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ABSTRACT
The buoyancy driven ﬂow of a second-grade nanoﬂuid in the presence of a binary chemical reaction is analyzed in
the context of a model based on the balance equations for mass, species concentration, momentum and energy.
The elastic properties of the considered ﬂuid are taken into account. The two-dimensional slip ﬂow of such nonNewtonian ﬂuid over a porous ﬂat material which is stretched vertically upwards is considered. The role played by
the activation energy is accounted for through an exponent form modiﬁed Arrhenius function added to
the Buongiorno model for the nanoﬂuid concentration. The effects of thermal radiation are also examined. A
similarity transformations is used to turn the problem based on partial differential equations into a system of
ordinary differential equations. The resulting system is solved using a fourth order RK and shooting methods.
The velocity proﬁle, temperature proﬁle, concentration proﬁle, local skin friction, local Nusselt number and local
Sherwood number are reported for several circumstances. The inﬂuence of the chemical reaction on the properties
of the concentration and momentum boundary layers is critically discussed.
KEYWORDS
Arrhenius activation energy; buoyancy effects; chemical reaction; elastic deformation; nanoﬂuid; nonlinear thermal
radiation

1 Introduction
Nanoﬂuids are artiﬁcially synthesized novel ﬂuids, which are colloidal mixtures of 1–100-nm-sized
inorganic solid particles and conventional base liquids. These ﬂuids were initially popularized by
Choi et al. [1]. They have various important applications in many engineering and medical ﬁelds, which
can be attributed to their tri-biological, chemical, thermal, biological, mechanical, and magnetic
properties. The choice of base ﬂuids (water, molten salts, oil, glycols, etc.) and nanoparticles (carbon
nanotubes, metals, metallic oxides, etc.) is mainly dependent on the industrial requirements. Recently,
numerous studies have focused on nanoﬂuid heat transfer in different geometries [2–10]. Researchers
have introduced various theoretical models to thoroughly examine the properties of nanoﬂuids. It is vital
to study the non-Newtonian ﬂuid behavior because of its numerous biological and industrial applications,
including in food, mineral suspensions, cosmetics, pharmaceutical, and personal care products. The
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investigations on the boundary-layer ﬂow characteristics of incompressible non-Newtonian ﬂuids over a
stretchable material are paramount in various engineering processes such as polymer processing, drawing of
plastic ﬁlms and wires, metallic plate cooling, glass ﬁber processing, food processing, and crystal growth.
Outstanding performances can be achieved in the aforementioned processes by replacing ordinary ﬂuids
with nanoﬂuids. Buongiorno proposed a non-Newtonian ﬂow model of a nanoﬂuid with important slip
mechanisms [11]. Nield et al. [12] investigated the natural convective nanoﬂuid ﬂow with active control of
the nanoparticle fraction and the temperature at the boundary (the nanoparticle volume fraction can be
actively controlled without considering any mass ﬂux boundary condition and other nanoﬂuid parameters at
the boundary). They considered the Darcian porous medium model in their study. Kuznetsov et al. [13,14]
remodeled the above problem and the convective transport of nanoﬂuids over a vertical plate with the
passive control of nanoparticles (the nanoparticle volume fraction can be controlled passively at the wall by
including Brownian motion and thermophoresis at the boundary). They reported that the use of the passive
control of nanoparticles with respect to the boundary condition is physically realistic. This model is
applicable to second-grade nanoﬂuids with two types of nanoparticle controls: active and passive controls.
Recently, various studies have been conducted on non-Newtonian second-grade nanoﬂuids [15–20].
Arrhenius ﬁrst observed the concept of activation energy in heat and mass transport problems in 1889.
The energy obtained from molecules or atoms was employed to initiate a reaction in the chemical processes.
The study of a chemical reaction along with the activation energy is useful in food processing, chemical
engineering of emulsions of various suspensions, oil reservoirs, etc. The amount of activation energy
required for a chemical reaction is mainly dependent on the application of the mass transport problem.
There may be no need to activate a reaction with additional energy in some situations. The buoyancy
forces play a crucial role in controlling the boundary layer in many practical situations involving
