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ABSTRACT

A new numerical model for low-permeability reservoirs is developed. The model incorporates the nonlinear char-
acteristics of oil-water two-phase flows while taking into account the initiation pressure gradient. Related numer-
ical solutions are obtained using a finite difference method. The correctness of the method is demonstrated using
a two-dimensional inhomogeneous low permeability example. Then, the differences in the cumulative oil and
water production are investigated for different starting water saturations. It is shown that when the initial water
saturation grows, the water content of the block continues to rise and the cumulative oil production gradually
decreases.
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Nomenclature
ρo, ρw: Density of oil and water respectively (kg/m3);
krw, kro: Relative permeability of water phase and oil phase (mD);
μo, μw: Viscosity of oil Phase and Water Phase MPa s;
po, pw: Pressure of oil phase and water phase in Reservoir (MPa);
Sw, So: Saturation of water phase and oil phase;
t: Production time (day);
qosc, qwsc: Source-sink phase under standard conditions (m3/day);
G: Phase starting pressure gradient;
v: flow velocity.

1 Introduction

Due to the rapid growth of global oil and gas consumption and the rapid development of the oil industry,
traditional medium and high permeability oil and gas resources are becoming increasingly depleted. As a result,
many ultra-low permeability reservoirs are being constructed and used [1]. With the increasing demand for
energy, it is more important than ever to study the construction of low-permeability reservoirs [2].
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Darcy’s law has long been considered a cornerstone of reservoir engineering and flow dynamics.
Reservoirs with limited permeability differ from ordinary reservoirs in the following ways. First, the
physical properties of the reservoir are unusually poor; second, the oil recovery rate and oil recovery are
low [3]. This is because the rocks of low-permeability reservoirs are compact, stress-sensitive, and have
other physicochemical characteristics. Due to the weaknesses of these low permeability reservoir rocks,
formation fluid flow is impeded. As a result, the fluid flow does not follow Darcy’s law and can only
flow when a specific initial pressure gradient is overcome. The lack of natural energy in the reservoir
leads to a rapid decrease in information pressure and a rapid decrease in production [4]. According to
previous studies, the formation pressure drop in low permeability reservoirs ranges from 3 to 10 MPa per
1% of geologic reserves, while the formation pressure drop in selected high-pressure anomalous
reservoirs reaches 10 MPa per 1% of geologic reserves. In low permeability reservoirs, the classical
version of Darcy’s law is not sufficient to describe the flow pattern. Compared to reservoirs with
moderate or high permeability, field development practice shows that. Wells with low permeability
produce very little oil per day. Without the fracturing process, there is no natural production capacity.
Production is quickly depleted and the ability to sustain production is limited. Water injection wells have
extremely limited water absorption capacity [5]. As a result of these problems, development capacity is
compromised and ultimately the efficiency of oil recovery is compromised. Therefore, to stabilize and
increase the production of low permeability reservoirs, we must invest significant resources to study the
flow mechanisms and numerical simulations of ultra-low permeability reservoirs. At present, the reservoir
numerical simulation software based on Darcy’s linear flow equation has shown remarkable performance
in reservoir engineering calculations for medium and high permeability fields. However, since it does not
consider the flow characteristics of low-permeability reservoirs, it cannot meet the production needs and
its applicability is somewhat limited [6].

The characteristics of low permeability reservoirs are very different from those of Darcy’s law. Darcy’s
law does not apply to the rational evolution of reservoirs with limited permeability. Song et al. [7] also
studied the two-phase flow of water-driven oil in low-permeability reservoirs using Buckley Leverett’s
unmixed two-phase flow displacement theory. They studied the effect of the initial pressure gradient.
They determined the analytical solution formula for oil-water two-phase flow in low-permeability
reservoirs under different water-driven conditions. Ji [8] studied the pressure propagation and distribution
characteristics of non-Darcy flow in low-permeability reservoirs. In endless formations, when single
injection and production wells are used, the pressure in medium or high permeability reservoirs decreases
rapidly at the wellbore and gradually between injection and production wells. In low permeability
reservoirs, the pressure drops rapidly between injection and production wells, and between near wells as
well. Radius limits for low permeability reservoirs are determined after modeling endless formations. The
limit radius decreases as the initial pressure gradient increases and the pressure wave stop decreasing as it
approaches the limit radius. In addition, because the low-rate non-Darcy’s law is different from Darcy’s
law, its flow law, production equation, and well design are incompatible with low-permeability and ultra-
low-permeability reservoirs. Helset et al. [9] studied relative permeability when capillary forces were
considered and proposed that the flow of injected water under reservoir conditions could be simulated at
low injection rates to accurately reflect relative permeability measurements. Torabi et al. [10] studied the
effect of temperature effect on the permeability profiles of heavy oil and water phases. It was found that
the relative permeability of oil and water increases when the viscosity of the oil phase decreases, and the
increase in the injection flow rate leads to high relative permeability of the oil and low relative
permeability of the water. The Corey equation was modified by experimental data and the accuracy of the
equation was verified by theoretical studies, and the modified equation was more consistent with the
relative permeability curves of heavy oil and water than the Corey equation. Prada et al. [11] derived
the flow curve by single-phase flow experiments on artificial cemented cores and natural cores with

