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On Caputo-Type Cable Equation: Analysis and Computation

Zhen Wang!

Abstract: In this paper, a special case of nonlinear time fractional cable equation is studied.
For the equation defined on a bounded domain, the existence, uniqueness, and regularity
of the solution are firstly studied. Furthermore, it is numerically studied via the weighted
and shifted Griinwald difference (WSGD) methods/the local discontinuous Galerkin (LDG)
finite element methods. The derived numerical scheme has been proved to be stable and
convergent with order (’)(At2 + th), where At, h, k are the time stepsize, the spatial
stepsize, and the degree of piecewise polynomials, respectively. Finally, a numerical
experiment is presented to verify the theoretical analysis.

Keywords: Fractional cable equation, regularity, local discontinuous Galerkin method,
stability, convergence.

1 Introduction

In this paper, we consider a special case of nonlinear time fractional cable equation in the

following form,

ou(z,t)
ot

with the initial value condition,

+ DG u(w, ) — Uge (2, t) + f(u) = g(x,t), x€Q, t>0, (1)

u(x, t)|t=0 = uo(z), x € Q, )
and the boundary value condition,
u(xvt)|$€89 = O’ t> Oa (3)

where 0 < a < 1,Q = (a, b) is a bounded domain, g, u are given smooth functions, ¢ Df,
is the a-th order Caputo derivative operator defined by Podlubny [Podlubny (1999)]

t
L )/0 (t—T)_ag:j:dT, 0<a<l, 4)

cDgu(z, t) = Ti—a)
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in which I'(+) denotes the Gamma function. We always suppose that the nonlinear source
term f(u) satisfies Lipschitz continuity condition with respect to w, that is, there exists a
positive constant L such that for all uy, us,

|f(ur) = f(u2)| < Llug — usl.

Cable equations with fractional order temporal operators were introduced to model
electrotonic properties of spiny neuronal dendrites by Henry et al. [Henry, Langlands and
Wearne (2008)]. The time fractional cable equation (TFCE) is similar to the traditional
cable equation except that the order of derivative with respect to the time is fractional.
If there is a nonlinear source term, the equation reads as (with 0 < «, 3 < 1) [Henry,
Langlands and Wearne (2008)]

du(z, t)
ot

+ cDggul, 1) = ¢Dg gtaa(w, ) + f(u) = g(x,1), (5)

which has been numerically treated by a number of authors. For example, Lin et al. [Lin, Li
and Xu (2011)] constructed a finite difference/Legendre spectral scheme for discretization
of TFCE. Hu et al. [Hu and Zhang (2012)] proposed two implicit compact difference
schemes for TFCE. A fourth-order compact finite difference scheme for 2D TFCE was
studied by Yu et al. [Yu and Jiang (2016)]. Zheng et al. [Zheng and Zhao (2017)]
developed and analyzed a time LDG method (LDG method is applied in time direction) for
solving TFCE. Al-Maskari et al. [Al-Maskari and Karaa (2018)] discussed the lumped mass
Galerkin finite element method for TFCE. Recently, a scheme combining a finite difference
approach in time direction and LDG finite element method in space direction for TFCE was
proposed by Li et al. [Li and Wang (2019)]. They proved that the derived scheme could
reach 2-nd order in time direction, which was higher than the classical L1 method. Liu
et al. [Liu, Du, Li et al. (2019)] considered some second-order # schemes combined with
Galerkin finite element method for TFCE.

It is worth noting that

e Ifa=0,0< 8 <1,Eq. (5 reduces to a time fractional subdiffusion equation, which
has been theoretically and numerically discussed by many authors, see e.g., [Karaa,
Mustapha and Pani (2018); McLean and Thomée (2010)].

e If « = 3 =0, Eq. (5) reduces to an integer order diffusion equation with nonlinear
source term. Up to now, a great deal of work has also been done on this type of equation,
see [Thomée (2006)].

e If0<a<1,p=0,Eq. (5 reduces to a time fractional parabolic equation (i.e., (1)).
There seems no work on the mathematical analysis and LDG method for it. This
motivates our interest in studying Eq. (1).

LDG method is a special class of discontinuous Galerkin method, proposed by Cockburn
et al. [Cockburn and Shu (1998)]. The main technique of LDG method is to rewrite
higher-order derivative equation into an equivalent system containing only the first
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derivative, and then discretize it by the standard discontinuous Galerkin method. For more
information about this method, see the review paper by Xu et al. [Xu and Shu (2010)].
Here we propose the LDG finite element methods to numerically study Eq. (1). The main
contributions of this paper are twofold: One is to provide a complete mathematical analysis
for Eq. (1), including existence, uniqueness, and regularity of the solution; The other is to
numerically studied Eq. (1) using WSGD method in time domain and using the LDG finite
element method in space domain. The derived numerical scheme is stable and convergent
with order O(At? + hF+1).

