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ABSTRACT

In this paper, some typical methods to promote mixing in supersonic combustion are reviewed, and the fluid-
dynamic mechanism underpinning the development of the supersonic shear layer in the presence of a streamwise
vortex is analyzed through computational fluid dynamics. It is proven that the streamwise vortex-couple method
is an excellent approach to enhance mixing. A specific combustor design is proposed accordingly.
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1 Introduction

The scramjet differs from a typical ramjet in that it performs combustion in a supersonic flow rather than
reducing the flow to subsonic levels. Although the concept of supersonic combustion has long been
proposed, its engineering application has yet to be fully implemented. The difficulty results not only from
the heat problem but also from the following two aspects: (1) the fuel mixing problem and (2) the
combustion organization problem, including the Mach number, temperature, pressure, heating quantity,

and pressure loss,
p�4
p�2
, in a combustor. Under supersonic conditions, if the combustor’s inlet Mach number

is low and the influence of the total pressure and temperature are considered, both the radiative reaction
with combustion and the decalescence reaction with dissociation will work due to the excessively high
temperature, which counteracts and diminishes the heat from the combustion. Therefore, subsonic
combustion is incompatible with a scramjet [1]. Instead, the detonation wave principle should be used to
organize the combustion in a supersonic flow. Cavities have been used for combustors by several
researchers to generate shock waves to heat the inflow for supersonic flow. This is undoubtedly the best
approach today. Thus, the possibility of maintaining supersonic combustion for the entire combustor has
been suggested and explored. Using a streamwise vortex couple to produce supersonic combustion and
generate a streamwise vortex couple has been proposed [2]. Numerical simulations based on Navier–
Stokes (NS) equations have been implemented on that proposal under laminar flow conditions with
chemical reactions. Although their conclusions are meaningful, a small subsonic region still exists. Thus,
the following questions arise: could it be different in a high-order turbulence model? Will the subsonic
region reduce? This study explores this proposal by employing turbulence models and a third-order
scheme. We believe that this is still an exploratory study.
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2 Numerical Method

2.1 Governing Equations
All numerical cases were simulated in a finite difference framework using an in-house code developed

by the authors. The three-dimensional chemical non-equilibrium NS equations in Cartesian coordinates are
as follows [3]:
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In the above, u, v, w are x, y, z components of velocity, respectively. p, q, Yi are the pressure, density, and
mass fraction of species s, respectively. E is the total internal energy. Dms and hi are the diffusion coefficients
of the species, s, and absolute enthalpy per unit mass, respectively. ll and lt are the viscosity coefficients for
laminar and turbulent flows, respectively. Kl and Kt are the heat transfer coefficients for laminar and turbulent
flows, respectively. A hydrogen/air reaction mechanism including 7 species (H2,O2,H2O,H,O,OH, and N2)
and 8 elementary reactions [4] are used in this study.

The source term _xs is given with a finite rate chemical model as follows:

_xs ¼ Ms

Xnr
j¼1

bjs � ajs
� �

Rj � R�j

� �
(6)

whereMs is the molecular weight of the species, s, ajs and bjs are the stoichiometric coefficients of the related
species in the jth reaction. Rj and R�j are the forward and backward net rates of the jth reaction, respectively:

Rj ¼ Kj

Yns
s¼1

qs
Ms

� �ajs

; R�j ¼ K�j

Yns
s¼1

qs
Ms

� �bjs

(7)

where Kj is the forward rate coefficient of the jth reaction, and K�j is the backward rate coefficient of the jth

reaction.

The static enthalpy and the specific heat at constant pressure are considered with temperature and
species-dependent thermodynamic properties as follows:

h ¼
Xns
s¼1

hsYs; Cp ¼
Xns
s¼1

Cp;sYs (8)
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where hs and Cp;s are respectively the enthalpy and specific heat at a constant pressure of species, s, modeled
with a polynomial function of static temperature.

Thermal conductivity and molecular viscosity are calculated using the Sutherlands formula for each
species. The Wilkes formula [5] is then applied to calculate the mixture’s thermal conductivity and
molecular viscosity. Moreover, mass diffusivity is calculated according to the kinetic theory as follows [6]:

qDs ¼ 1� Ys
1� Xs

l
Sc

(9)

where Xs is the mole fraction of species s.

