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ABSTRACT

With the application of phasor measurement units (PMU) in the distribution system, it is expected that
the performance of the distribution system state estimation can be improved obviously with the PMU
measurements into consideration. How to appropriately place the PMUs in the distribution is therefore
become an important issue due to the economical consideration. According to the concept of efficient
frontier, a value-at-risk based approach is proposed to make optimal placement of PMU taking account
of the uncertainty of measure errors, statistical characteristics of the pseudo measurements, and reliability
of the measurement instrument. The reasonability and feasibility of the proposed model is illustrated with
12-node system and IEEE-33 node system. Simulation results indicated that uncertainties of measurement
error and instrument fault result in more PMU to be installed, and measurement uncertainty is the main
affect factor unless the fault rate of PMU is quite high.
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1 Introduction

State estimation (SE) is a function that takes advantage of the inherent redundancy among
the available measurements in order to determine the best estimate of the system states defined as
the set of all the bus voltage magnitudes and phase angles in the system [1]. In the distribution
system, it is not economically feasible to install a lot of measure devices to monitor, protect
and control the distribution system. SE is the basic function of the Distribution Management
System (DMS) of the distribution grid, which provides the required state values to the advanced
DMS functions such as distribution contingency analysis, optimal network reconfiguration, fault
location and restoration, demand response, voltage and var control, and var optimization et al.
Recently, with the development of the application of phasor measurement units (PMU) in the
distribution system [2–4], synchronized phasor measurements are introduced into the SE process.
It was demonstrated that the estimation accuracy of the SE can be improved obviously with
the PMU measurements into consideration (e.g., in [5–7]). Since it is not possible to install the
PMUs at every node in the distribution system due to the economic consideration, we have to
make a tradeoff between improving SE performance and saving cost by appropriately allocating
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PMUs among the distribution system, which is an optimal problem of measurement placement.
Furthermore, it is worth to consider that a PMU, as a kind of measure instrument, has measure
error and may faults during operation, i.e., when we solve the optimal placement problem we
should consider the uncertainty of measure errors and the reliability of the measure instruments.

For the SE performance, traditionally, there are three evaluation metrics: estimation accuracy,
observability of the system, and numerical stability of the estimator. In the literature of SE
in the transmission system, the objective of the meter placement is mainly to improve the
network observability (e.g., [8–13]) or minimize the estimation errors, i.e., maximize estimation
accuracy (e.g., [14,15]). As for the SE in the distribution system level, there are not enough real
measurements in the distribution system and pseudo measurements are introduced to solve the
observability problem in practice. Due to the large number of pseudo measurements, compared
with the improvement of estimation accuracy, the improvement of system observability by PMU
installation is limited. Therefore, estimation accuracy is adopted to evaluate the SE perfor-
mance in the distribution system by a vast majority of research literature on PMU allocation
[16–19]. As to how to quantify the estimation accuracy, there are mainly three types of accuracy
indices: variance of estimates [20], estimate errors in voltage magnitude and angle [5,21–24],
variance of estimate errors [1,25–27]. Variance of estimates or variance of estimate errors describe
the uncertainties of the SE results but do not give an intuitive description on the estimation
accuracy. It is, therefore, not appropriate to use the variance as the accuracy index when decision
makers make a tradeoff between accuracy and cost. Estimate errors give the estimation accuracy
intuitively, but do not give the information about the uncertainties in the SE process, e.g., the
uncertainties of measurement errors and instrument fault.

With regard to the tradeoff between the estimation accuracy and cost, few papers address
this problem. Pegoraro et al. [24,25] solved it as a weighted multi-objective problem in which how
to decide the weights of accuracy and cost is an issue and need further research.

As for the uncertainty of measure errors, most of the papers adopt Monte Carlo simulation
based on a given probability distribution of the measure errors. For the reliability of the measure
instruments, Liu et al. [25] addressed it with traditional N-1 criteria. But N-1 is a subjective
judgment and does not consider the probability of the instrument failure.

