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ABSTRACT
In this article, structural probabilistic and non-probabilistic reliability have been evaluated and compared under
big data condition. Firstly, the big data is collected via structural monitoring and analysis. Big data is classiﬁed
into different types according to the regularities of the distribution of data. The different stresses which have been
subjected by the structure are used in this paper. Secondly, the structural interval reliability and probabilistic prediction models are established by using the stress-strength interference theory under big data of random loads
after the stresses and structural strength are comprehensively considered. Structural reliability is computed by
using various stress types, and the minimum reliability is determined as structural reliability. Finally, the advantage and disadvantage of the interval reliability method and probability reliability method are shown by using
three examples. It has been shown that the proposed methods are feasible and effective.
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1 Introduction
The reliability problem has existed since the beginning of human social activities, but the real cause of
human attention should have started during the Second World War. At that time, the United States military’s
communications and electronic equipment frequently failed during the service period, and some electronic
equipment had not even been put into use, and a large number of them had failed.
Since the end of the 1940s, many industrially developed countries led by the United States have
successively carried out research on reliability. Reliability research in the ﬁeld of structures and systems
can be traced back to the late 1940s and early 1950s. In 1947, the famous stress-strength interference
model was established, which formed the basis of structural reliability design. Since 1954, the normalnormal model of the stress-strength interference model was established, scholars from the Soviet Union,
the United States, Japan, Canada and other countries have made outstanding contributions to the study of
mechanical and structural reliability. So that structural reliability has been gradually developed into an
independent engineering subject.
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In modern manufacturing companies, big data is being captured by using lasers, sensors, wireless
networks, etc. These big data include the processing of manufacturing processes, the effects of
temperature, vibration, reliability data, etc. Big data is processed in computers by using different
algorithms for improving the products and to increase the competitiveness of organizations in the market.
Big data is widely used to discover and develop new technologies, methodologies and decisions. Big data
has been paid attention to and researched in modern society. The 5 V (volume, velocity, variety, veracity,
value) of big data have been deﬁned and they are believed as important as the meaning of new
technology [1–3]. The application principles of big data in the ﬁeld of security engineering have been
analyzed, the theoretical system of the secure big data application was established, the safe big data
processing procedure was developed, and the theoretical guidance was provided for the application of big
data in the ﬁeld of security science and engineering [4,5].
For most engineering structures, massive data would be generated during their service life such as
bridges, wind towers, pipelines and automobile chassis [6]. These structures are subjected not only to a
large amount of imposed load, but also to other loads such as wind, corrosion, vibration, etc. The data is
acquired timely, and the data would be analyzed and sorted. The structural reliability can be predicted
using the data, and thus effective maintenance measures for the structure are proposed [7–9]. The existing
bridge structures are normally evaluated using big data. It is suggested that the early maintenance of the
bridge is very important [10–12]. A faster detection method that is nonlinear and more practical and
feasible has been proposed using big data collected from the structural health monitoring for a large
reinforced concrete structure in Italy [13]. The wind turbine failure model and the maintenance decision
system is also established using big data which is obtained from the weather and wind power equipment [14].
The traditional structural probability reliability model has been developed based on the known probability
distribution function of structural strength and imposed load. The structural reliability can be directly obtained
by using the integration method or the ﬁrst-second moment method, and the prediction result is sensitive to the
accuracy of the probability distribution parameters [15,16]. In fact, any structure is normally subjected to big
data loads during its service period, but these loads have no obvious regular distribution, in other words, the
probability distribution parameters would be difﬁcult to be determined. The uncertain issue may be solved
by using the interval or convex set model [17,18]. According to the literature [19–21], a structural nonprobabilistic reliability model based on interval analysis has been proposed, and the non-probabilistic
reliability of the structure under the interval static load has been analyzed.
Interval data with both heavy censoring and batch effects are considered, simulation studies demonstrate
the superiority of the proposed method over two other commonly-used bootstrap methods [22]. The
equivalent conversion method will convert the interval variables to the normal random variables for the
computation of reliability. A numerical example is used to demonstrate that the method is feasible [23].
The time-variant stress–strength interference interval model is established, the structural state at any time
can be described by the non-probabilistic time-variant reliability [24].
With the massive data advantage, big data processing technology has been applied to the reliability
research of large-capacity power and electronic systems [25]. The application of big data in trafﬁc
reliability operations has also been put forward. It is believed that new opportunities will be brought to
innovation in trafﬁc management and the decision-making paradigm [26]. The data quality and data
characteristics have been analyzed, and the highway reliability estimation methods have been proposed
[27–30]. The reliability of the system was predicted and analyzed using big data, and the prediction
model was developed. The proposed method has been compared with the existing methods and their
prediction model is better than others. However, there are few related works on the reliability of
structures using big data. In most cases, big data has no obvious distribution rules, but in some cases, it is
necessary to use these big data to evaluate structural reliability. The main novelty of this paper is a
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comparison of structural probabilistic and non-probabilistic or interval reliability computational methods
using big data.
In this paper, based on the research of structural probability reliability and interval reliability, big data
collected from structural monitoring will be classiﬁed according to different types of data. The stress
response of structure will be obtained by analyzing the big data as shown in Section 2. The interval
reliability and structural probability reliability prediction models will be developed according to the stress
response and the strength of the structure as reported in Sections 3 and 4, respectively and the two
prediction models are compared. Finally, the advantages and disadvantages of the probabilistic and
interval reliability calculation methods under the condition of big data will be illustrated by three
examples as presented in Section 5. The rationality and practicability of the calculation methods of
structural reliability are further elaborated.
2 Big Data of Structural Stress
During the structural service lifetime, massive structural health monitoring data of a structure can be
produced because it is constantly subjected to imposed loads. The loads can be classiﬁed according to
their characteristics, they are classiﬁed as A1, A2,…,Ai,…,An, respectively. The number of the loads is
denoted as mi in each Ai, where i, m are 1, 2, 3, …
In each Ai, a structural load is denoted as SAi , and its corresponding stress is denoted as sAi . For all SAi in
each Ai, the maximum load is determined and it is denoted as Smax Ai and its corresponding stress is denoted as
smax Ai . Based on the conservative reliability analysis, during the structural service period, a structure is
assumed not subjected to a single continuous load, but multiple series of random loads. If the structure
does not fail under the maximum load of these series of random loads, then the structure is considered
safe under these series of random loads [30]. Hence, it is assumed that structural reliability under mi load
of SAi is equivalent to the reliability under mi load of Smax Ai . Based on the above assumption, structural
reliability under the mi times of the maximum load Smax Ai can be used to predict structural reliability
under mi times of SAi in each Ai.
3 Structural Interval Reliability with Big Data
3.1 Interval Non-Probabilistic Reliability Index
The function of the interval non-probabilistic reliability can be calculated as follows by using the
strength-stress interference theory:
M ¼ d  s; d 2 dI ; s 2 sI