The rest of this paper is organized as follows. In Section 2, we introduce some preliminaries,
which will be used in the following section. In Section 3, we discuss the existence,
uniqueness, and regularity for the solution to Eq. (1). In Section 4, a fully discrete LDG
scheme is proposed and the stability and convergence of the presented scheme is analyzed
too. A numerical experiment is given in Section 5 to illustrate the effectiveness of the
proposed numerical method. Finally, the last section concludes this paper.

2 Preliminaries
2.1 Notations

We first recall some notations and preliminary facts, which are used throughout this paper.
The L?-norm and inner product on £ are given by

1[I = (v, 0), mw-Aww

Likewise, we define the L°°-norm on Q by ||u||oc = sup,cq |u/.

The Sobolev space H*(Q) with 1 < ¢ < oo on 2 is defined by Cao et al. [Cao, Song, Wang
et al. (2019)]

H Q) =qveL’(Q): > D<oy,
k| <e

and endow this space with the following norm

1

2

oll ey = | D ID*0lIE |

k| <¢
where Q C R k = (ky, -+ ,kn), |k| =k1+ -+ k, < L.
The Laplace transform of a given function v(t) is defined as Li et al. [Li and Zeng (2015)]

o0

os) = 2 {05k = [ et (©)
0

and the inverse Laplace transform is given by

c+1i00
v(t) = L Ho(s);t} = ! / e*(s)ds, ¢ = Re(s) > co, (7)

211 —i0o
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where ¢y lies in the right half plane of the absolute convergence of the Laplace transform
(6).
We denote by Y the sector

Ye={se€C: |args| < (,s#0}, 0< (<.

To this end, let (X, D) = (L*(Q), Hj () N H*(Q)), and || - || x—x be the operator norm
on the space X. Then the operator A =: A satisfies [Atluri, Batty, Hieber et al. (2011)]

II(s — A)_IHXHX < Cds‘_l, Vs € e, V¢ € (0,m), (8)
where C¢ is a positive constant depending on (.
2.2 Solution representation

Let w = u — uyg, then (1) can be rewritten as the following equivalent system

{ 8wéf7t) + CDg,tw — Aw = AUO — f(u) + g(l’,t), T € Q, t> 0, 0 = (a7 b)’ (9)

w(z,0) =0, €.

Using Laplace transform, we obtain

(s + 5% — A)io(s) = s Aug +.Z{~f(u); s} + (),
which further implies

w(s) = (s+s“ — A)_1 (s_lAuo + Z{—f(u);s} + Q(s)) .

Then by inverse Laplace transform and convolution rule, the solution of Eq. (9) can be
represented by

w:éa(t)Au()—/O f(t—T)f(u(T))dT—l—/O F(t—1)g(T)dT,

where the operators & (t), % (t) : X — X are defined by

1 t . —1 —1
= —_— S Oé_A
&(t) 57 /F“e s (s+s )" ds,

1
F(t) == | el(s+s"—A)\ds.
J() 27T’L'/Fg,(se (S+S ) i

For fixed § > 0 and 6 € (7, 7), the contour of integration I s is defined by
Igs={seC: |s|=9, |args| SQ}U{se(C : 3:peﬂ9,p25},

and with Ims increasing.

Now we obtain a representation of the solution of Eq. (1),

t t
u=ug+ &(t)Aug — /0 F(t—71)f(u(r))dr + /0 F(t—71)g(T)dr. (10)
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3 Regularity of the solution

Before we present the main theorem of this section, we would like to give two useful
lemmas here.

Lemma 3.1. For the operators &(¢) and .# (t), the following estimates hold for any ¢ €
(0,T],m € Ng,and v = 0, 1:

@) A" F M (@) xmn < O

(i) [A“EM @)|xo < CHHY;

(iii) &(t) : X — D is continuous with respect tot € [0, T], and A&(0) = 0;

with &0 (1) = L2600 ang g7 (m) (1) = 270,

Proof. The proof line of (i) is similar to that of Theorem 2.1 in Al-Maskari et al.
[Al-Maskari and Karaa (2018)] (we refer to Theorem 2.1 for the case as = 1 ). Since
F(t) = &'(t), (ii) immediately follows from (i).