Addressing the above problems, i.e., i) How to quantify the estimation accuracy with an
intuitive index taking account of the uncertainties in the process of SE? ii) How to make a
tradeoff between the accuracy and cost? iii) How to address the reliability problem of the measure
instruments), this paper proposed a framework for the optimal allocation of PMU in the SE of
the distribution system based on the concept of efficient frontier and value at risk (VaR), and
developed a Genetic Algorithm (GA) based approach to solve the proposed optimization model
since GA is a widely used optimization algorithm and has been used in the optimization of PMU
configuration [23,28,29].
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The main innovations of this paper are as follows: i) VaR index is used to quantify the
impact of uncertain factors such as PMU fault and measurement error on the accuracy of state
estimation (compared with the Variance index used in most literatures, VaR can give an intuitive
description of the uncertainty of estimation accuracy, which is helpful for decision makers to
make a choice between Cost and Accuracy), ii) Based on the concept of Pareto optimality, a
VaR-Cost effective frontier decision model is established to facilitate decision makers to select
the Optimal PMU configuration scheme according to their own investment scale or estimation
accuracy requirements (this scheme has fully considered PMU failure, measurement error and
other uncertain factors).

In the following, Section 2 first introduces the decision criteria, uncertainties to be considered,
the decision framework and the corresponding mathematical model; then Section 3 describes
how to solve the proposed optimization model based on the GA approach; after then Section 4
gives the simulation based a 12-node system and the corresponding analyses; finally Section 5
summarizes the paper and discusses the future work.

2 Optimization Model

As discussed above, an optimal PMU allocation (i.e., the optimal PMU placement) is the one
which has higher estimation accuracy with lower investment cost taking account of the associated
uncertainties.

In order to make a tradeoff between the accuracy and cost, we apply the concept of efficient
frontier to establish the optimization model of PMU placement. Efficient frontier has been widely
used in the investment literature to solve portfolio issues [30]. In the paper, the efficient frontier
is defined as a frontier which consists of all PMU portfolio points which have the maximum
estimation accuracy for a given invest cost (Fig. 1). A PMU portfolio is a combination of
quantities and locations of PMUs which describes how many PMUs are installed and where to
install them. Based on the formed efficient frontier, decision-makers can choose the optimal PMU
portfolio according to their accuracy expectation and/or cost limitation.

Figure 1: Efficient frontier

In the process of forming the efficient frontier, the associated uncertainties, such as the
uncertainty of measure errors and instrument failures, are modeled based on the Monte Carlo
simulation approach. In the following, we introduce the uncertainties considered, the accuracy
index taking into account of uncertainties, and the mathematical model of the PMU placement.
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2.1 Uncertainties
There are three types of uncertainties considered in the paper, i.e., i) random fluctuation

of loads, ii) measure errors of the measurement instruments, and iii) possible fault occurring in
measurement devices.

For those load nodes without real measurements, pseudo measurements are adopted in the SE
of distribution system in order to meet the observability requirement. Since pseudo measurements
are obtained through modeling or forecasting loads based on historical data and in the reality
loads fluctuate randomly, pseudo measurements are therefore random variables. In the paper, we
suppose pseudo measurements are normally distributed or uniformly distributed and analyze their
affect on the optimal PMU allocation in Section 4. Here, loads refer to general loads which
include both customers consuming electricity and distributed generators producing electricity.

For those nodes with real measurements, their measure values are also random variables
since there exists measure errors arising from i) inaccurate transducer calibration, ii) the effect of
analogue-to-digital conversion, iii) noise in communication channels, and iv) unbalanced phases,
etc. [31]. In the SE literature, measure errors of the real measurements are supposed normally
distributed.

For the real measure devices, except for the uncertainty of measure errors, they have the
uncertainty of device failure in the operation. In the paper, we suppose the fault probability of
the measure device is known based on the operation data, and adopt Monte Carlo simulation to
model the randomness of the device fault.