(1)

where δ and s are the strength and working stress of the structure, respectively.
The structural interval non-probabilistic reliability index can be obtained as follows:
 c
ðd  sc Þ=ðdr þ sr Þ dc . sc
g¼
0
others

(2)

If η > 1, then the structure is considered reliable whereas when η ≤ 1, then the structure is considered
unreliable and might contain defects. The higher the value of η, the more reliable the structure will be.
3.2 Computing Structural Interval Non-Probabilistic Reliability with Big Data
In each big data load classiﬁcation Ai, the maximum load is Smax Ai with the stress of Smax Ai , whereas the
minimum load is Smin Ai with the stress of Smin Ai , thus the interval number of the stress of load SAi can be
written as follows:
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sIAi ¼ ½sAi ; sAi 

(3)

where sIAi ¼ sAi , sAi ¼ smin Ai , sAi ¼ smax Ai .
The mean and dispersion of Eq. (3) are SAc i and SAr i , respectively. The structural interval strength can be
written as follows:
dI ¼ ½d; d

(4)

where d; d are the lower and upper bounds of δI, respectively.
The mean and dispersion of Eq. (4) are δc and δr, respectively. The structural interval non-probabilistic
reliability index can be obtained by using Eq. (2) under big data loads Ai as follows:
dc  scAi
gAi ¼ r
d þ srAi

(5)