convection problems, e.g., the boundary layer ﬂows in the atmosphere, petroleum extraction, and solar
collectors. The inﬂuences of the Arrhenius activation energy have been considered in the absence of the
buoyancy effect in recent nanoﬂuid studies [21–28].
Maleque [29] reported the impacts of the Arrhenius activation energy on the ﬂat plate ﬂuid ﬂow problem
and viscous dissipation, heat generation, and buoyancy. The local similar ﬂow of a magnetonanoﬂuid with
activation energy and buoyancy effects was solved by Mustafa et al. [30]. They reported that the activation
energy is directly proportional to the Brownian motion and inversely proportional to the occurrence of
thermophoresis. Mustafa et al. [31] inspected the buoyant heat transport in Maxwell’s non-Newtonian ﬂuid
ﬂow model and obtained an “S”-shaped temperature proﬁle function for a large temperature difference in
the presence of activation energy. Ramzan et al. [32] explored micropolar nanoﬂuid ﬂow when considering
the buoyancy and activation energy impacts. They observed that the concentration proﬁle diminished with
increasing solute stratiﬁcation. Khan et al. [33] documented the buoyancy and activation energy impacts on
entropy generation in the magnetohydrodynamic (MHD) Casson nanoﬂuid model with heat generation/
absorption and thermal radiation. Their work mainly focused on entropy generation and the effects of Bejan
number. A computational assessment of the Jeffery nanoﬂuid ﬂow with the Arrhenius activation energy and
buoyancy effects was performed by Ahmad et al. [34]. Dhalmini et al. [35] studied the impacts of the
activation energy and buoyancy on the time-dependent ﬂow of nanoﬂuids over a heated surface with an
inﬁnite boundary length and concluded that the Biot number increases with the increasing concentration of
the chemical species. Irfan et al. [36] analyzed the three-dimensional (3D) ﬂow of the Carreau nonNewtonian nanoﬂuid with the Arrhenius activation energy and buoyancy effects and reported that the
activation energy was considerably inﬂuential. The same problem along with the thermal radiation impacts
was analyzed in another study [37]. The Darcy–Forchheimer ﬂow over a curved stretching surface with
buoyancy, entropy generation, and activation energy was discussed by Muhammad et al. [38]. Alghamdi
[39] focused on the MHD nanoﬂuid ﬂow using a rotating disk in three dimensions with assumptions of
activation energy and buoyancy. An entropy generation analysis of the Casson nanoﬂuid, which passed over
a stretchable surface with activation energy, buoyancy, and viscous dissipation effects, was conducted by
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Khan et al. [40]. Recently, Ijaz et al. [41] examined the MHD stagnation point ﬂow of the Walter-B nanoﬂuid
ﬂow with activation energy under convective boundary conditions.
This study mainly focuses on the integrated impacts of the Arrhenius activation energy, elastic deformation,
chemical reaction, and buoyancy on the MHD second-grade non-Newtonian nanoﬂuid ﬂow. This is an important
problem that has not yet been investigated. Further, a computational model is developed by considering the
second-grade nanoﬂuid two-phase model, magnetic ﬁeld, nonlinear thermal radiation, Arrhenius activation
energy, binary-order chemical reaction, buoyancy effects, and active and passive control of nanoparticles. The
notable results obtained via a numerical experiment are discussed in this study.
2 Problem Formulation
2.1 Flow Formulation
Let us consider a time-independent two-dimensional (2D) slip ﬂow of a non-Newtonian nanoﬂuid over a
porous ﬂat material that is stretched vertically upward. The nanoﬂuid ﬂow is considered to be laminar and
incompressible. Heat transport analysis is conducted with a nonlinear form of thermal radiation, elastic
deformation, and internal heat generation/absorption. The Arrhenius activation energy is assumed to
initiate the chemical reaction. The binary-order chemical reaction is assumed to preserve the surface
temperature. The ﬂow is subjected to the combined effects of the magnetic ﬁeld of strength B0 in the
transverse direction, suction, and velocity slip. The induced magnetic ﬁeld is disregarded for a low
magnetic Reynolds number. The stretching surface velocity is assumed as U ¼ ðV1 Þw ¼ dx, where d > 0
is a constant. The stretching sheet surface is preserved at a uniform temperature Tw and concentration Cw
when assuming Tw – T1 > 0 and Cw − C1 > 0, where C1 and T1 are the ambient concentration and
temperature, respectively (Fig. 1). Active as well as passive controls of the nanoparticles are imposed on
the boundary conditions. Further, a thermal equilibrium is maintained between the ﬂuid phase and
nanoparticles, and the external forces and pressure gradient are ignored.