2.2 Accuracy Index
In order to judge the estimation error intuitively, in the paper, estimation error is expressed

as the relative error in percentage. Therefore, estimation accuracy rate (Acc) is defined as:

Acc = 100−max
(

x̂i − xi

xi
× 100

)
(%) (1)

where x̂ and x are the estimated value and real value of the state, respectively, i is the index of
the bus node in the distribution system. Acc is a function of the random variable x̂ and therefore
also a random variable. In order to describe the uncertainty of the Acc, we apply the concept of
VaR to define the accuracy index. VaR is a risk management concept developed and promoted
in the banking industry to provide a common measurement for the risk exposure of financial
portfolios. It is defined, in the financial literature, as a monetary value that the portfolio will
lose less than that amount over a specified period of time with a specified probability [32]. For
example, a one-day 95% VaR of $500,000 indicates that the portfolio is expected to lose 95 days
out of 100 days an amount less than $500,000.

In the paper, the accuracy index, VaR(Acc)a%, is defined as a percentage that the SE accuracy
rate will not less than that amount with a specified confidential level, i.e., probability a%. For
example, VaR(Acc)95% = 99% indicates that with 95% probability, the SE accuracy rate will not
less than 99%.
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There are numerous methods to calculate VaR, Jorion et al. [32] distinguishes four separate
routes to measuring VaR: delta-normal method, historical simulation, stress testing method and
Monte Carlo approach. This paper adopts the Monte Carlo approach, i.e., based on N times
simulations, sorting the estimation accurate rate in descending order, and the value of VaR(Acc)a%
is equal to the value of the SE estimation accuracy rate of the (aN/100)th simulation.

2.3 Mathematical Model
Based on the above definition of the accuracy index, the efficient frontier can be formed by

maximizing accuracy index, VaR(Acc)a% for each available cost, i.e.,

max
y

VaR(y1, y2, . . . , yn)

s.t. C(y1, y2, . . . , yn)= K
(2)

where yi is an integer variable which indicates the installation status of the PMU at bus i, i.e.,

yi =
{

0 without PMU
1 with PMU

(3)

C(·) is the cost function of PMUs, K is the cost of a given PMU portfolio and constant,
VaR(·) is a function of the estimated state values which can be obtained by solving the following
optimization problem (4) when the traditional Weighted Least Square (WLS) approach is adopted
to solve the SE problem, i.e.,

min
x

J = [z− h(x)]T R−1[z− h(x)] (4)

where

R = Cov(e)

⎡
⎢⎢⎢⎣

σ1
2

σ2
2

. . .
σn

2

⎤
⎥⎥⎥⎦ (5)

z is the set of measurements, x is the vector of the state variables which refer to voltage angle
and voltage magnitude in the paper, e is the measurement error vector, σi is the standard deviation
of each measurement i reflecting the expected accuracy of the corresponding measurement.
A ±3σ deviation around the mean covers more than 99.7% area of the Gaussian curve. Hence,
for a give % of maximum error about mean μi, the standard deviation of error was computed
as follows [33]:

σi = μi ×%error
3× 100

(6)

h(x) is a nonlinear function (called measurement functions) relating the measurement to the
state variables.
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In the SE, traditional measurements include voltage magnitude Vi at bus i, branch current
magnitude Iij from node i to node j, real power flow Pij from node i to node j, reactive power flow
Qij from node i to node j, real power Pi, and reactive power Qi at node i. with PMU installed,
measurements from the PMU include voltage magnitude Vi and phase angle θi at node i, branch
current magnitude Iij and phase angle θI ,ij from node i to node j, load current magnitude Ii and
phase angle θI ,i at node i, real power Pi and reactive power Qi at node i, real power flow Pij and
reactive power flow Qij from node i to node j. For the convenience of the measurement function
and convergence consideration, current magnitude and phase angle are converted into real part
and the imaginary part of the current, i.e., Ireal,ij, Iimag,ij, Ireal,i , and Iimag,i, which are included
in the SE model. The corresponding conversion formulas are as follows:⎧⎪⎪⎨
⎪⎪⎩