A structure is considered similar to a series system that is comprised of n number of subsystems in the
structural lifetime. According to the reliability concept of a series system, if a system is reliable, then every
subsystem should be reliable. Therefore, the structural interval non-probabilistic reliability index can be
obtained under the condition of big data loads as follows:
g ¼ minfgA1 ; gA2 ; . . . ; gAi ; . . . ; gAn g

(6)

where gAi is the structural interval reliability index with big data loads Ai.
4 Structural Probabilistic Reliability with Big Data
4.1 Probabilistic Reliability
Stress-strength interference is referred to the basic idea of interference analysis of probabilistic variables
in reliability estimation. The stress and strength are considered as two random variables to compare their
relative magnitudes in the same coordinate system. The distribution function curves of two random
variables will be drawn in one coordinate system, they will generally be intersected, that is, there is an
interference area, indicating the possibility that the stress is greater than the strength.
The probabilistic density function of the stress is noted as g(s), the probabilistic density function of the
strength is noted as f(δ), the structural reliability R can be obtained by using the stress-strength interference
theory as follows:
Z1
R¼

Z1
gðsÞ½ f ðdÞddds

(7)

s

0

The concepts of stress and strength are broad. It can be considered that stress is any physical factor that
can lead to failure of the structure, such as load, temperature, corrosion, radiation, etc. The strength of
structure and system components is their performance index against corresponding stress. According to
the traditional view and the assumption of independent failure of components, the reliability of the
system can be directly calculated based on the reliability of the system components.
The reliability model of a series system can be calculated as follows:
Rsys ¼

n
Y
i¼1

Rri

(8)
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The reliability model of a parallel system can be calculated as follows:
Rsys ¼ 1 

n
Y

ð1  Rri Þ

(9)

i¼1

where Rsys is the reliability of the system, Rri is the reliability of the ith link of the system, and n is the number
of the links of the system.
The limit state function of a structure can be established by using the stress-strength interference theory
as follows:
gðS; dÞ ¼ d  S

(10)

The reliability of the structure that the structure is in a safe state can be computed by using the ﬁrst-order
second-moment method.
E½gðS; dÞ
ld  ls
¼ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Var½gðS; dÞ
r2 þ r2

bðtÞ ¼

d

(11)

s

where ld is the mean of the structural strength, rd is the standard deviation of the structural strength, μs is the
mean of the structural stress, and σs is the standard deviation of the structural stress.
4.2 Probabilitistic Reliability with Big Data
Suppose the probability distribution function and the probability density function of smax Ai are
Gi ðsmax Ai Þ and gi ðsmax Ai Þ, respectively, then the cumulative probability distribution of smax Ai under mi
times random loads can be written as follows:
Fi ðsmax Ai Þ ¼ ½Gi ðsmax Ai Þmi

(12)

The probability density function fi ðsmax Ai Þ of Eq. (12) can be obtained as follows:
fi ðsmax Ai Þ ¼ mi ½Gi ðsmax Ai Þmi 1 gi ðsmax Ai Þ

(13)

Suppose the probability density function f(δ) of the random variable δ of structural strength is obtained,
the formulation of the structural reliability can be derived using the stress-strength interference theory under
the Ai type of loads with the big data condition as follows:
Z1
pri ¼

Zd
f ðdÞ

1

Z1

Z1
fi ðsmax Ai Þdsmax Ai dd ¼

1

Zd
f ðdÞ

1

1

mi ½Gi ðsmax Ai Þmi 1 gi ðsmax Ai Þdsmax Ai dd
(14)

f ðdÞ½Gi ðdÞmi dd

¼
1

Based on the n types of A1, A2,…,Ai,…,An of structural loads, a formulation of structural reliability can
be calculated by using Eq. (14). Thus, each reliability can be obtained as follows, respectively:
pr1 ; pr2 ; . . . ; pri ; . . . ; prn

(15)

134

SDHM, 2022, vol.16, no.2

The minimum value of Eq. (15) is determined as the structural reliability under the big data loads.
pr ¼ minfpr1 pr2 . . .pri . . .prn g

(16)

5 Numerical Examples
Case 1
A chassis of a tractor is the basic component for the tractor, the chassis of a tractor is shown in Fig. 1. A
chassis of a tractor has been monitored for 10000 h, 0.125 GB of data has been produced in every hour, and
thus the total data collected is 1250 GB. The working stress of the chassis of the tractor is shown in Fig. 2 and
the parameters sAi ¼ 345 MPa, sAi ¼ 530 MPa, sc ¼ 437:5 MPa and sr ¼ 185 MPa: are used in the
calculation.