176 FDMP, 2023, vol.19, no.1



different permeability. It is noted that the flow curve has a nonlinear connection at low velocity flow. As the
flow rate increases, the flow curve becomes a linear segment. The different flow parameters of the same liquid
in different media indicate that the pore structure characteristics of porous media have a great influence on the
flow rate of low-velocity non-Darcy flow.

Pore size, pore throat radius, shape, and distribution of reservoir rocks all have an impact on fluid flow
capacity. The nonlinear flow associated with low permeability rocks is caused by the pore throat size,
unconnectedness, and the permeability of low permeability rocks. According to Li et al. [12], in porous
media with low permeability, the size of the pore throat can cause the Jamin effect, blockage, and other
phenomena that are not conducive to smooth flow. When the fluid passes through the pore throat of the
rock, the capillary force increases sharply due to the small radius of the throat. Prada et al. [11]
conducted flow experiments with low concentration brine on natural and artificial cores of different
permeability and confirmed that different pore structures correspond to different flow characteristics,
which can fully explain the flow characteristics caused by the pore structure of the reservoir rock.

Numerical reservoir simulation is an important technical tool and a basic tool for reservoir management
such as oil field development programs, adjustment programming, and dynamic forecasting. In a sense,
reservoir numerical simulation is one of the important tools for modern reservoir development [13–15]. In
recent years, due to the rapid development of computers, reservoir numerical simulation technology has
made great progress. Especially, in terms of calculation methods, program design, and image processing
of calculation results. Therefore, reservoir numerical simulation plays an increasingly important role in
modern reservoir development and management. At present, the more advanced reservoir numerical
simulation software, such as eclipse, workbench, CMG, VIP, etc., are almost all based on the Darcy flow
model, which is very suitable for developing oil and gas fields with medium and high permeability. On
the other hand, when the fluid flows through the ultra-low permeability porous media, the flow pattern is
nonlinear and the initial pressure gradient is small. Numerous scholars have enhanced the current
conventional reservoir numerical simulation techniques to investigate the nonlinear flow characteristics of
fluids in ultra-low permeability reservoirs. Currently, fluid flow in ultra-low permeability porous media is
a nonlinear flow with a minimum initial pressure gradient. Therefore, the classical Darcy’s law cannot
fully represent the flow law of low-permeability reservoirs. The numerical simulation software based on
Darcy’s flow model has some limitations in the application of ultra-low permeability reservoirs [16].
Although the variable permeability numerical simulation method can accurately describe the nonlinear
flow law of ultra-low permeability porous media. However, it cannot yet reflect the continuity and
smoothness of the equation of state, so this numerical simulation method is still in the research stage [17].

This work discusses the characteristics of oil-water two-phase nonlinear flow in low-permeability reservoirs,
as well as the initial pressure gradient. In a low permeability reservoir, we have performed numerical simulations
of oil-water two-phase nonlinear flow. In this study, a one-dimensional conceptual example and a two-
dimensional heterogeneous low-permeability example were developed to justify the simulation calculations.

2 Mathematical Model

2.1 Basic Assumptions of the Model
a) the phases are not mixed during the oil drive; b) the effect of the starting pressure gradient is considered;

c) the flow of water and oil follows the modified Darcy’s law; d) the formation contains only oil-water two-
phase fluids with the same direction of motion. The rocks are water-wet considering the microscopic
compressibility of rocks and fluids; e) the effects of capillary forces and gravity are not considered; f) the
formation is homogeneous in direction and thickness; g) the reservoir temperature is kept constant.

2.2 Continuity Equation
The mathematical model of oil-water two-phase motion equation can be written as follows, without

considering the influence of capillary force and gravity:
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r½�oðrP � GoÞ� þ qosc ¼ @½fqoSo�
@t

(1)

r½�wðrP � GwÞ� þ qwsc ¼ @½fqwSw�
@t

(2)

2.3 Auxiliary Equation
For the above differential equation of oil and water continuous flow, the following auxiliary equations

must be given

So þ Sw ¼ 1 (3)

Relative permeability equation:

Kro ¼ KroðSwÞ; Krw ¼ ðSwÞ (4)

2.4 Initial and Boundary Conditions
The beginning conditions are the saturation and pressure distributions at various sites in the reservoir at

the start of production or from a specific period. The law of fluid on the outer geometric boundary is an
example of an outer boundary condition; the internal pinch out, the flow law of fault, production well,
and water injection well are examples of an inner boundary condition.