The total energy per unit mass of mixture E and the total enthalpy per unit mass of mixture H are defined
as follows:

H ¼ hþ 1

2
ujuj; E ¼ H � p

q
(10)

2.2 Third-Order Scheme
The high-order scheme has the advantage of less numerical dissipation in describing the flow field with

high resolution and has less dependence on the grid for the same numerical accuracy. Meanwhile, both the
accuracy and robustness of the scheme are required in engineering problems, making the third-order scheme
a good compromise. Numerical verifications are conducted for a class of third-order schemes for engineering
applications on different problem types [7]. In this study, the third-order procedures are applied to the
numerical simulation of supersonic combustion to capture the flow-field structure and investigate the
scheme’s rationality.

The scheme is introduced in the form of one-dimensional hyperbolic equations as follows:
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¼ 0 (11)

Consider the conservative difference scheme and write it in a semi-discrete form:
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The positive flux portion with the third (or higher)-order scheme in the linear condition can be written as
follows:
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a0 ¼ 1

3
� a2 (17)

a1 ¼ 2

3
(18)

where a2 is an adjustable free parameter in the form of a2 ¼ 1

6

n3rd � 1

n3rd

� �
and n3rd is a control parameter.

The numerical dissipation of the scheme can be adjusted by changing the value of n3rd. For example, n3rd ¼ 1
is equal to the traditional third-order WENO [8] or the WNND scheme, n3rd ¼ 1:25 is equal to the linear
fifth-order WENO scheme, and n3rd ! 1 is equal to the classic fourth-order center scheme.

To capture the discontinuous structure (such as the shock wave), however, the nonlinear mechanisms are
needed to increase scheme dissipation in the weighted form:
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A continuous variational rescale technology is proposed [7] by changing the index p. For low-speed
problems: e ¼ 10�2 � 10�5, for high-speed problems: e ¼ 10�5 � 10�12.

2.3 SST Turbulence Model
As shown in previous investigations, the turbulence model is crucial in predicting the flow-field

variables and the interaction between turbulence and combustion for supersonic combustion simulations.
Menter’s shear stress transport (SST) model [9] has extensive applications in engineering and was used in
this study due to its good performance with lower computational cost and more numerical robustness [9].
The SST turbulence model introduces the original model inside the boundary layer region and switches
into the standard model outside the boundary layer region and in free shear flows [9]. The transport
equations used for the SST turbulence model take the following form:

The governing equations of the turbulence model are as follows:
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Details of the equations can be found in reference [9]. The decoupling method [10] is applied, implying
that NS and turbulence equations are solved.

210 FDMP, 2023, vol.19, no.1



2.4 Discretization
The finite difference method is used in this study, and the compressible NS equations are discretized on a

single structured grid. Based on its robustness and high resolution of stationary discontinuity, the
nonoscillatory nonfree-parameters dissipative difference scheme (NND) [11] is adopted for the inviscid
flux vectors. The viscous flux vectors were calculated using a second-order central difference scheme.
The implicit LUSGS method is employed for time marching. In order to meet the computational
requirements and improve computational efficiency, a massage-passing interface is introduced for a
massive parallel computation. Because of the single-block body-fitted grid, the load balancing problem
can be solved simply by splitting the grid equally.

3 Numerical Results

Numerical simulations of the straight and expanded tubes are implemented in this study. From the
straight tube problem, the distribution range of each species in the flow field and several vital parameters
are analyzed, and the principle of using detonation waves to organize the combustion is illustrated. A
more detailed study on the proposal of using a streamwise vortex couple to enhance supersonic
combustion is achieved via the expanded tube problem. A third-order scheme is applied, and the
turbulence model is considered. Some results which differ from previous studies are also obtained.

3.1 Code Validation
Lehr’s experiment [12] provided experimental schlieren diagrams of a supersonic combustor, flow-field

temperature distributions, and experimental temperature measurement results. This is the most commonly
used example for testing numerical calculation methods and combustion models in supersonic
combustion simulations. Shock-induced combustion phenomena, ranging from decoupled shock-
deflagration systems to overdrive oblique detonation waves, were experimentally investigated by Lehr’s
experiment [12]. The flux splitting scheme, NND, is tested under the experimental conditions listed in
Table 1 to estimate its accuracy and robustness on shock capture for supersonic combustion simulations.