Figure 1: A chassis of a tractor

Figure 2: The stress of the chassis of the tractor
The chassis was made of 45# steel, its interval of the stress is given as δ = (720, 890) MPa, and the
interval reliability index can be computed by using Eq. (5) as follows:
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dc  sc
¼ 1:035
dr þ sr
The probability reliability of the chassis can be computed by using Eq. (9) as follows:

pr ¼ 0:9999
The reliability of the chassis is computed by using Monte Carlo (MC) method with 106 samples. The
reliability is 0.9999 which is considered as a practical value in structural reliability engineering. The
reliability index is 6.025. It can be converted to the interval reliability index of 1.0346 [31]. It is shown
that the interval reliability is very close to the industry practices.
The probability reliability index of the chassis is more than 4.5. Based on the literature review, in
comparison to the probability reliability index and interval reliability index, the probability reliability
index may be smaller. This is because for the probability reliability index, if less data is used for random
distribution parameters, the probability distribution of the stress and strength of the chassis will not be
modelled sufﬁciently, which also reﬂects the advantages of the interval reliability method.
Case 2
The structural health monitoring data was collected for a large spanning suspension bridge in China with
3 GB data per day that is 1 TB of big data every year [32]. The collected load data comprises vehicles passing
through the bridge in the whole year of 2015.
The welding joint of a U stiffener and roof is an important part of the large spanning suspension bridge.
The welding joint of a U stiffener and roof is shown in Fig. 3. The reliability of the welding joint of U
stiffener and roof, which is the weak link of the bridge [33], under the passing vehicle loads on the
bridge in 2015 has been studied.

Figure 3: The welding joint of U stiffener and roof
The passing vehicles of the whole year are divided into six types according to the number of axles of the
vehicle as follows:
Type I, 2 axles 2 axles,
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Type II, 3 axles 2 axles,
Type III, 4 axles 3 axles,
Type IV, 5 axles 3 axles,
Type V, 6 axles 3 axles,
Type VI, 6 axles 4 axles.
The total weight of six types of vehicles is shown in Table 1. The ratio of the loads for six types of
vehicles is shown in Table 2. The stresses of six types of vehicles obey the normal distribution, and their
mean and standard deviation are shown in Table 3.
Table 1: Total weight of six types of vehicles when they pass through the suspension bridge
Vehicle type

I

II

III

IV

V

VI

Total weight (T)

1.1

11.5

20.8

26.2

31.0

31.4

Table 2: Ratio of six types of vehicles when they pass through the suspension bridge
Vehicle type

I

II

III

IV

V

VI

Ratio

95.60

1.171

1.15

0.43

0.744

0.37

Table 3: Mean and standard deviation of six types of vehicles
Vehicle type

Mean (MPa)

Standard deviation (MPa)

I
II
III
IV
V
VI

22.37
41.25
58.80
75.64
80.53
90.75

1.961
3.602
5.135
6.606
7.032
7.925

The strength of the welding joint of the U stiffener and roof is also assumed to obey the normal
distribution with the mean of 345 MPa and the standard deviation of 15 MPa. In this example, the
theoretical lifetime of the part is 204 years, whereas the actual observed lifetime is 165 years [31].
According to the trafﬁc intensity of most intercity highway vehicles, the intensity of ampliﬁcation λ = 6 is
obtained. The λ is allocated according to the proportion of the six types of vehicles as shown in Table 4.
The reliability P1…,Pi,…,P6 is computed by using Monte Carlo (MC) method with 106 samples,
respectively, and the reliability results are shown in Table 5.
Table 4: Intensity of six types of vehicles when they pass through the suspension bridge
Vehicle type
λi