Ireal,ij = Iij cos θI ,ij
Iimag,ij = Iij sin θI ,ij
Ireal,i = Ii cos θI ,i
Iimag,i = Ii sin θI ,i

(7)

where θi is the current angle. Then the structure of the measurement matrix is [7]:

h(x)=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Vi
p

θi
p

Pi
p

Qp
i

Pp
ij

Qp
ij

(Ip
ij)

2

Ip
real,i

Ip
imag,i

Ip
real,ij

Ip
imag,ij

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(8)

p=a, b, c for three phases, i, j = 1∼n

where

Pp
i = Vp

i

n∑
j=1

b,c∑
q=a

Vq
j (Gpq

ij cos θ
pq
ij +Bpq

ij sin θ
pq
ij ) (9)

Qp
i = Vp

i

n∑
j=1

b,c∑
q=a

Vq
j (Gpq

ij sin θ
pq
ij −Bpq

ij cos θ
pq
ij ) (10)
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Pp
ij = Vp

i

b,c∑
q=a

(Vq
i (gpq

ij cos θ
pq
ii + bpq

ij sin θ
pq
ii )−Vq

i (gpq
ij cos θ

pq
ij + bpq

ij sin θ
pq
ij )) (11)

Qp
ij = Vp

i

b,c∑
q=a

(Vq
i (gpq

ij sin θ
pq
ij − bpq

ij cos θ
pq
ij )−Vq

i (gpq
ij sin θ

pq
ij − bpq

ij cos θ
pq
ij )) (12)

(Ip
ij)

2 =
(

b,c∑
q=a

((Vq
i cos θ

q
i −Vq

j cos θ
q
j )gpq

ij − (Vq
i sin θ

q
i −Vq

j sin θ
q
j )bpq

ij )

)2

+
(

b,c∑
q=a

((Vq
i cos θ

q
i −Vq

j cos θ
q
j )bpq

ij + (Vq
i sin θ

q
i −Vq

j sin θ
q
j )gpq

ij )

)2 (13)

Ip
real,i =

n∑
j=1

b,c∑
q=a

Vq
j (Gpq

ij cos θ
q
j −Bpq

ij sin θ
q
j ) (14)

Ip
imag,i =

n∑
j=1

b,c∑
q=a

Vq
j (Bpq

ij cos θ
q
j +Gpq

ij sinθ
q
j ) (15)

Ip
real,ij =

b,c∑
q=a

(Gpq
ij Vq

i cos θ
q
i −Gpq

ij Vq
j cos θ

q
j −Bpq

ij Vq
i sinθ

q
i +Bpq

ij Vq
i sinθ

q
j ) (16)

Ip
imag,ij =

b,c∑
q=a

(Bpq
ij Vq

i cos θ
q
i −Bpq

ij Vq
i cos θ

q
j +Gpq

ij Vq
i sinθ

q
i −Gpq

ij Vq
i sin θ

q
j ) (17)

Gij + jBij is the ijth element of the complex bus admittance matrix, gij + jbij is the admittance
of the series branch connecting buses i and j, and gsi + jbsi is the admittance of the shunt branch
connecting at bus i.

For the solution of problem (4) the conventional iterative method is adapted by solving the
following normal equation at each iteration k to compute the correction xk+1 = xk +Δk,
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G(xk)Δxk = HT(xk)R−1[z− h(xk)] (18)

where

G(x)= HT(x)R−1H(x) (19)

is the gain matrix, H is the Jacobian of the measurement function h(x), and R is the covariance
of error matrix. Detailed solving process of WLS can be found in [34].