First, the grid sensitivity analysis is studied to eliminate the influence of grid errors. Three grid spacing
scales are then adopted to represent the grid’s independence: coarse, medium, and fine grids. The detailed
grid information and the distribution of the medium grid are shown in Table 2 and Δ is the first grid-scale
in the wall-normal direction.

Fig. 1 shows the temperature contours of the decoupled shock-deflagration overlaid on the shock
location [13] obtained from the numerical results of the medium grid. Fig. 2 shows the distribution of the
temperature along the X direction on the stagnation line. Combustion does not begin immediately behind

Table 1: Lehr’s experimental conditions

Ma1 T1 Kð Þ P1 Pað Þ YH2 YO2 YN2

H2=Air 4.513 250.0 42662.0 0.0283 0.2256 0.7452

Table 2: Detailed information of grid system for grid sensitivity analysis

Coarse grid Medium grid Fine grid

D mmð Þ 0.01 0.005 0.003

Cell umber 13725 20475 27225

Stagnation temperature (K) 2788.8 2883.5 2895.2
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the shock wave, as depicted. Instead, the combustion front appears to be separated from the shock wave by an
induction zone. This behavior can also be observed clearly from the stagnation line temperature in Fig. 2. The
numerical results for the three sets of grids are nearly identical in the upstream region. As the flow and
combustion process develops after the detonation wave, the medium and fine grids remain constant,
whereas the coarse grid begins to diverge with time.

The numerical method predicts an accurate ignition position as the temperature distribution is consistent
with the experiment data. Thus, the numerical implementation can then be applied to supersonic combustion
simulations.

Figure 1: Decoupled shock-deflagration system, temperature contours

Figure 2: Stagnation line temperature for decoupled shock-deflagration system
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3.2 Channel Combustion
The structure problem between fully mixed hydrogen and oxygen is discussed in the following part, and

the combustion is proposed at x ¼ 1. The freestream flow conditions are M = 2.5, T = 1500K, p = 1, bar,
YH2

= 0.1, and YO2
= 0.9, and the numerical results are shown in Figs. 3–5:

Figure 3: Numerical results of channel combustion in fully mixing condition, (a) pressure, (b) density, (c)
temperature

Figure 4: Numerical results of channel combustion along the axis, left: pressure, density, temperature, right:
Mach number
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Two important parameters related to the combustor temperature and pressure are given in [1], h ¼ T�
4

T�
2

and r ¼ p�4
p�2

(* represents the stagnation point), in which “2” represents the combustor’s inlet and “4”

represents its outlet. The nondimensional outlet pressure and temperature are: P4 ¼ 0:2608892
and T4 ¼ 2:124833. Thus,
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2
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� �
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2
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� � ¼ 1:416623 (24)
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2
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where 1, h, n ¼ T4
T2

¼ 2:124833 and 0,r, 0:6. A small detonation wave occurs near the flow field’s

discontinuity, followed by supersonic combustion all over the field. Therefore, supersonic combustion can
be achieved using the detonation wave under appropriate flow conditions according to the theoretical
analysis in [1].

3.3 Streamwise Vortex-Couple Proposal for Expand Tube Problem
It has been demonstrated that the streamwise vortex can enhance fuel mixing and improve the supersonic

combustion efficiency from both flow mechanism and numerical simulations in [1,12,14,15]. Thus, a more
detailed numerical simulation is conducted to investigate the effect and influence of streamwise vortex
couples on supersonic combustion in this study.

Fig. 6a shows the sketch maps of the combustor and fuel injector. The length, width, and entrance height
of the combustor are 170, 31, and 12.2 cm, respectively. The expansion angle on the top wall is 1°. The
injection device consists of an expansion surface and two wedges on the expansion surface. Fig. 6b

Figure 5: Numerical results of channel combustion along the axis, mass fraction of main species
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shows that the wedge has a thickness of 5 cm and a compression surface of 5° in the first 11 cm of the wedge,
while the remaining 11-cm in length expands to the underside of the wall. The two wedges are arranged in the
middle, with a 7-cm gap between them. Two injection holes are ranged on the lower surface of the wedge,
from which hydrogen is ejected at an angle of 12° along the flow direction. The computational mesh is
arranged 11 cm to the region upstream of the wedges to resolve the turbulent boundary layer.