I
5.736

II
0.1026

III
0.069

IV
0.0258

V
0.0444

VI
0.0222
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Table 5: Reliability of welding joint of U stiffener and roof computed using MC method
Vehicle type

I

II

III

IV

V

VI

Reliability Pm

0.9999

0.9999

0.9999

0.9999

0.9999

0.9999

The reliability P1,…,Pi,…,P6 is computed by using Eq. (16) as shown in Table 6. As shown in Table 6,
the reliabilities of the welding joint of the U stiffener and roof are 0.9999 for all types of vehicle loads. Their
reliabilities are all equal to the result in Table 5. On the other hand, the structural interval reliability index is
computed as shown in Table 7 by using Eq. (6). As can be seen from Table 7, the interval reliability index of
the welding joint of U stiffener and roof is the lowest (1.374) for the type VI vehicle for the lifetime of the
suspension bridge which is computed by using big data.
Table 6: Reliability of welding joint of U stiffener and roof under six types of vehicle loads
Vehicle type

I

II

III

IV

V

VI

Reliability Pi

0.9999

0.9999

0.9999

0.9999

0.9999

0.9999

Table 7: Interval reliability of welding joint of U stiffener and roof under six types of vehicle loads
Vehicle type
Interval reliability index ηi

I
2.841

II
2.280

III
1.887

IV
1.591

V
1.516

VI
1.374

Based on Tables 6 and 7, the interval reliability index of the welding joint of U stiffener and roof for type
VI vehicle is reasonably similar to the probability reliability index for the lifetime of the suspension bridge
which is computed by using big data. This is because the probability distribution parameters can be
accurately determined by using big data. In addition, it can also be seen that the probability reliability of
the welding joint of U stiffener and roof for the type I vehicles is the highest in all probability reliabilities
because of a small impact on the welding joint of U stiffener and roof due to the smallest load. The
interval reliability of the welding joint of U stiffener and roof for the type I vehicles is also the highest. It
is shown that the results of probabilistic reliability and non-probabilistic reliability are consistent. Nonprobabilistic reliability is an effective supplement to probabilistic reliability. On the other hand, the
reliability of the joint has a great inﬂuence on type VI vehicles because the load is the largest. This also
puts forward corresponding requirements for the management and maintenance of the bridge, if
necessary, the vehicles with larger loads must be restricted to ensure the reliability of the bridge.
Case 3
Hollow cylindrical cantilever beams (HCCB) have been widely used in engineering practice as shown in
Fig. 4. The parameters of the hollow cylindrical cantilever beam are shown in Table 8. The allowable strength
of the HCCB is noted as U, the allowable shear stress the HCCB is noted as τ, and the allowable deﬂection of
the HCCB is noted as w, the allowable torsional angle of the HCCB is noted as θ, The allowable yield
strength of the HCCB is noted as S. Parameters 1 and 2 are shown in Table 8. Parameter 1 is mean and
Parameter 2 is standard deviation if the distribution is obeyed to the normal distribution. Parameter 1 is
the lower bounds and Parameter 2 is the upper bounds if the distribution is obeyed to the uniform
distribution. Parameter 1 is the positional parameter and Parameter 2 is the scale parameters if the
distribution is obeyed to the Gumbel distribution. Parameter 1 is the lower bounds and Parameter 2 is the
upper bounds if the parameters are intervals.
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Figure 4: Hollow cylindrical cantilever beam
Table 8: Parameters of the hollow cylindrical cantilever beam
Variable

Distribution

Parameter 1

Parameter 2

t/mm
d/mm
L2/mm
F1/N
F2/N
P/N
Θ1/°
Θ2/°
U/Mpa
T/Nm
L1/mm
S/MPa
Θ/°

Normal
Normal
Uniform
Gumbel
Gumbel
Normal
Interval
Interval
Normal
Normal
Interval
Normal
Interval