3 Optimization Approach

This paper applies genetic algorithms (GA) to solving the above optimization problem (2). As
summarized by [35], the genetic algorithm maintains a population of individuals for each gener-
ation. Each individual represents a potential solution to the problem at hand. Each individual is
evaluated to give some measure of its fitness. Some individuals undergo stochastic transformations
by means of genetic operations to form new individuals. There are two types of transformation:
mutation, which creates new individuals by making changes in a single individual, and crossover,
which creates new individuals by combining parts from two individuals. New individuals, called
offspring, are then evaluated. A new population is formed by selecting the more fit individuals
from the parent population and the offspring population. After several generations, the algorithm
converges to the best individual, which hopefully represents an optimal or suboptimal solution to
the problem.

3.1 General Procedure
In this paper, an individual is a vector, y, which has the same number as that of the potential

installation node of PMU and its components are simply binary values (0/1), corresponding to
the installation status of PMU (without/with) at a given node. That is, an individual is a PMU
portfolio (PMU placement combination). The detailed optimization procedure is shown in Fig. 2.
i.e.,

Step 1: let the cost equal to the minimal cost, i.e., the cost of installing one PMU;

Step 2: find the optimal PMU portfolio through the GA (i.e., the dashed area in Fig. 2)
for the given cost;

Step 3: increase the PMU cost to another feasible value (i.e., increase the installation
quantity of PMU);

Step 4: repeat Steps 2 and 3 until the cost exceeds the maximum cost, i.e., the cost of
installing PMU at every node;

Step 5: form the efficient frontier based on the above optimization results for each
given cost. All figures and tables should be cited in the main text as Fig. 1,
Table 1, etc.
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Figure 2: Procedure of optimization based on GA
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Table 1: Optimal PMU portfolio without cost limitation

Case Load error Reliability Amount VaR(%) PMU portfolio (combination of nodes)
of PMU

1–1 no no 9 99.895 1, 2, 5, 6, 7, 8, 9, 10, 11
1–2 normal no 10 99.703 1, 2, 3, 5, 6, 7, 8, 9, 10, 11
1–3 uniform no 10 99.698 1, 2, 3, 5, 6, 7, 8, 9, 10, 11
1–4 no N-1 10 99.895 1, 2, 3, 5, 6, 7, 8, 9, 10, 11
1–5 no pf = 0.1 10 99.762 1, 2, 4, 5, 6, 7, 8, 9, 10, 11
1–6 no pf = 0.01 10 99.857 1, 2, 4, 5, 6, 7, 8, 9, 10, 11
1–7 no pf = 0.001 9 99.895 1, 2, 5, 6, 7, 8, 9, 10, 11
1–8 normal pf = 0.01 10 99.706 1, 2, 3, 4, 5, 7, 8, 9, 10, 11
1–9 normal pf = 0.1 11 99.533 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11

3.2 GA Components
The proposed GA mainly consists of seven procedures: parameters initialization, population

initialization, fitness calculation, selection, crossover, mutation, and population updating. In order
to meet the constraint of (2), individuals are limited in the procedure of population initialization,
crossover, and mutation. New operators of crossover and mutation are designed to meet the above
requirement in the paper.

Parameters initialization: sets the values of population size, chromosome length, probability
of crossover, and probability of mutation.

Population initialization: randomly generates a set of individuals whose cost is equal to the
set cost value.

Fitness calculation: calculate the fitness value based on the objective value of (2) with the
following fitness function:

f (y)= VaR(y)a% (20)

where VaR(y)a% is calculated based on N times simulation results of (4) at the confidential level
a%.

Selection: select the parents of the following generation based on the fitness value of the
individual and a selection criterion, e.g., the best known selection criterion, Roulette wheel
selection [36].

Crossover: two individuals swap parts of their chromosome with each other at the probability
of crossover when the sum of the swapped part is equal.

Mutation: in a single individual, a gene exchanges its value with its neighbor at the probability
of mutation.