A single-block body-fitted grid is used for the calculation, and compression is performed along the wall
directions to meet the requirements of the viscous boundary layer for NS equations. The grid is taken as
360� 181� 167 (streamwise� normal � spanwise), with a total number of about 11 million, and the
distribution near injection holes is shown in Fig. 7. The first grid-scale in the normal direction of the wall
is set as 0.001 mm based on the empirical grid setting strategy [3,16]:

Parallel computing using the aforementioned third-order scheme and the SST turbulence model is
implemented with 30 CPUs under the following conditions (Table 3):

3.3.1 Organization of Combustion
First, the feasibility of the project for enhancing the supersonic combustion efficiency is quantitatively

analyzed based on the five aspects of combustion organization mentioned in Section 1.1.

Figure 6: Sketch maps for combustor

Figure 7: Grid distribution in the cross-section

Table 3: Freestream flow conditions for the case

Ma1 p1 kPað Þ T1 Kð Þ q1 kg=m3ð Þ
Air 3.0 68 1125 0.21

H2 1.0 150.9 242 0.15
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(1) Mach number: The Mach number is taken as 3.0 for the combustor inlet and 1.0 for the injection hole.

(2) The problem of
P

P2
: The pressure range (dimensionless) in the combustor is set as follows:

Pmin ¼ 0:0207663, Pmax ¼ 0:201625, M2 = 3 and P2 ¼ 0:0839, thus
Pmax

P2
¼ 2:403158, which

satisfies the aforementioned requirement:

1þ c c� 1ð Þ
a22

Dq ,
p

p2
,

1þ cM2
2

1þ c
(26)

The pressure distribution of a spanwise section through one of the injection holes is shown in Fig. 8.

(3) The Mach number of the outlet is M4 ¼ 1:88455, as depicted in Fig. 9.

(4) The problem of h ¼ T�
4

T�
2

and r ¼ p�4
p�2
: the pressure and temperature (dimensionless) of the outlet are:

P4 ¼ 0:100143 and T4 ¼ 1:638147, then,
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satisfying the aforementioned requirement: 1, h, n, 0,r, 0:6.

Figure 8: Pressure contours of a spanwise section through one of the injection holes

Figure 9: Mach number contours of outlet
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Other results related to organizational problems are given in Figs. 10–12:

The discontinuity in the flow field is caused by weak detonation waves and the supersonic combustion,
of which occurs all over the field. From the aforementioned analysis, the design parameters of the project
satisfy the requirements of the five aspects of supersonic combustion organization, and supersonic
combustion can be theoretically achieved.

3.3.2 Fuel Mixing
The phenomenon of streamwise vortex couple acting on the flow field to enhance mixing and improve

combustion efficiency is further analyzed. According to the theory of streamwise vortex couple enhancing
mixing [1], the project aims to enhance fuel gas and air mixing using the transport mechanism of a
supersonic vortex, to improve combustion efficiency. Numerical calculation result shows that the outlet
combustion efficiency with the water component is presented in Fig. 13 as follows:

f ¼
_mO;H2O � _mI ;H2O

� �
MH2O

_mI ;H2

MH2

¼ 0:56 (29)

where the inlet and outlet mass flow rates of water and the inlet mass flow rate of hydrogen are respectively
given as _mO;H2O; _mI ;H2O; and _mI ;H2 . The unit molar masses of water and hydrogen are respectively given as
MH2O and MH2 .

The combustion efficiency curve shows that the combustion efficiency increases with an increase in x,
but does not reach a relatively constant value, implying that the reaction is unsaturated. More research is
needed on how to continuously increase the mixture to improve combustion efficiency within a limited
range of combustor length.