Figure 1: Physical layout of the model considered in this study

322

FDMP, 2021, vol.17, no.2

The governing equations of the present problem can be modeled using the following partial differential
equations, as presented in previous studies [17–19].
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where V1 and V2 are the velocities along the x and y axes, respectively. k0 represents the elastic parameter, k
represents the thermal conductivity, cp represents the speciﬁc heat capacity, # represents the kinematic
viscosity, d represents the coefﬁcient of elastic deformation, q represents the density, s represents the ratio
of the effective heat capacity of the nanoparticle material and the heat capacity of the base ﬂuid, g
represents the acceleration due to gravity, bT represents the coefﬁcient of thermal expansion, DT
represents the thermophoresis diffusion coefﬁcient bC represents the coefﬁcient of thermal expansion with
concentration, DB represents the Brownian diffusion coefﬁcient, Q0 represents the heat generation/
 m Ea
T
absorption coefﬁcient, represents the chemical reaction rate, and
e k  T represents the modiﬁed
T1
Arrhenius function, where k* = 8.61 × (1 × 10−5), eV/K is the Boltzmann constant, m* = −1 < m* < 1,
and Ea is the activation energy.
The radiation term qr can be expressed in a nonlinear form, similar to that in a previous study [4].
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where rSB  and k0  are the Stefan–Boltzmann constant and the coefﬁcient of mean absorption, respectively.
2.2 Boundary Condition
The boundary conditions are given below.
At the stretching material wall (y ¼ 0),
V1 ¼ ðV1 Þw ðxÞ þ r sw ;

V2 ¼ ðV2 Þw :

Here, r corresponds to Navier’s(constant slip length and
) sw is the shear stress at the surface of the sheet,
2
@V1
@V1 @V1
@ V1
which is given as sw ¼ l
þ qk0 2
þu
.
@x
@x @y
@x@y
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T  Tw ¼ 0; and
C  Cw ¼ 0 (for active control)
@C DT @T
¼
(for passive control)
DB
@y T1 @y
The following condition can be observed far away from the stretching material wall, where the ﬂow
attains free stream velocity (y ! 1Þ.
V1 ! 0; C  C1 ! 0; T  T1 ! 0:

(6)

2.3 Similarity Transformations and Dimensionless Forms
To perform a similarity analysis, similarity transformations based on dimensionless nanoﬂuid
temperature and nanoﬂuid concentration are introduced.
 1=2
d
1=2
V1 ¼ ðdxÞGg ðgÞ; V2 ¼ ðd#Þ GðgÞ; and g ¼
y:
(7)
#
Tw hðgÞ  T1 hðgÞ ¼ T  T1
Cw fðgÞ  C1 fðgÞ ¼ C  C1 ðdimensionless concentration for theactive control of nanoparticlesÞ; and
C1 fðgÞ ¼ C  C1 ; ðdimensionless concentration for the passive control of nanoparticlesÞ:

(8)

When considering the nonlinear thermal radiation, the nanoﬂuid temperature is assumed to be
T ¼ ððhT1  hT1 hw Þ þ T1 Þ, where T1 hw ¼ Tw is the temperature ratio parameter with T1 < Tw .
By invoking the above assumptions into Eqs. (1)–(4) and Eq. (6), the similarity transformations in
Eq. (7) are proved to satisfy the continuity in Eq. (1). Further, Eqs. (2)–(4) are transformed into the
following dimensionless forms based on the physical parameters that govern the ﬂow.

(9)
Gggg þ GGgg  G2g þ k1 2Gg Gggg  GGgggg  G2gg  MGg þ 1 h þ 2 f ¼ 0;
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þ dk1 Ec Pr Ggg Gg Ggg  GGggg þ Nb Pr hg fg þ Nt Pr h2g þ 3 Pr h ¼ 0;
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E

Nt
hgg ¼ 0:
Nb

(10)

(11)

Consequently, the BCs in Eq. (6) adopt the following dimensionless form.
Gð0Þ  s ¼ 0; Gg ð0Þ ¼ 1 þ rð1 þ 3k1 Gg ð0ÞÞGgg ð0Þ; Gg ð1Þ ¼ 0; and Ggg ð1Þ ¼ 0:

(12)

hð0Þ  1 ¼ 0 and hð1Þ ¼ 0 :

(13)

fð0Þ  1 ¼ 0; ðmass transfer boundary condition for active controlÞ
Nb fg ð0Þ ¼ Nthg ð0Þ ðmass transfer boundary condition for passive controlÞ and ’ð1Þ ¼ 0
where the parameters are as follows:
M ¼ rq1 B20 d 1
1

k1 ¼ k0 # d
pﬃﬃﬃﬃﬃﬃ
r ¼ r d#
1 ¼

ðV1 Þ1
w gbT ðTw

→ magnetic parameter
→ viscoelastic parameter
→ slip parameter
 T1 Þ → thermal buoyancy parameter

(14)
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2 ¼ gbC ðV1 Þ1
w ðCw  C1 Þ

→ concentration buoyancy parameter

3 ¼ q1 Q0 cp 1 ;

→ uniform heat source/sink parameter

3
ðk0 Þ1
3Rd ¼ 16k 1 rSB T1
Nb ¼ ðCw  C1 ÞsDB #1
E ¼ ðk  Þð1Þ Ea T1 1
1 2

→ radiation parameter
→ Brownian motion parameter
→ nondimensional activation energy

c¼d

→ chemical reaction parameter

Ec ¼ cp 1 ðV1 Þ2w ðTw  T1 Þ1
Nt ¼ s#1 DT ðTw  T1 ÞT1 1
Pr ¼ lk 1 cp
Le ¼ DB 1 #

→ Eckert number
→ thermophoresis parameter
→ Prandtl number
→ Lewis number

The following essential expressions are derived for the interest of engineering and industrial processes.
pﬃﬃﬃﬃﬃﬃﬃ
(15)
Cf Rex ¼ 2ð1 þ 3k1 Gg ð0ÞÞGgg ð0Þ; ðlocal skin frictionÞ


Nux
pﬃﬃﬃﬃﬃﬃﬃ ¼  1 þ Rd h3w hg ð0Þ; ðlocal Nusselt numberÞ
Rex

(16)

Shx
pﬃﬃﬃﬃﬃﬃﬃ ¼ fg ð0Þ; ðSherwood numberfor the active controlÞ
Rex

(17)

Shx
Nt
pﬃﬃﬃﬃﬃﬃﬃ ¼
hg ð0Þ: ðSherwood number for the passive controlÞ
Rex Nb

(18)

3 Numerical Solution
To solve the nonlinear ordinary differential equations (Eqs. (9)–(11)) along with the BCs in Eqs. (12)–
(14) using an iterative power-series method with a shooting strategy [42,43], the higher-order BVP equations
must be converted into ﬁrst-order IVP equations; additionally, an appropriate ﬁnite value of g ! 1, i.e., g1 ,
must be selected. Therefore, the following ﬁrst-order systems are established using Eqs. (9)–(14).
ðP1 Þg ¼ P2 ;
ðP2 Þg ¼ P3 ;
ðP3 Þg ¼ P4 ;




1
1 2
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with P1 ð0Þ  s ¼ 0; P2 ð0Þ ¼ 1 þ rð1 þ 3k1 P2 ð0ÞÞP3 ð0Þ;

(19)

;
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P5 ð0Þ  1 ¼ 0; and
P7 ð0Þ  1 ¼ 0 ðfor active controlÞ and
NbP8 ð0Þ ¼ NtP6 ð0Þ ðfor passive controlÞ

(20)