5
42
59.75
3000
3000
12000
0
5
300
90
119.75
200
0

0.1
0.5
60.25
300
300
1200
10
15
30
9
120.25
20
1.9

The reliabilities of the strength, stiffness, shear force, torsional angle and deﬂection of the HCCB are
considered in this example. The interval reliability indices of the strength, stiffness, shear force, torsional
angle and deﬂection of the HCCB are shown in Table 9. The probabilistic reliability indices of the
strength, stiffness, shear force, torsional angle and deﬂection of the HCCB are shown in Table 10. Each
reliability has been calculated by the MC method with 106 samples under big data conditions, and the
reliability results are shown in Table 11. The probabilistic reliabilities of the strength, stiffness, shear
force, torsional angle and deﬂection of the HCCB are shown in Table 12.
Table 9: Interval reliability index
Type

Strength

Stiffness

Shear

Torsional angle

Deﬂection

Interval reliability index ηi

1.023

1.056

1.133

1.164

1.031

Table 10: Probabilistic reliability index
Type

Strength

Stiffness

Shear

Torsional angle

Deﬂection

Probabilistic reliability index βH

6.136

6.334

6.796

6.982

6.183
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Table 11: Reliability computed using MC method
Type

Strength

Stiffness

Shear

Torsional angle

Deﬂection

Reliability

0.9952

0.9999

0.9999

0.9999

0.9989

Table 12: Probabilistic reliability
Type

Strength

Stiffness

Shear

Torsional angle

Deﬂection

Reliability

0.9952

0.9999

0.9999

0.9999

0.9989

If only considering one of these ﬁve reliabilities, it will be a parallel system. However, by considering all
these ﬁve reliabilities, it will be a series system. If three of them do not fail, then the cantilever beam does not
fail. The cantilever beam will be a 3/5 voting system. The reliabilities of these systems are shown in Table 13.
Table 13: Reliability of three different systems of the beam
System type

Series system

Parallel system

3/5 system

Reliability

1

0.9940

0.9991

Based on Tables 9 and 10, the interval reliability indices of the strength, stiffness, shear force, torsional
angle and deﬂection of the HCCB are reasonably similar to the probabilistic reliability indices of the strength,
stiffness, shear force, torsional angle and deﬂection of the HCCB which were computed by using big data. It
is further validated that the probabilistic reliability and non-probabilistic reliability are consistent for the same
calculation example. It is further shown that non-probabilistic reliability is an effective supplement to
probabilistic reliability. In fact, the reliability of the strength, stiffness, deformation and other factors of
the HCCB should be considered comprehensively during the service period of the HCCB. The reliability
of the HCCB should be considered as a parallel system, and its reliability is obtained as 0.9940.
6 Conclusions
(1) The collected big data has been analyzed according to its source and distribution. The different types

of stress responses of the structure have been classiﬁed.
(2) The structural interval and probabilistic reliability computational models have been proposed using

the stress-strength interference theory according to different types of structural stress responses and
structural strength. Different structural reliabilities were computed, and the minimum of these
reliabilities is the reliability of the structure.
(3) It has been shown that the proposed methods are feasible and effective. The probabilistic reliability
method and interval reliability method have their advantages and disadvantages which have been
shown by using the three examples under the condition of big data. The structural reliability can
be obtained by using the probabilistic reliability method when the probability distribution
parameters can be determined by using big data. Alternatively, the interval reliability method can
be used.
(4) It should be pointed out that both the structural interval reliability method and probabilistic
reliability method are no better or simpler than each other under the condition of big data, and
each has different applicable conditions. They are not developed to replace each other, and the
interval reliability method is a useful complement to the probabilistic reliability method under the
condition of big data.
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(5) The repairable system and other complex systems with random and interval parameters under big

data will be studied in future work.
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Appendix. Algorithm of Interval Number and Interval Function

The original intention of the interval algorithm was used to calculate the reliability of the structure, but
people soon discovered that the interval algorithm can have a wider range of applications. In interval
mathematics, all variables can be considered as an interval quantity and the uncertain factors of the
variables are converted into intervals. Due to the set properties of the interval itself, the set operations
between the intervals can be easily implemented.
Interval analysis is a set of operation rules deﬁned on the interval. Its main feature is that it can process
uncertain data, automatically record the truncation and rounding errors generated in computer ﬂoating-point
operations, and efﬁciently and reliably estimate the value range of a function in a certain independent
variable area, so it is widely used in all areas of science. Interval analysis emerged in the 1960s and has
been widely used in computer graphics and computer-aided design since the early 1980s.