Population updating: Elitist model is used to update the population, i.e., if the offspring does
not have the best individual of the parent, substitute the individual with the lowest fitness value
in the offspring for the best individual of the parent. It has been proved that the GA can achieve
global convergence with Elitist model in [37,38].
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4 Simulations

In order to make an intuitive comparison, a simple 12-node distribution system with balance
load is firstly simulated and analyzed. Then the IEEE33-node distribution system with unbalanced
load is simulated to illustrate the effectiveness and scalability of the proposed method.

4.1 12-Node Distribution System with Balance Load
Fig. 3 shows the single-line diagram of the system, where Node 1 is the substation. The

system data including line data and load data can be found in [39].

Figure 3: Single-line diagram of the 12-node system

Based on the provided line data and load data, and let v1 = 1∠0, the power flow of the
system is calculated with the Backward and Forward Sweeping method. Let the real value of the
state variables equal to the corresponding power flow values.

Suppose Node 1 has the measurements from the SCADA system, i.e., voltage magnitude,
power flow, and branch current magnitude. The corresponding measure error is set to 1% for
voltage magnitude and 3% for power flow and branch current magnitude as in [20,34]. Nodes
2–12 do not have any real measurements and pseudo measurements are used, i.e., Nodes 2–12
have the measurements of power injection (real power and reactive power) with an error of 50%
as suggested in [33]. We plan to install PMU on Nodes 2–12, the question is how many PMUs
should be used and where to install them. The measure error of PMU is set to 1% as suggested
in [6].

To model the uncertainties of the measurement errors and instrument fault, Monte Carlo
simulation approach are adopted and the simulation time is 1,000 in the paper. The confidence
interval of VaR is set as 95%.

For the parameter setting in GA, the population size is 50, chromosome length is 11,
crossover probability is 0.5, mutation probability is 0.001, and the number of iterations is 50.
Besides, in order to simplify the calculation, the cost of a PMU is supposed to one unit.

4.1.1 Scenarios
Nine cases are simulated in the paper in order to compare the effect of uncertainties of the

measurement errors and instrument fault on the PMU placement, i.e.,

Case 1-1: This is a benchmark. In this case, we do not consider any uncertainties, i.e., we
ignore the uncertainty of measurement errors and the possibility of instruments fault.
Case 1-2: Based on Case 1-1, this case considers the uncertainty of measure errors and
supposes all the measurement errors are normally distributed.
Case 1-3: Based on Case 1-1, this case considers the uncertainty of measure errors and
supposes that real measurement errors are normally distributed and pseudo measurement
errors are uniformly distributed.
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Case 1-4: Based on Case 1-1, this case considers the possibility of PMU fault with tradi-
tional reliability criterion, N-1 criterion, i.e., in each PMU portfolio, 1 PMU is supposed
to fault.
Cases 1-5, 6, and 7: Based on Case 1-1, this case considers the possibility of PMU fault
and supposes the fault rate of PMU is 0.1, 0.01 and 0.001, respectively.
Cases 1-8 and 9: Based on Case 1-1, this case considers both the uncertainty of measure-
ment error and the possibility of PMU fault. Suppose that all the measurement errors are
normally distributed and the fault rate of PMU is 0.01 and 0.1, respectively.

4.1.2 Simulation Results
For each case, the efficient frontier is simulated and shown in Figs. 4–12, respectively. The

horizontal axis in the figure represents the installation cost of PMU (in order to simplify the
calculation, it is assumed that the cost of one PMU is a unit), and the longitudinal ordinate
represents the lowest state estimation accuracy that can be achieved under 95% probability. Any
point in the efficient frontier corresponds to a PMU portfolio (i.e., a PMU placement plan).
Based on the efficient frontier, decision makers can select the appropriate PMU placement plan
(i.e., PMU portfolio) based on their subjective judge.

