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Abstract: Terminal sliding mode controller method is introduced to enhance the
regulation performance of the hydraulic turbine governing system (HTGS). For
the purpose of describing the characteristics of controlled system and deducing
the control rule, a nonlinear mathematic model of hydraulic turbine governing
system with bifurcated penstocks (HTGSBF) under control input saturation is
established, and the input/output state linearization feedback approach is used
to obtain the relationship between turbine speed and controller output. To address
the control input saturation problem, an adaptive assistant system is designed to
compensate for controller truncation. Numerical simulations have been conducted
under fixed point stabilization and periodic orbit tracking conditions to compare
the dynamic performances of proposed terminal sliding mode controllers and con-
ventional sliding mode controller. The results indicate that the proposed terminal
sliding mode controllers not only have a faster response and accurate tracking
results, but also own a stronger robustness to the system parameter variations.
Moreover, the comparisons between the proposed terminal sliding mode control-
lers and current most often used proportional-integral-differential (PID) controller,
as well its variant NPID controller, are discussed at the end of this paper, where
the superiority of the terminal sliding mode controllers also have been verified.

Keywords: Hydraulic turbine governing system; bifurcated penstock; sliding
mode controller; terminal sliding mode controller; saturation compensator

1 Introduction

Hydropower is one of the most widely used renewable sources for power generation, which converts
kinetic and gravitational energy from water flow into electric power through turbines and generators, and
then transfer the converted power into the grid. It is crucial for the hydropower plant to generate nearly
constant frequency and constant voltage consistent with the grid, thus two main control aspects, i.e.,
voltage control (reactive power control) and frequency control (active power control) [1,2], are proposed
in hydropower plant’s governing system, In this paper, we focus on the problem of frequency control.
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Any sudden change in power demand from the network grid would lead to a mismatch between the output of
hydro-generator developed torque and electric demand, which causes the generator frequency to deviate from
its nominal value. The wicket gate with the hydraulic turbine governing system (HTGS) is used to
compensate such deviations by adjusting water flow into the turbine through a predefined control signal.

The HTGS system is in nature a nonlinear system, and a variety of modeling process of different
subparts in this system have been reported in many literatures [3–13], which is an important and hot topic
nowadays. Chen et al. [3] put forward a nonlinear model of HTGS system with a surge tank, Xu et al. [4]
proposed a multi-hydro model of HTGS system under the excitation of stochastic and shock load. Chen
et al. [5,6] proposed a linear-matrix based model of HTGS system with a detailed turbine equation. Yuan
et al. [7] proposed a prototype model of HTGS system with a two-order generator model and external
noises. Guo et al. [8] proposed a mathematical model of HTGS system with an upstream surge tank and
sloping ceiling tailrace tunnel. Li et al. [9] proposed a nonlinear model of HTGS system in the process of
sudden load increase transient. Wang et al. [10] proposed a fractional-order Francis HTGS system with
time delay. Zhang et al. [11] established a fast-slow model of HTGS system with different time-scale
coupling. Liang et al. [12] put forward a nonlinear model of HTGS system with a straight-tube surge
tank. Xu et al. [13] combined the mathematical models of hydro-turbine governing system with the shaft
system. However, for most previous research, the attentions are mainly focused on the hydraulic turbine
and generator. For the penstocks, the nonlinear characteristics of the penstocks are rarely referred in a
complete HTGS system, and this motivates the current research, where the bifurcated penstock effect and
control input saturation is considered to build a more precise mathematical model of HTGS system.
Moreover, the second order generator sub-model and system uncertainties in [7] are also taken into
account in the new model.

Accompanied with the modeling of the HTGS system, the control of HTGS system also suffers from
many significant improvements. In the past, the parallel PID controller and its variants are the commonly
used governor in HTGS, which have excellent performances in a small range around the linearized
working points through some intelligence algorithms, but it always has poor ability to handle the system
uncertain noises according to the results in [7,12,14]. Therefore, the hydro plant's performance usually
decreases after prolong use. As the demand for energy is increasing nowadays, the HTGS system is in
great need of modern advanced control methods that should not only perform well in maintaining the
nominal frequency response but also be robust to the external disturbances and inner uncertainties at the
abnormal working status.