142

SDHM, 2022, vol.16, no.2

There are two real numbers x; x 2 R, and x  x where x and x are the lower and upper bounds of the
interval, respectively.
For two intervals xI ¼ ½x; x and yI ¼ ½y; y, if x ¼ y; x ¼ y, then xI = yI.
The xI ¼ ½x; x is noted as the interval number.
If x ¼ x, xI would be degenerated to the ordinary real numbers, also known as point interval numbers.
The mean of the interval number is given as follows:
xc ¼ ðx þ xÞ=2

(17)

The dispersion of the interval number is given as follows:
x ¼ ðx  xÞ=2
r

(18)

The interval xI ¼ ½x; x can be derived as follows:
xI ¼ ½x; x
¼ ½xc  Dx; xc þ Dx
¼ ½xc ; xc  þ ½Dx; þDx

(19)

¼ x þ Dx½1; 1
c

¼ xc þ DxeD
where DxI ¼ ½Dx; þDx, eD ¼ ½1; 1. It is noted as the centre representation of the interval.
These are the rules for the addition, subtraction, multiplication, and division of two intervals.
xI þ yI ¼ ½x þ y; x þ y

(20)

xI  yI ¼ ½x  y; x  y

(21)

xI  yI ¼ ½x; x  ½y; y
¼ ½minfxy; xy; xy; xyg;
maxfxy; xy; xy; xyg
= yI
xI =yI ¼ ½x; x=½y; y ¼ ½x; x  ½1=y; 1=y; 0 2
Let f ðxÞ; x 2 I, is a function, where I ¼ ½x1 ; x2 ; x1  x2 is the deﬁnition ﬁeld of the function. The
algorithm of the interval function can be given as follows:
If f 0 ðxÞ  0; x 2 I, then f ðxÞ; x 2 I is a lesser function which is represented as follows:
f ðxI Þ  f ðxÞ ¼ ½f ðxÞ  f ðx1 Þ; f ðxÞ  f ðx2 Þ

(22)

On the other hand, if f 0 ðxÞ  0; x 2 I, then f ðxÞ; x 2 I is an additional function which is represented as
follows:
f ðxI Þ  f ðxÞ ¼ ½f ðxÞ  f ðx2 Þ; f ðxÞ  f ðx1 Þ

(23)

If f(x) is a non-singular increasing or decreasing function in the interval I, then the algorithm of f(x) − f
(xI) can be written as follows:
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f ðxI Þ  f ðxÞ ¼ ½f ðxÞ  fmax ðxÞ; f ðxÞ  fmin ðxÞ
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(24)

where fmin(x) and fmax(x) is the minimum and maximum value of the function in the interval f(x), respectively.
The four arithmetic operations of the interval can be satisﬁed with some algebraic properties of the four
arithmetic operations on real numbers, such as the associative and commutative laws of addition and
multiplication. However, the law of distribution does not always hold. In general, the following equation
does not hold, that is as follows:
xI ðyI þ zI Þ ¼ xI  yI þ xI  zI

(25)

However, the following sub-distributive law expression is true, that is as follows:
xI ðyI þ zI Þ  xI  yI þ xI  zI

(26)

where,“⊆” is containment relationship, xI⊆ yI, yl ≤ xl ≤ xu ≤ yu, the interval yI is contained to the interval xI.
If there are some common parts in the interval xI, yI ∈ I(R), the two intervals have an intersection. It can
be shown as follows:
xI \ yI 6¼ [

(27)

xI \ yI is also an interval, and

½y; x
I
I
x \y ¼
½x; y

(28)

If xI \ yI 6¼ [, then xI [ yI is noted as
xI [ yI ¼ ½min x; y; max x; y

(29)

Based on the above, it is obtained that in the interval calculation process, the arithmetic operation of the
interval is closed, and the set operation of the interval is also closed. However, their algebraic properties are
different from the algebraic properties of real numbers. When performing interval operations, the following
expressions should be given special attention to, otherwise, serious errors may occur.
xI  xI 6¼ 0

(30)

xI =xI 6¼ 1; 0 2
= xI

(31)

xI  xI 6¼ ðxI Þ2

(32)