Figure 4: Efficient frontier–Case 1-1

Suppose there is no cost limitation, the optimal PMU portfolio for each case is shown in
Table 1. Suppose the expected SE accurate rate is 99%, the optimal PMU portfolio for each case
is shown in Table 2.

• General conclusion

If there is no cost limitation, for each case, there is a optimal installation portfolio that max-
imize the SE accuracy, but the marginal improvement in SE accuracy is obviously reduced when
the installation quantity is greater than about 50% of the total potential installation quantity, i.e.,
5–6 PMUs in the simulation.
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Figure 5: Efficient frontier–Case 1-2 Figure 6: Efficient frontier–Case 1-3

Figure 7: Efficient frontier–Case 1-4 Figure 8: Efficient frontier–Case 1-5

• Effect of measurement uncertainty

If there is no cost limitation, the optimal installation quantity of PMU in Case 1-1, Case
1-2 and Case 1-3 is 9, 10, 10, respectively, and the optimal PMU portfolio in Case 1-2 and Case
1-3 is the same, i.e., the optimal installation site is Nodes 1, 2, 3, 5, 6, 7, 8, 9, 10, and 11. It
indicates that more PMUs are needed when we consider the measure uncertainty, but the specific
distribution characteristic of the pseudo measurements does not affect the optimal PMU portfolio
for a given number of PMU.

If the expected SE accuracy rate is set to 99% with a confidence interval of 95%, the
optimal installation quantity of PMU is 2, 5, and 7 for Cases 1-1, 1-2, and 1-3, respectively,
which indicates that the SE accuracy is affected by the distribution characteristics of the pseudo
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measurements and more PMUs are needed to meet a SE accuracy target when the pseudo
measurements are not normal distributed (e.g., uniform distribution in the simulation).

Figure 9: Efficient frontier–Case 1-6 Figure 10: Efficient frontier–Case 1-7

Figure 11: Efficient frontier–Case 1-8 Figure 12: Efficient frontier–Case 1-9

• Effect of PMU fault uncertainty

If there is no cost limitation, with the possibility of PMU fault into consideration, more
PMUs are needed when we consider the possibility of PMU fault (e.g., Cases 1-4, 1-5, and
1-6) compare to the case without considering PMU fault (i.e., Case 1-1). Of cause, if the fault
probability of the PMU is very small (e.g., Case 1-7), the optimal PMU portfolio does not change
compared to Case 1-1.
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If the expected SE accuracy rate is set to 99%, compared to Case 1-1, more PMUs are needed
(e.g., Cases 1-4 and 1-5). If the fault probability of the PMU is smaller (e.g., Cases 1-6 and 1-7),
the optimal PMU portfolio does not change compared to Case 1-1.

Simulation results indicate that more PMUs are installed if we consider the possibility of
the PMU fault, which is consistent with our intuitive judgment. Furthermore, compared to the
N-1 criterion, probability method can more accurately model the effect of PMU fault on the SE.
Higher fault probability results in more PMU installed and vice versa.

• Effect of uncertainties of measurement and PMU fault

The optimal PMU portfolio of Case 1-8 is the same as that of Case 1-2 since the fault rate
of PMU is quite lower (i.e., 0.01 in Case 1-8). If the fault rate of PMU is higher (i.e., 0.1 in
Case 1-9), more PMUs are needed compared to Case 1-2. Tables 1 and 2 demonstrate that the
optimal PMU portfolio is mainly affected by the uncertainty of measurement unless the fault rate
of PMU is quite high, say, 0.1 in the paper.