3 Low-Velocity Non-Darcy Flow Model

3.1 Solution of the Continuity Equation
The left and right ends of expansion Eqs. (1) and (2) can obtain:

r½ð�n
o þ �n

wÞrðPo � GoÞnþ1� � fðCoSo þ CwSwÞ
Dt

� �n
ðPnþ1

o � Pn
oÞ ¼ 0 (5)

rð�n
wrðP � GwÞnþ1Þ � f

Dt

� �n

ðSnþ1
w � SnwÞ ¼ 0 (6)

For Eqs. (5) and (6), the IMPES method is adopted, that is, the pressure is solved implicitly and the
saturation is solved explicitly. However, in the treatment of variable parameters, there is no unique
method to select the values of and Q. generally speaking, when selecting these values, the most accurate
flow (including the cumulative flow in the block and the flow into the grid block) should be given. In this
paper, the upstream weight method is used to obtain the variable parameters. The grid system is solved
by a block central grid, which is shown in Fig. 1.

In reservoir numerical simulation, the solution method of linear equations is the most important stage.
The ultra-low permeability reservoir nonlinear flow mathematical model is a system of nonlinear partial
differential equations. Using the various separation and discretization methods outlined above, nonlinear

Figure 1: Block center grid
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partial differential equations are turned into nonlinear algebraic equations. The nonlinear algebraic equations
are turned into linear equations after coefficient linearization, and the matrix is solved to yield the requisite
pressure and saturation distribution.

First, the pressure solution is obtained by using the definite solution conditions, replace the pressure into
Eq. (6) to explicitly calculate the saturation. This value is the pressure and saturation value of the corresponding
period. After calculation Snþ1

w , calculate the new pressure Pnþ1, and the pressure will be explicitly used in the
next time step. Many coefficients at the right end of the equation are in unknown time order and must be
iterated. The amplification coefficient must also be updated at any time during the iteration.

3.2 Low-Velocity Non-Darcy Flow Curve
In this paper, the quasi-starting pressure algorithm is adopted, which is a widely used method at present.

The basic expression is:

v ¼ k

l
DP

L
� G

� �

v ¼ 0

DP

L
� G

DP

L
,G

8>><
>>:

(7)

This method considerably lowers the problem’s complexity and gives a straightforward solution for the
theoretical analysis of flow in porous media with low permeability. The downside is that the curved portion
with a tiny pressure gradient is omitted, which means that the genuine flow pattern of low-velocity non-Darcy
flow is not captured in the calculation and simulation. It is included in the simulator as an optional
computation module because it is very simple to use and frequently utilized at the moment.

4 Example Verification

The oil-water two-phase nonlinear flow model of a low permeability reservoir has been developed, with
the effects of the initial pressure gradient and gravity taken into account. This is the foundation for the
mathematical model of nonlinear oil-water two-phase flow in a low permeability reservoir. Many
examples will be utilized throughout this chapter to evaluate the model and calculate the program’s validity.

4.1 One-Dimensional Model
Firstly, an injection production model is established for simulation calculation. From Table 1, we can see

the main parameters of the reservoir static geological model and water injection development simulation. The
size of the model is 510 m * 20 m * 20 m, and the grid is divided into 51 * 1 * 1, a total of 51 grids. The oil-
water phase permeability used in the reservoir is shown in Fig. 2.

Table 1: Physical properties used in example 1

Properties Values Properties Values

Porosity 0.16 Oil Volume factor 1.2

Reservoir size 510 m * 20 m * 20 m Water viscosity 0.6 cp

Rock compressibility 1.7e−4 MPa−1 Water Volume factor 1.000

Oil compressibility 3.02e−3 MPa−1 Oil density 820 kg/m3

Water compressibility 5e−4 MPa−1 Water density 1000 kg/m3

Oil viscosity 2 cp Initial oil saturation 0.65

Initial Pressure 20 MPa Initial water saturation 0.35
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The initial permeability of the reservoir is shown in Fig. 3. It can be seen that the permeability in this
paper is homogeneous and the permeability is 0.5 MD. The example is used for simulation calculation for
12 years. The fixed injection volume of the injection well is 10 m3/day, and the fixed production volume
of the production well is 10 m3/day. The calculated daily oil production curve and water cut of the single
well are shown in Figs. 4 and 5.