Note that A8 = &A : X — X is continuous with respect to ¢ € [0, T|. Then taking ¢ — 0
in (10) implies (iii). This ends the proof. m

Lemma 3.2 (Zeng, Cao and Li (2013), Gronwall’s inequality). Let ¢(¢) be continuous and
nonnegative on [0, T']. If

g(t) < c(t) + h/ot q_(ss))uds, 0<t<T,

(t

where 0 < p < 1, ¢(t) is nonnegative monotonic increasing continuous function on [0, 77,
and h is a positive constant, then

q(t) < c®)Ei—p1 (AD(1 —p)t'™#), 0<t<T.

Now we consider the existence, uniqueness, and regularity of the solution to Eq. (1).

Theorem 3.1. For a given T' > 0, suppose that ug € D and g € C([0,T]; H*(?)). f:
R — R is Lipschitz continuous. Then Eq. (1) has a unique solution « such that

ue C*([0,T);X)NC([0,T];D). (11)
D u e C([0,T]; X). 12)
Moreover, if ¢'(t) € C([0,T]; X), there holds

u'(t) € C([0,T); X). (13)

Proof. Step 1: Existence and uniqueness. Following the idea in Li et al. [Li and Wang
(2019)], we first define a map .: C([0,T]; X), — C([0,T]; X), by

AM(t) = ug + E(t)Aug — /0 F(t— T)f(v(T))dT + /0 F(t —1)g(T)dT, (14)
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where the space C ([0, T]; X) , is defined by

_ —At .
|vl|x = orélt%XT lle” v (t)||x, Vv e C’([O,T],X).

Then we only have to prove that for some A > 0, the map .# has a unique fixed point. For
any v1,v2 € C([0,T]; X),, we have

He_)‘t(//lvl(t) — Mvo(t)) HQ

[ ) (1(01(7) ~ () e
0

Q

t
< Ce N / £ (1(7)) = f(v2(r)]|, d7
0
< %Hm — val|a, (15)

where we have used Lemma 3.1 with v = m = 0 in the first inequality and f is Lipschitz
continuous in the second inequality.

By choosing a sufficiently large A such that C' = C /A < 1 and taking maximum of the left
hand side of (15) with respect to ¢ € [0, T'], there holds

[ V1 (t) — M va(t)||x < Cllvr — va 2

Finally, applying the Banach fixed point theorem, we can obtain that Eq. (1) has a unique
solution u € C([0,T]; X).

Step 2: C*([0,T; X) regularity. Consider the following difference quotient for At > 0

u(t + At) — u(t)
At®
E(t+ At) — &(1) 1 /t+Af

= A — A A
NG RNT

~a [ T (Flule+ A=) = fute = 7)) dr

+1/O (Z(t+ At —7)— F(t—1))g(r)dr

1 t+At
+a/ F(t+ At —1)g(T)dT
At* J,

=T+ Iy + I3+ 14y + Is, (16)

which will be estimated respectively as follows.

Applying Lemma 3.1, we arrive at

JEAE ()] x s xdT
At®

71| < |Auollo < Ca,r,
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where C,, 7 is a positive constant depending on o and 7.

By using Lemma 3.1 and the Lipschitz continuity of f again, we have

1 t+At

o< g [ 17O+ A=) dr
C t+At

< ae If (u(t+ At = 7)) adr < C,

1Zs]le = H/tﬁ(t_ﬂf(u(TJrAt)) - f(u(T))dT
Q
u(r + A0 ()|

At®
<
o [ |2,

Similarly, the two terms Z4 and Z5 are shown to be bounded, respectively, by

IZilo < s s o [ 156+ A= 7) = 5 - Dl lotlladr

t+At—T1
< —
< [ 1P Wi

t+At—1 )
p “dpdr < Cq 1,
_At//t pdr < Cor

1 t+At
Zlla < e [ 170+ At = 7)g(r)|dr < Ca.
t

and

Denoting W (t) = At~*||u(t + At) — u(t)||o and substituting the estimates of Z; (i =
1,2,...,5) into (16), we obtain

t
W(t) < Cor +C / W(r)dr, 17
0

which together with Lemma 3.2 yields v € C*([0,7]; X). The assertion cDgu €
C([0,T]; X) is a direct result of the C*([0,77; X) regularity and the mapping property
of Caputo derivative.