Figure 10: Density contours of a spanwise section through one of the injection holes

Figure 11: Temperature contours of a spanwise section through one of the injection holes

Figure 12: Mach number contours of a spanwise section through one of the injection holes
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Numerical results on fuel mixing are given in Figs. 14–16:

By introducing a streamwise vortex couple, the vortex circumrotates from inside to outside under a
pressure gradient, forming the mass transport. Thus, the incoming air and jet hydrogen are fully mixed
and burned. Oxygen is almost entirely burned out in most of the middle area at the exit of the combustor.
Concurrently, the hydrogen is exhausted, implying that the streamwise vortex couple significantly
enhances supersonic combustion.

Figure 13: Combustion efficiency profiles along flow direction

Figure 14: H2 contours along the flow direction, followed by: Spout, center section and outlet
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Under the condition in which the grid is compressed near the wall, and considering the influence of the
boundary layer, the combustion mostly occurs in the combustor’s internal region, which is different from the
results in previous calculations. The air vortex occurs near the bottom area, and a ribbon shape is formed by
exhausting the oxygen with water generation, indicating that combustion occurs in the boundary layer.
Concurrently, there are obvious differences between the results of laminar and turbulent flows. Under

Figure 15: O2 contours along the flow direction, followed by: Spout, center section and outlet

Figure 16: H2O contours along the flow direction, followed by: Spout, center section and outlet
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turbulent conditions, the combustion is more efficient considering the effect of turbulence in the boundary
layer. For simplicity, only the turbulent numerical results are presented in this study.

The Mach number contours and streamlines at different locations are given in Figs. 17 and 18:

The distributions of species and streamlines in different sections of the flow field correspond to each
other. Taking the H2O distribution as an example, the distribution of H2O is obviously in the shape of a
vortex at different sections. Vortexes coalesce near the injection holes in the front half of the combustor.
The transport phenomenon is formed by rolling up the substance to the vortex center in the vortex
movement. Two small vortical regions with low content, corresponding to H2O distribution, exist inside a

Figure 17: Mach number contours along the flow direction, followed by: Spout, center section and outlet

Figure 18: Streamlines along the flow direction, followed by: Spout, center section and outlet
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sizable vortical region with high content, implying that the hydrogen and oxygen are constantly rolled up into
the vortex center with combustion. The vortex in the combustor’s rear half is not as strong as that in the front
half. Because the reactions have been sufficiently conducted, the vortex in the H2O contours has become
slightly more prominent, whereas small vortical regions with low water content gradually disappear along
the flow direction, indicating that combustion is complete and hydrogen and oxygen are exhausted. In
conclusion, the distribution of species contours and flow structures are related. The vortex enhances
combustion by mass transport and changes the content of each species, whereas the temperature and
density of flow vary because of the reactions. Thus, component distribution and flow structure are related
and influence each other.

It gives the speed of sound distribution at the center cross-section in Fig. 19:

Fig. 20 shows the numerical results obtained in this study using the fine grid and turbulence model,
which is different from those obtained in a previous study. Supersonic combustion occurs almost all over
the combustor. Concurrently, the subsonic region is mainly concentrated in the boundary layer region
near the wall, which illustrates the theoretical feasibility of this proposal to achieve supersonic combustion.

4 Conclusion

A numerical simulation of the process of supersonic combustion is performed with a fine grid using a
third-order scheme and an SST turbulence model. The numerical results illustrate the following points:

Figure 19: Speed of sound line at the center cross-section [1]

Figure 20: Speed of sound line along the flow direction, followed by: Spout, center section, and outlet
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First, the discontinuity in the flow field is a weak detonation wave in terms of combustion organization,
which is consistent with the original purpose of organizing combustion using the detonation wave principle.
In terms of fuel mixing, the introduction of a streamwise vortex couple enhances the mixing of hydrogen and
oxygen and improves combustion efficiency.

Second, because of the numerical scheme, grid, and turbulence model, the flow field details are partly
different from the prevenient laminar numerical results based on a second-order scheme. The numerical results
show that supersonic combustion occurs almost all over the combustor. Concurrently, the subsonic region is
mainly concentrated in the boundary layer region near the wall, which theoretically supports the proposal’s design.

Third, based on the aforementioned two points, the numerical simulation results show that achieving
supersonic combustion in a hypersonic ramjet is theoretically feasible.
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