To solve Eq. (19) by considering Eq. (20) as an IVP equation, the values for P3 ð0Þ, i.e., Ggg ð0Þ, P6 ð0Þ,
i.e., hg ð0Þ, and P8 ð0Þ, i.e., fg ð0Þ are required. The primary assumptions for Ggg ð0Þ, hg ð0Þ, and fg ð0Þ are
made, and the IPS method is employed to obtain numerical results. Subsequently, the computed values of
Gg ð0Þ, hg ð0Þ, and fg ð0Þ at g1 when Gg ðg1 Þ ¼ 0, Ggg ðg1 Þ ¼ 0, hg ðg1 Þ ¼ 0, and fg ðg1 Þ ¼ 0 are
compared, and the values of Ggg ð0Þ, hg ð0Þ, and fg ð0Þ are adjusted using the shooting strategy to obtain
an improved estimate of the solution. This procedure is repeated until an accuracy level of 10−8 is achieved.
4 Discussion
The performance of the dimensionless parameters is analyzed by solving Eq. (19) based on Eq. (20) using
the above numerical method. The following values are ﬁxed throughout the investigation: r ¼ 1, M ¼ 0:5;
k1 ¼ 0:5; s = 1, Ec = 0.5, Rd = 0.5, Pr = 1.2, hw = 1.5, d = 5, Nb = 0.5, c = 1, Le = 2, m* = 0.5, 1 = 0.4,
2 = 0.4, 3 = 0.5, Nt = 0.5, and E = 1. The performance of the pertinent parameter is observed based on
plots by varying each parameter. A remarkable agreement is observed in this study when comparing the
−Ggg(0) values with the results of Cortell [44] (see Tab. 1).
Table 1: Validation of −Ggg(0) based on the study of Cortell [44]
σ=0

–Gnn(0)

k1

s

M

Cortell [42]

Present results

1

5

1.5
3.0
4.0

1.034323
1.123674
1.175176

1.03427352
1.12362444
1.17512631

2
5
10

0

0.854688
0.921257
–

0.85463768
0.92120754
0.95575982

0.801988
0.618084
–

0.80193774
0.61803400
0.52295000

1
2
3

1

This study mainly explores the impact of the activation energy and chemical reaction on Gn ðgÞ, hðgÞ,
pﬃﬃﬃﬃﬃﬃﬃ
Nux
and fðgÞ. The values of Cf Rex (local skin friction) and pﬃﬃﬃﬃﬃﬃﬃ (local Nusselt number) are calculated as
Rex
Shx
a function of the viscoelastic and radiation parameters, respectively. The value of pﬃﬃﬃﬃﬃﬃﬃ (local Sherwood
Rex
number) is reported for active as well as passive control of the nanoparticles.
The activation energy, chemical reaction, radiation, and elastic deformation parameters have an impact on
Gg ðgÞ, hðgÞ, and fðgÞ because of the presence of the thermal and concentration buoyancy parameters in the
momentum balance equation, i.e., Eq. (2). The impacts of the activation energy and chemical reaction on
the Gg ðgÞ, hðgÞ, and fðgÞ proﬁles are presented in Fig. 2. E and γ show similar trends in the velocity and
concentration proﬁles and an opposite trend in the temperature proﬁle. The inﬂuences of E and γ are more
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signiﬁcant in the concentration proﬁle than in the other proﬁles. An increasing trend is observed in the velocity
and concentration proﬁles and the corresponding boundary layers with increasing E. However, a decreasing
trend is observed in the temperature proﬁle as E increases. The rate of mass transport increases based on the
chemical reaction parameter, considerably decreasing the concentration proﬁle. A slight increase can be
observed in the thermal boundary layer thickness and a decline is noted in the momentum boundary layer
1
1
results in an increase in the Arrhenius activation
thickness as γ increases. An increase in E ¼ k  Ea T1
energy, reducing the chemical reaction and increasing the nanoﬂuid concentration proﬁle signiﬁcantly. The
inﬂuences of E and γ are minimal in both the velocity and temperature proﬁles.

Figure 2: (a) Variation in the Gη(η) curves with c and E (solid and dashed lines represent the active and passive
control of nanoparticles, respectively). (b) Variation in the θ(η) curves with c and E (solid and dashed lines
represent the active and passive control of nanoparticles, respectively). (c) Variation in the u(η) curves with
c and E (solid and dashed lines represent the active and passive control of nanoparticles, respectively)

FDMP, 2021, vol.17, no.2

327

Fig. 3 presents the impacts of Rd and δ on the hðgÞ and fðgÞ proﬁles. The increasing values of Rd and δ
boost the temperature proﬁle and reduce the concentration proﬁle. In contrast to the δ case, Rd considerably
affects both the temperature and concentration boundary layers. Figs. 2 and 3 show that the thicknesses of the
velocity, thermal, and concentration boundary layers are higher for active control than for the passive control
of nanoparticles. The numerical values of the concentration proﬁle are negative in case of passive control.