Step 3: C ([0, T; D) regularity. By applying the operator A to both sides of (10), we arrive
at

Au(t) — Aug =AE(t) Aug — /t AF(t — T)f(u(T))dT + /t AZF(t —T1)g(r)dr

—A&(t) (Auo — f( / AZ(t— ) (f(u(r) — f(ul®))) dr

+/0 AZF(t —T1)g(r)dr
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Then by Lemma 3.1 and the regularity assumption of g, we have

[Au(t) — Auolle <[|AE(#)]|x—x[Auo — f(u(t))llo

T / IAZ (=)l || £ (u(r) = F(u(®))]|q dr
0

t

T / | Z(t — 1) Ag(r)ladr
0
gca,Tv

which further implies u € C([0,7]; H*(2)).
Step 4: Estimate of v/ (t). By differentiating (10) with respect to ¢, we have

u'(t) =&"(t)Aug — F (t) f(uo) — /0 F (1) f (u(t — 7))/ (t — 7)dr

t

+ Z(t)g(z,0) + /0 F(1)g (t — 7)dr

Zﬂqﬂ@mo—fwwy—ﬁLﬁﬁ—Tﬁ%MfDdﬁﬂT

+ Z(t)g(z,0) + /Ot F(t—1)g (T)dr.

It follows from Lemma 3.1 that

[W' ()l < I1F () (Auo — f(uo))lla +/0 |7 (t —7)g (1) lodT
+/0 1.7 (t — 1) f (u(r))u' (1) ldT + [|.Z (t)g(, 0)|o
§(%j+CAwwﬁmﬂr (18)

Using Lemma 3.2 again yields the assertion of (13). The proof is thus complete. m

4 The LDG method and its convergence

In this section, we first present the semidiscrete scheme and fully discrete scheme for
problem (1), where the time fractional derivative is discretized by WSGD method and the
spatial derivative by the LDG method. Then we prove that the fully discrete LDG scheme
is stable and convergent.

The usual notations of LDG method are introduced here. Assume that the mesh consisting
of cells I; = (xj_%,a:ﬁ%), for1 <j < N,wherea =21 <3 <. <ay,1= b,
j—% —|—xj+%)/2 and

1T, respectively. Denote by h = max; h; the maximum cell length.

covers  =[a, b]. The cell center and cell length are denoted by z; = (x
hj = G+
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Denote by u;+ , and u; 1 » the values of  at the discontinuity point i+l from the left and
2 2 >

right cell, respectively. In what follows, we use [u] = u™ — v~ and {{u}} = “JF% to

represent the jump value of u and the mean value of u at each element boundary point. The

discontinuous finite element space is defined as
Vi ={veL*Q):v|, € P"I;),j=1,...,N},
where P* (I ;) denotes the space of polynomials in /; of degree at most £ > 0.

As the usual treatment, we would like to introduce the Gauss-Radau projections @f
[Castillo, Kanschat, Schotzau et al. (2002)]: for any scalar function ¢ € H'(f2), the
projection is the unique element in V},, satisfying

/I (Zal@) — @) vade = 0, Vo, € PEUTL) (Za) ], =alz] ), (19)
/I (P a@) = @) vnde = 0, Vo, € PEUL), (Pya);,, =al@),,),  (20)

forany 5 =1,2,..., N.
Suppose g € H*+1((2), then by a standard scaling argument [Ciarlet (1978)], there holds

124 — dlla < Cllal e @h* @1

where C is a positive constant independent of A.

4.1 Semidiscrete scheme

On the space Vj, the L?(£2)-orthogonal projection &), : L?*()) — Vj and the discrete
Laplacian Ay, : V, — V}, are defined by

(Pnp,vn) = (p,vn), Yon € Vi, (22)
and

—(Apwp,v) = (Vwp, Vo), Ywp, vy € Vg, (23)
respectively.

Replacing the exact solutions by the numerical solutions, then we can define the
semidiscrete LDG scheme as follows: find uy, (-, t) € V}, such that

{ du 4 D un — Anun + f(un) = gn(@, 1), (2,t) € 2 x (0,T],

(24)
up(0) = up(x), = € Q,

where g;, = &} ¢g. By a similar argument as (10), the solution to (24) can be represented by
t ¢
un(t) = uo + E(t) Aug / F(t— 7)f (un(r))dr + / F(t = 7)gn(r)dr
0 0

As proved in Theorem 3.1, we have the following similar results.
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Theorem 4.1. Suppose that f, g and ug satisfy the conditions in Theorem 3.1. Then Eq.
(24) has a unique solution uy, such that

up, € C*([0,T); X) nC([0,T]; D).

cD§un € C([0,T); X).

Moreover, if ¢'(t) € C([0,T]; X), then there holds

uy,(t) € C([0,T); X).

4.2 Fully discrete LDG scheme

Let At = T/M be the time mesh size, t, = nAt, n = 0,1,..., M be the mesh point,

M € Z%. For simplicity of notations, we denote u"+' = w(z,t,.1) and 57 1yt =
n+17u

. Suppose u(t) € C?[0,t,1], then the time fractional derivative (4) at time #,, |
can be approximated as Wang et al. [Wang and Vong (2014)]

n+1 ( )
= Z e 0(Ar), (25)

«
CD()’tu ‘
t:tn+1

e o
B Y g =T a)/ (D~ + ).

a+2

where b* (i) = 2
2 «a .
g — 590, i>0,

In what follows, we would like to introduce several lemmas which are very important in
obtaining the error estimate.