Table 2: Optimal PMU portfolio with VaR > 99%

Case Load error Reliability Amount VaR(%) PMU portfolio (combination of nodes)
of PMU

1-1 no no 2 99.063 2, 6
1-2 normal no 5 99.047 1, 2, 4, 7, 10
1-3 uniform no 7 99.139 1, 2, 4, 5, 7, 8, 11
1-4 no N-1 3 99.063 2, 6, 11
1-5 no pf = 0.1 4 99.298 1, 4, 6, 10
1-6 no pf = 0.01 2 99.044 2, 6
1-7 no pf = 0.001 2 99.063 2, 6
1-8 normal pf = 0.01 5 99.139 1, 2, 4, 7, 10
1-9 normal pf = 0.1 7 99.184 1, 2, 3, 6, 7, 8, 11

4.2 IEEE33-Node Distribution System with Unbalanced Load
The single-line diagram of the IEEE 33-node system is shown in Fig. 13, where Node 0 is

the substation. The system data including line data and load data can be found in [40].

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

18 19 20 21

22 23 24 25 26 27 28 29 30 31 32

Figure 13: Single-line diagram of the IEEE33-node system
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4.2.1 Scenarios
Case 2-1: This case considers the uncertainty of measure errors and supposes all the
measurement errors are normally distributed.
Case 2-2: This case considers the uncertainty of measure errors and supposes that real
measurement errors are normally distributed and pseudo measurement errors are uniformly
distributed.
Cases 2-3 and 4: This case considers the possibility of PMU fault and supposes the fault
rate of PMU is 0.1 and 0.01, respectively.
Case 2-5 and 6: This case considers both the uncertainty of measurement error and the
possibility of PMU fault. Suppose that all the measurement errors are normally distributed
and the fault rate of PMU is 0. 1 and 0.01, respectively.

4.2.2 Simulation Results
The simulation results of Cases 2-1 to 2-6 are shown in Figs. 14–19.

Figure 14: Efficient frontier–Case 2-1 Figure 15: Efficient frontier–Case 2-2

Figure 16: Efficient frontier–Case 2-3 Figure 17: Efficient frontier–Case 2-4
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Figure 18: Efficient frontier–Case 2-5 Figure 19: Efficient frontier–Case 2-6

Figs. 14 and 15 show that the accuracy of state estimation is affected by the distribution char-
acteristics of pseudo measurement. When the pseudo measurement obeys the uniform distribution
rather than the normal distribution, more PMUs need to be installed to meet the requirements
of state estimation accuracy. For example, when the state estimation accuracy is required to be
99%, Case 2-1 needs to install 14 PMUs, while Case 2-2 needs to install 19 PMUs.

Figs. 16 and 17 show that the higher the failure rate of PMU and the more number of units
to be installed under the same estimation accuracy requirements. For example, when the accuracy
of state estimation is 99%, Case 2-3 (failure rate is 0.1) requires 9 PMUs to be installed, while
Case 2-2 (failure rate is 0.01) only needs to install 6 sets.

Compared with Figs. 16 and 18, and Figs. 17 and 19, it can be found that more PMUs need
to be installed to meet the accuracy requirements of state estimation when considering both the
uncertainty of measurement and the failure rate of PMU. For example, when the accuracy of
state estimation is required to be 99%, only 9 PMUs need to be installed when considering PMU
failure (failure rate is 0.1), and 16 PMUs need to be installed when considering the uncertainty
of measurement at the same time.

5 Conclusions

Base on the concept of efficient frontier and VaR, this paper proposed a GA based opti-
mization model for optimal placement of PMU (i.e., PMU portfolio). This model considers the
measurement uncertainty, statistical characteristics of the pseudo measurements, reliability of the
measurement instrument. The reasonability and feasibility of the proposed model is illustrated
with a 12-node system and IEEE33-node system. Simulation results indicated that:

i) Uncertainties of measurement error and instrument fault result in more PMU to be
installed;

ii) Measurement uncertainty is the main affect factors unless the fault rate of PMU is quite
high, and different measurement error distributions have different effects on the optimal
configuration of PMU;
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iii) The proposed model can make a more reasonable PMU allocation scheme according to the
risk preference of decision-maker (given confidence level), compared with the traditional
multi-objective weighted optimization and N-1 criterion.

In the future, how to determine the measurement error distribution and the failure rate of
PMU will be studied.
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