Figure 3: (a) Variation in the θ(η) curves with Rd and δ (solid and dashed lines represent the active and
passive control of nanoparticles, respectively). (b) Variation in the u(η) curves with Rd and δ (solid and
dashed lines represent the active and passive control of nanoparticles, respectively)
pﬃﬃﬃﬃﬃﬃﬃ
The impacts of E, γ, λ1, and λ2 with M on the local skin friction (Cf Rex ), local Nusselt number
Nux
(pﬃﬃﬃﬃﬃﬃﬃ), and local Sherwood number (Shx Rex 1=2 ) are presented in Figs. 4 and 5. The increase in M and
Rex
pﬃﬃﬃﬃﬃﬃﬃ
Nux
Shx
γ reduces Cf Rex and pﬃﬃﬃﬃﬃﬃﬃ & increases pﬃﬃﬃﬃﬃﬃﬃ. The presence of Lorentz force in the ﬂow ﬁeld because
Rex
Rex
of the applied magnetic ﬁeld and the chemical reaction processes reduce the surface drag as well as the
heat transfer rate and enhance the mass transfer rate. The parameter E is an increasing function of the
pﬃﬃﬃﬃﬃﬃﬃ
activation energy, Ea. Thus, an increase in E increases the surface drag (Cf Rex ) and the heat transfer
Nux
Shx
rate (pﬃﬃﬃﬃﬃﬃﬃ) and reduces the mass transfer rate (pﬃﬃﬃﬃﬃﬃﬃ). Fig. 5 indicates that the convective heat transfer
Rex
Rex
rate increases because of the presence of thermal and concentration buoyancy (λ1 and λ2, respectively).
The same buoyancy parameters exert an opposite impact on the mass transfer rate in case of the active
and passive control of nanoparticles.
By comparing the active and passive control of the nanoparticles, high heat and mass transfer rates can
be observed in the passive control case and a high surface drag can be observed in the active control case.
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pﬃﬃﬃﬃﬃﬃﬃﬃ
Rex with c, E, and M (solid and dashed lines represent the active and passive
Nux
control of nanoparticles, respectively). (b) Variation in pﬃﬃﬃﬃﬃﬃﬃ with c, E, and M (solid and dashed lines
Rex
Shx
represent the active and passive control of nanoparticles, respectively). (c) Variation in pﬃﬃﬃﬃﬃﬃﬃ with c, E,
Rex
and M (solid and dashed lines represent the active and passive control of nanoparticles, respectively)
Figure 4: (a) Variation in Cf
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Nux
Figure 5: (a) Variation in pﬃﬃﬃﬃﬃﬃﬃ with λ1, λ2, and M (solid and dashed lines represent the active and passive
Rex
Shx
control of nanoparticles, respectively). (b) Variation in pﬃﬃﬃﬃﬃﬃﬃ with λ1, λ2, and M (solid and dashed lines
Rex
represent the active and passive control of nanoparticles, respectively)
5 Conclusions
In this study, the effects of the Arrhenius activation energy on the momentum, energy, and mass
transport of a second-grade magneto nanoﬂuid ﬂow with elastic deformation effects were analyzed. The
governing parameters of the ﬂow include the thermal buoyancy, concentration buoyancy, magnetic ﬁeld,
elastic deformation, nonlinear thermal radiation, binary-order chemical reaction, and Arrhenius activation
energy. Further, numerical results were obtained and discussed. The notable ﬁndings are given below:
 The Arrhenius activation energy signiﬁcantly increases the thickness of the second-grade
nanoconcentration boundary layer, whereas the chemical reaction reduces it. A slight increase is
observed in the second-grade nano momentum boundary layer thickness as the Arrhenius
activation energy increases. The opposite trend is observed in the second-grade nanothermal
boundary layer with the activation energy.
 The elastic deformation and nonlinear thermal radiation increase the nanothermal boundary layer
thickness and shrink the nanoconcentration boundary layer.
 The numerical amount of skin friction and the local Nusselt number increase with the activation
energy and decrease with the chemical reaction rate. An increase in the thermal and concentration
buoyancy increases the local Nusselt number and decreases the local Sherwood number.
 The thickness of the nanoboundary layers can be increased via active control of the nanoparticles in
the boundary.
 The Nusselt and local Sherwood numbers increase in the passive control case, and the skin friction
increases in the active control case.
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