Lemma 4.1 [Liu, Du, Li et al. (2016)]. For series {b6*(¢)}3°, given as above, the following
inequality holds for any integer n

n+1

D (i) < 200+ 2.

i=0

Lemma 4.2 [Wang and Vong (2014)]. Let {6(¢)}3°, be defined as above. Then for any
positive integer & and real vector (v, v, ..., v;) € R¥, it holds that

Z <Zb UnJrl z) Upt1 > 0.

n=0

Lemma 4.3 [Li and Zeng (2015), Discrete Gronwall’s inequality]. Let x,, be real positive
numbers. Assume that H, C' and At are positive and also ¢y < H. Suppose the inequality

n—1

Ty <CALY wp+ H
k=0

holds. Then one has

xn S H’eCTLAt.
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In order to get the LDG formulation, we firstly rewrite Eq. (1) into the following
lower-order system of two equations by introducing an auxiliary variable p = du/0x

D = Ug,
ou @ (26)
ot + CD(),tu — P+ f(u) = g(w,t).

Then we can get the weak form of Eq. (26) at ¢,,41 as

N
(™, w) + (™ wy) — Z (un+1w7‘j+% _ u"“wﬂj_%)

j=1

pu— ()7

nELpag) ' 27

(%&LHUHH - %f%”w) + Z F(Unﬂﬂa v) — (pgﬂa v)
i=0

=(=2f(u™) + f(u"1),v) + (¢"",v) + (Eo + E1 + E2,v),

where
+1 .
En = ”Z (Z) n+l—i Da n+1 __ O(Atz)
0= AtS u c O,tu - 3
=0
3 1
El _ 5(;;z—&-luwrl _ iéﬁun . u?—&-l — O(Atz),

By = 2f(u") — f(u"") - f(u") = O(AL).

When n = 0, we take v~ = 2u® — u! + O(At?) by Taylor expansion.
Let u’,l’“, pzﬂ € V}, be the approximation of u"*! and p"*!, respectively. We get the
fully discrete LDG scheme as follows: find UZH , pZ'H € V}, such that for all test functions
U, Wh € Vh,
N
+1 +1 ~ntl, — ~n+1, +
)+ (0 ) = 3 (5w ey = T M|y )
]:
= 07
3gnil il 1 S B 1 1
Goptlurtt — Lopup,vn) + > Ao (o) + (0 (on)a) (28)
i=0

N
1, — 1
_Z (ﬁT Yn |j+§ — Py “fﬂj—%)
j=1
= ( - 2f(u2) + f(uz_l)>vh) + (g}?—i_la Uh)a

where u;l = Qu?Z — u,ll The “tilde” terms are the so-called “numerical fluxes”, which are
taken as the “alternating” numerical flux

ap = (up)~, P =mEHt. (29)
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Remark 4.1. The choice for the fluxes (29) is not unique. We can also take the numerical
fluxes as u)’ = (u))*, p} = (p}')~ on each cell interface.

4.2.1 Stability analysis

In this subsection, we consider the stability of the LDG scheme (28). Let (U}, P}') be the
perturbed solution of (u},p}), i.e., (U}, P;') and (u}, pj) satisfy (27) with different initial
conditions.

Theorem 4.2. Suppose that f and ug satisfy the conditions in Theorem 3.1, then the fully
discrete LDG scheme (28) with flux (29) is stable.

Proof. Denoting el = uf ™" — U7 and en*! = pi*! — PP+ we obtain the following
perturbation equauon

(eptt, wh) + (et (wh)e)

- Z( )y [ — <ez:1>—w;\j,%),
n+1
( 5n+1 Z:—l 15n Zh’ _|_Z Ata Z}—Lf—l—z’vh) + (egz_la(vh)z) (30)
N
—Z( AT MPE CAD ATy
| = ( —2f(up) + flup ™) + 2£(UF) — FU), o).

Let v, = eﬁjl and wy, = e;}:l. Then (30) can be written as

,

(en—H en+1)+ (en—l-l (en—i-l)x)

v Spn, Up Y \"Dh
) 1y— - 1
—Z( DR ey~ ).
n+1 )
(o165 — dopet el™) + 3 T () + (e ) o

N
_ Z < g:*l n+1>—’]+7 N (6;:1)+(6n+1)+‘ )
= (—2f<uh>+f< WO H2f(UR) = FURT em).