It can be seen from Figs. 4 and 5 that the production wells are exhausted at the initial stage of production,
and the daily oil production decreases greatly. And by comparing with the traditional commercial numerical
simulator Eclipse, we found that the calculation results of this paper are almost the same as the commercial
numerical simulator. When the production time is about 3000 days, the production well begins to see water,
and the water cut rises sharply. Daily oil production increased slightly and then began to decline. This is

Figure 2: Relative permeability curve

Figure 3: Permeability distribution field

Figure 4: Single well daily oil production curve
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mainly because the pressure front just reaches the production well, which will temporarily increase
production. However, because of water, oil production will decline rapidly.

4.2 Parameter Sensitivity Analysis
In this paper, a two-dimensional heterogeneous low-permeability reservoir model is constructed, and

its permeability distribution is shown in Fig. 6, with the unit of MD. The size of the reservoir model is
210 m * 210 m * 10 m, and the model grid is divided into 21 * 21 * 1, a total of 421 grids. The relative
permeability curve of the model is shown in Fig. 7. The well group of one injection and four productions
is used for production. The injection rate is 12 m3/day and the recovery rate is 3 m3/day. Some physical
properties can see from Table 2.

4.3 Initial Water Saturation
The original water saturation of a low permeability reservoir is high, and the size of water saturation has

a direct impact on oilfield development. In order to study the influence of water saturation on oil well water
production, the water saturation is designed to be 0.15, 0.25, 0.35, and 0.45, respectively.

Figure 5: Single well water cut curve

Figure 6: Reservoir permeability distribution
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As can be seen from Figs. 8 and 9, when the initial water saturation increases from 0.15 to 0.45, crude oil
production gradually decreases. When the initial water saturation is 0.15 and 0.25, the cumulative oil
production is 19,539 and 15,556 m3. When the original water saturation increases from 0.25 to 0.35, the
cumulative oil production decreases to about 5000 m3, and the water cut increases by about 25%. When
the original water saturation is 0.45, the cumulative oil production decreases rapidly to 6750 m3 and the
water cut increases rapidly to 0.94.

Figure 7: Relative permeability curve

Table 2: Physical properties used in example 2

Properties Values Properties Values

Porosity 0.19 Oil Volume factor 1.2

Reservoir size 210 m * 210 m * 10 m Water viscosity 0.6 cp

Rock compressibility 1.7e−4 MPa−1 Water Volume factor 1.000

Oil compressibility 3.02e−3 MPa−1 Oil density 820 kg/m3

Water compressibility 5e−4 MPa−1 Water density 1000 kg/m3

Oil viscosity 2 cp Initial oil saturation 0.85

Initial Pressure 20 MPa Initial water saturation 0.15

Figure 8: Block water cut curve
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It can be seen from Fig. 10 that the daily oil production rate of the four oil-producing wells decreases
significantly with the increase of water saturation. Due to the low permeability of well pro1 and well PRO4,
their daily oil production belongs to depletion development from the beginning. With the continuous
production, the pressure spread here, and the daily oil production increased slightly. The daily oil
production at well PRO2 decreased first and then increased from exhaustion development to pressure
spread. However, after the water breakthrough in the later stage, the daily oil production rate decreased
significantly. The permeability at well PRO3 is relatively high, so the daily oil production rate is high.
However, it was also faster to see water, and the output decreased significantly in the later stage.

Figure 9: Block cumulative oil production curve

Figure 10: Comparison of daily oil production from a single well
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5 Conclusion

Numerical simulations of oil-water two-phase nonlinear flow in low-permeability reservoirs were
performed using the characteristics of oil-water two-phase nonlinear flow in low-permeability reservoirs
and the starting pressure gradient. The following results and conclusions are presented:

1) A mathematical model of oil-water two-phase nonlinear flow in a low-permeability reservoir with an
onset pressure gradient is established, a numerical algorithm for the grid system is constructed, and a
numerical example is carried out using nonlinear flow theory and the oil-water two-phase nonlinear
flow model in a low-permeability reservoir with an onset pressure gradient.

2) In this study, a one-dimensional homogeneous model is developed. The daily oil production and
water cut of a single low-permeability model well were examined to demonstrate the accuracy of
the algorithm. Depletion development was found to be the early stage, during which the daily oil
production rate of the reservoir declined rapidly. Although the pressure sweep boosted production
at the beginning, it declined rapidly after the water break.

3) In this work, a two-dimensional heterogeneous low-permeability reservoir model with varying initial
water saturation was constructed and investigated. When the initial water saturation grows, the water
cut of the block continues to rise and the cumulative oil production gradually decreases. As the water
saturation increases, the daily oil production of a single well decreases.
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