the
capacitor voltage is shown in Fig. 9c. The summation of both inductor currents gives the total load
current, as presented in Fig. 9d.
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Figure 8: Parallel boost converter currents and output voltage at d=0.7. (a) Converter #1 inductor current,
(b) Converter #2 inductor current, (c) Output voltage, (d) Load current
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Figure 9: Parallel buck-boost converter currents and output voltage at d=0.3. (a) Converter #1 inductor
current, (b) Converter #2 inductor current, (c) Output voltage, (d) Load current
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This case evaluates parallel buck-boost converters during a step change of input voltages. During the
interval t=0 to t=1 ms, both converters are fed via a DC voltage equal to 20 V and duty cycles equal to
0.5. The GSSAM captures the dynamic and oscillatory behavior of the switching model. At t=1 ms, the
input DC voltages are increased to 30 V, hence the results show that the GSSAM is still capable of
mimicking the converters’ behavior even when the input DC source is reduced to be 20 V at t=2 ms.

Buck-boost converters have a less effective coupling term compared to boost converter behavior.
Therefore, the difference between the GSSAM of the buck-boost and the detailed model is very low even
when the duty cycle is increased to be equal to 0.75 compared to the boost converter, as shown in
Fig. 10. At t=0 ms, the buck-boost converter begins to feed the DC load, and the inductor current and
capacitor voltage increases gradually, due to the increasing duty cycle. Therefore, the transient response
of the proposed model is identical to the switched model. At t=2 ms, the requested power from the DC
load reduces by half, and the proposed model is still capable to capture the transient response of the
switched model. It can be clearly noted that the proposed GSSAM of the parallel buck converter presents
the transient, steady state, and switching dynamic of the converters.
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Figure 10: Parallel buck-boost converter currents and output voltage at d =0.7. (a) Converter #1 inductor
current, (b) Converter #2 inductor current, (c) Output voltage, (d) Load current

6 Conclusion

This paper proposes a generalized state-space averaging model of parallel DC-to-DC converters. The
study draws a comprehensive comparison of a generalized state-space averaging model of parallel DC-to-
DC converters with a fully detailed switching model. Several advantages of the proposed generalized
state-space averaging model can be achieved in order to design the controller loops and to conduct
stability studies. This paper exposes some limitations of the generalized state-space averaging model of
the DC-to-DC converter, especially for boost converter topology due to its complexity. The study in this
paper compares the DC-to-DC converter's dynamic, oscillatory, and steady-state performance with a fully
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detailed converter switching model. A remedy for boost converter topology complexity can be achieved by
considering more Fourier series harmonics-order of the switching function. The significant outcomes of this
paper are confirmed via time-domain simulations while the test systems are simulated using a MATLAB/
SIMULINK environment.
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Appendix A: System State Matrices
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The system state matrix of n-parallel DC-to-DC converters are presented below, where x,, and x,, are

defined in A.1:
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