Firstly, we prove that the theorem holds true for n = 0. Taking n = 0 in (31) and adding
the two equations together lead to

( 5151 71J,h_75t uh’ uh +|| ||Q+Z Ata uh’ uh)

= (—2f(up) + f(uy" >+2f<Uh> — f(U ) eq,)- (32)
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Multiplying (32) by 2At and using Cauchy-Schwarz inequality, we have

3H6uh”w+2At”6thQ+2At1azba [N
=0

= 2At( —2f(up) + f(uy V) + 2£(UD) — F(U 1) eq,)
+4( uh? uh) - (67:]37 e’}bh)
< (AAtL+4)||€5 [lallel, lo + (AL + 1)]lezlallel, [lo-

Noticing that b*(0) > 0 and b*(1) < 0, we get

lles, lo < (AALL+4)|led llo + (2ALL + 1)[12¢), — el |lo
—2At1b (1) €l |lo
(8ALL + 6 — 2At' (1)) [|ed [l + (2ALL + 1)[lel, |-

IN

Thus, if At < i we have
lex, o < Clled, llo- (33)

Now we are going to prove the case of n > 1. Adding the two equations of (31) together
results in

n+1
— 1
et + ZAﬁzruﬁ%uNWWm+WW e, I3

—wwmwmf-\M+w“4%+%w@
= (= 2f(up) + flup ™)+ 2£(UF) = FUR™), en). (34)

Multiplying (34) by 4At and using Cauchy-Schwarz inequality and Young’s inequality, we
arrive at

n+1
AALep T IG + Y AAE b (i) (e et + e IS + l12e — e 11
=0

+leptt =26, + e G
= e Id + l12er, — eI
HAAL( = 2f (up) + f(up ™)+ 2F(UR) = FUR), et
leq, 16 + 12e, — e 113
+CA(lley, &+ llew ) + lleptt — 26, + e[,

IN
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which further implies

n+1
Z4At1 aba n+1 —1 n+1)+||en+1HQ+H2€n+1 h”?l

’uh

S e, 16+ l12€%, — e & + Catller, G + lleq, 18-
Summing n from 1 to k£ and using Lemma 4.2, we can get

k k
ety I + 12en " — e, 113
k
< llew, I1b + N12eq, — b, 18 +CAt Y (el I1E + l12el, — it 13).

n=1

Then from discrete Gronwall’s lemma (i.e., Lemma 4.3) and (33), it yields that
et M & + 112e5 — e, 11 < Cllleq, I + 126z, — €0, 18)- (35)

Combining (33) with (35), we complete the proof of this theorem.
|

4.2.2 Error estimate

In this subsection, we will give the error estimate for the fully discrete LDG scheme (28).

Theorem 4.3. Assume that f, g and wu satisfy the conditions in Theorem 3.1. Let u"*!
be the exact solution of (1) and uh+1 be the numerical solution of the fully discrete LDG
scheme (28) with fluxes (29). If we assume that u(z, t) € C? ([0, T]; H*+1(£2)), then there
holds

[u"tt — it < C(AE + P, (36)
where C'is a positive constant independent of At and h.

Proof. Denote

ey =u" —uy =P u" —up +u" — P u" =&+, 37)
p =P =Py =Pyt =y " = P =6

According to (21), we have

Inllo < CRM. (38)

Thus in what follows, we will focus on the estimate for £;).
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In order to estimate &;;, we would like to set up the corresponding error equation first.
Subtracting (28) with (27) and using the flux (29), we get

(et wp) + (et (wh)2)
N

= > (™) (wn) gy = (@ (i) oy
j=1
n+1
n n ( ) n ) n
(%5t et - %5t €V + Z Ata (en™ " om) + (epHv (”h)x)

(39)

Mz

(e @) las = () ),

<.

+

—~

1
2f( ") —2f(up) — fF"Y) + f(uph), vn)
(Eo + E1 + Ea,vp).

Substituting (37) into (39), we can get the following equations.
Casel:n=0

T oys
(Gotel— 2ot o) + 30 (€ u) + (€ n)e)
(&) 07 s = (€ v o1 ) + (6 wn) + (&4 (wn)a)

Yy |y — (€D wi )
= (—2f<u°>+2f<u2>+f<u-> Flup ), on)

a Z bzgii) (7]11171.7 vh) a (nll” wh) - (771117 (wh)a:)
N
* Z ((Ui)_wh ‘J+ — (1) "wj; ’j—%) + (Eo + E1 + Es,vp,)

N
— () (vn)e Z(np o lyes = ) ol ). (40)
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Casell: n > 1
n+1
+lent1 _ +1 +1— z
( 5” gn 5? u?vh)+ ( ;‘ , +Z Ata gn o)
N .
) = 30 (@) e s — (@) o)
7j=1
N
Jr( Z_H Z( n+1 wh |j+% 7( LH_I)_U}}JHJ',%)
J=1
n n n—1 n—1 3 n+1, n+1 1 n, n
- (—2f(u )20 () + £ — Pl en) — ot — o)
n+1
—Z 0 1 ) — ) — (Y (w))
N

Z( Sy s = )T |y ) + (Bo + By + By, )

— (™ (on)e) +

M-

<(77$+1) U}?‘ﬁ-% - (TIZH) U}ﬂj_%) . 41)
1

J

We first prove Case I. Taking the test functions v, = £ and wy, = {; in (40), and a simple
use of (19), (20), and (22), we get

3 1.1 1 0,0 ¢1 . ba(l) 1—1 ¢1 112
(§5t €y — 5515 eu?&u) + § At ( u 7§u) + H£pHQ
1=0

1 oy

= (=200 + 20() + )~ S~ 3 B i e
—(1p: &) + (Bo + By + B2, &) - (42)
Since f is Lipschitz continuous, we have
I = 27) + 20 + £ )~ F(w5 )
< D@leglln + I ), n = 0,1, M. @

Owing to the property (21), we get

(ezt, €] < fH&LIIQ + O + ALY, (44)
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Multiplying (42) by 2At, it is easy to see that

1
Blléalldy + 248> b (i) (&7, &) + 2485 14
1=0

= _3(7713,7611) + 4(772755,) - (61:17 11L)
F2A8( = 2f (u”) + 2f (up) + f(u™) = fluy 1), &)

1 .
b (i i
VOAIEy + By + By g) 2803 B it ) o) g
=0

Then applying the Cauchy-Schwarz inequality, Young’s inequality, (21), (43), as well as
(44), we have

B1€ulldy + 288 1€ 16 + 2A75H§;1;||522
< 18| )1 + (SAtL + DIElld + 2887 I€ 116 + 28 L2 gl
+C(At4 + h%“) + At”anQ + A&, 18
( AtL + )Ilfullg + 20010 IG + A& G + CAL + rPH2).

As a consequence, if we let At < i we can get
lealley < C(AL + R*H+2). 45)

Next we are going to prove Case II. By taking (vy,wp,) = (£7F1, fg“) in (41), we can
derive

n+1

( 6n+1€n+1 5?537 LLJrl _|_Z Ata Z+1 i n+1)_’_H£n+1H2

= (—2f (") +2f (up) + f(u b - f(UZH) &)

(E0+E1+E2, n+1) (35?+1773+1 5n 37 n+1)

u

n+1
—Ejma3“ﬂ$“>(””@“) (46)

Multiplying (46) by 4At and employing the definitions of 5?“ for €771 and 67 for £7, we
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have
€ G + 1260 — €018 — (1€011E + 11280 — €07 113)
n+1 '
Gt =267 + &G + AN )T ) + 4A|g IR
1=0

— a8 (= 20 + 26 () + S = ), € - 260+ €1
+(Eo + By + Ez,ﬁ”“ -2+ &7

3 _
_(761?+1772+1 - t nu7£n+1 253 + gg 1)

n+1
_Z Ata ZH i n+1 —2§Z+§37 ) — (773H7 ngl)

N, [( — 2f(u") + 2f (up) + F(w" ™) = flup™h), =260 + €071

_ 3 _
+(Eo + E1 + Eo, —26" + &1 — (§5f+1 matt — 5t n, =260 + 607

u

n+1

B Z Ata 'ZL+1 ‘ 2€u +€ )

IN

cm(uguug + HmHQ Nl R + B + At

ISt = Lol + leDg e + O(AR) )

+CAL|| —2¢; +£ Y& + 4G + Atlnp S
+jentt —2¢n 4 €n7 Y2,

where Cauchy-Schwarz inequality, Young’s inequality, and (43) are used in the last step.
With the help of (21), we can further obtain

n+1
||£n+1||ﬂ+ ||2£n+1 §n||Q—|-4At1 azba gn-‘rl 7 gn—f—l)
1=0
< [lEn i + 126 — 5”_1H?z + CAL([lEnE + lEnIR)
+OAH Sty - tnullg+C(At4+h2’€+2) (47)

By virtue of Lemma 4.2, we have

K—-1n+1

Z Zba gn—i—l 7 gn—l—l) > 0.

n=1 =0
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Then summing (47) for n from 1 to K — 1 leads to

K-1

IEXIE < ClleiR+ ety e + ¢ / 120 s a4
n=0 o
K-1
< CAt Z ”53”?2 + C(At4 + h2k+2>7
n=0

where the property (21) and the result of (45) are used for the second inequality. Finally, it
follows straightforwardly by using Lemma 4.3 that

& Nl < C(AE + A, (48)
which combine the triangle inequality to complete the proof of this theorem. m

Remark 4.2. (1) We must remark here that the above error estimate is optimal both in
time and space.

(2) Compared with the classical L1 method with time convergence rate of (2 — «), our
scheme can arrive at second order in time.

(3) Our discussions focus on Caputo-type partial differential equation, it may be interesting
to extend the analysis to Riesz-type fractional differential equation [Cai and Li (2019)].

5 Numerical example

In this section, we present a numerical example to verify the theoretical results.

Example 5.1. Consider the following Caputo-type cable equation with compactly
supported boundary condition,

ut +¢ Dy yu — gy + u? = g(x,t), (49)
on 2 = (0,27), t € (0, 1]. The initial value condition is

u(z,0) =0, x € (0,1),

and the source term is

g(z,t) = (2t + o ] + t2> sin(z) + t* sin®(z).

'é—a
The exact solution of (49) is given by u(x,t) = *sin(z).

In Tab. 1, by taking « = 0.01,0.5,0.99 and fixed temporal step length At = 1/100, we
show the L?-norm errors and convergence orders of space at ¢ = 1 for Example 5.1. The
L?-norm errors and convergence orders of time with different o are listed in Tab. 2. Clearly,
the first-order convergence in space and second-order convergence in time are observed,
which is in agreement with the theoretical analysis.

Fig. 1 demonstrates the comparison of the exact solution and the numerical solution at
t =1, when a = 0.5, h = 27/40, At = 1/100. We can see that the numerical solutions
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fit well with the exact solutions. The L?-norm errors versus h (At) between the numerical
solution and the exact solution at ¢ = 1 for Example 5.1 with different « are displayed in

Figs. 2 and 3. From Figs. 2 and 3, we can observe that the errors decay rapidly as h and At
decrease.

Table 1: The L? errors at t = 1 and convergence orders in space for Example 5.1, At =
1/100, k =0

a=0.01 a=0.5 a=10.99
27 /h Error Order Error Order Error Order
5 6.3111e-1 - 6.3054e-1 - 6.2995¢-1 -

10 3.2002e-1 0.9797 3.1994e-1 0.9788 3.1987e-1 0.9778
20 1.6056e-1 0.9950 1.6055e-1 0.9948 1.6054e-1 0.9946
40 8.0350e-2 0.9987 8.0349e-2 0.9987 8.0348e-2 0.9986
80  4.0185e-2 0.9996 4.0185e-2 0.9996 4.0184e-2 0.9996
160  2.0097e-2  0.9997 2.0095e-2 0.9998 2.0094e-2 0.9999

Table 2: The L? errors at t = 1 and convergence orders in time for Example 5.1, h =
2 A2, k=0

a=0.01 a=0.5 a=0.99
1/At Error Order Error Order Error Order
5 1.5542e-1 - 1.4927e-1 - 1.4475e-1 -

10 4.3922e-2  1.8232 4.0466e-2 1.8831 3.7797e-2 1.9372
20 1.1966e-2 1.8760 1.0758e-2 1.9113 9.8140e-3 1.9454
40 3.1359e-3 19320 2.7868e-3 19487 2.5132e-3 1.9653
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Figure 1: Comparison of the exact solution and the numerical solution at ¢ = 1 when
a = 0.5, h =2m/40, At =1/100
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Figure 2: L2-norm errors versus log(h) at t = 1 for Example 5.1 with different o
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Figure 3: L2-norm errors versus log(At) at ¢ = 1 for Example 5.1 with different o

6 Concluding remarks

In this paper, we have studied the existence, uniqueness, and regularity of the solutions
of a special case of Caputo-type cable equation. Based on these theoretical results, we
apply the WSGD method to approximating the temporal fractional derivative, and apply the
LDG method to approximating the space derivative. The resulting fully discrete scheme is
proved to be stable and convergent. Finally, a numerical example is presented to verify the
theoretical analysis.

The results presented in this paper indicate that the proposed LDG scheme enjoys the same
accuracy as the spectral schemes in Liu et al. [Liu and Lii (2019); Yang, Jiang and Zhang
(2018)]. However, if the geometry and boundary conditions are complicated, LDG method
may be more suitable and can achieve the uniformly high-order accuracy, which is what I
will do next [Xu and Shu (2010)]. Besides, it is of much interest to investigate the blow-up
phenomenon of the solution, see for example [Cao, Song, Wang et al. (2019)]. In the future
work, I will consider using LDG method to deal with variable order fractional differential
equations.
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