Recently, many researchers have studied new control design methods for different mathematical models
of the HTGS by applying modern control techniques, such as fuzzy logic control [15], predictive control
[16,17] and neural network control [18]. There are also several studies based on sliding mode controller
(SMC) techniques, see [7,14,19]. However, most current SMC methods for the hydropower system is on
the basis of a linear structure, where the sliding mode surface is a linear combination of states constructed
using appropriate time-invariant coefficients. The use of such coefficient makes sliding surface static
evenly in the presence of system uncertainties, which contributes a lot to the strong robustness in
controllers, but it easily leads to a sharp transient response around the equilibrium point of generator
frequency change. Although the dynamic response can be improved by utilizing a balanced value for the
linear surface functions through some effective tools such as saturation approximation function [7], and
fuzzy logic strategy [14], the system states can only converge to the equilibrium point asymptotically. To
further improve the system response, a direct way is to introduce some nonlinear sliding mode surfaces.
One typical example of such nonlinear sliding mode surface based controllers is terminal sliding mode
controller (TSMC), which can ensure the finite-time convergence of the response and has been
demonstrated to possess some nice features such as a faster response, better robustness and disturbance
rejection properties [20–22].
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In this paper, two versions of TSMC, i.e. traditional terminal sliding mode controller (TTSMC) [23], and
non-singular terminal sliding mode controller (NTSMC) [24], have been adopted for controlling the
nonlinear hydraulic turbine governing system with bifurcated penstocks (HTGSBF), a special
mathematical model of the HTGS system that considers the effects of bifurcated penstocks and system
uncertainties under control input saturation. The ideas behind these two methods are to form an
exponential sliding surface that assures a finite time convergence to the equilibrium point. Besides that, in
order to overcome the inherent control input saturation caused by the guide vane opening limit, a novel
control compensator has been incorporated into TTSMC and NTSMC controller. This compensator is a
two-order system in essential, which has been proved to track the truncation error accurately through
Lyapunov stability analysis. System responses and controller efforts have been evaluated. The results
indicate that these two types TSMC controllers outperform conventional SMC controller in terms of the
regulation quality and tracking errors in all simulation cases. Moreover, comparing to the PID and NPID
controllers, the proposed TTSMC and NTSMC controllers also show tremendous advantages in terms of
maximum tracking errors, average tracking errors, and standard deviations of tracking errors in all
simulation cases.

Accordingly, the main contributions of this paper can be summarized as follows:

1. A new mathematical model of HTGS system that considers the effects of the bifurcated penstock and
system uncertainties (HTGSBF) under control limitation is proposed in this study.

2. The terminal sliding mode control schemes are first introduced into the governor design of HTGS system
to offer faster response speed and better regulation accuracy.

3. A novel two-order control compensator is put forward in the existence of nonlinear saturation component
in HTGSBF model to balance the truncation error caused by the designed output and actual output.

4. The strict finite-time convergence and stability analysis for the HTGSBF model with two designed
terminal sliding mode controllers have been verified by finite-time theory and Lyapunov stability theory.

The rest of this paper is organized as follows. The modeling of the HTGS system with bifurcated
penstocks is described in Section 2. The methods of three sliding mode controllers for the HTGSBF
model based on input/output state feedback linearization method and saturation compensator are
illustrated in Section 3. The comparative experiments are presented in Section 4. The discussions and
conclusions are summarized in Section 5 and Section 6, respectively.

2 Mathematical Model of HTGS System

Owing to the different natural conditions of various hydropower plants, there is not a universal and
effective model available for all HTGS systems around the world. A lot of pioneering works with respect
to the models of the HTGS have been made in recent years. Among them, we can roughly divided the
existing models into two classes: the first one is linear models [5,6,25,26], which usually constructs the
relationships of different hydro devices through a linear control matrix. In these works, the transfer
functions of the generator are always described by a one-order differential equation, and the nonlinear
characters of the penstock and the turbine are ignored; the second one is nonlinear models, which pay
attentions on the nonlinearities of the hydro plants, especially for high-order generator sub-models
[3,4,7–12,27].

Generally, the hydropower plant consists of a reservoir, dam, penstocks, turbine, generator, draft tube,
and power house connected to the grid as shown in Fig. 1. One of the most important components of a typical
hydro plant is the penstocks [28]. In general, there are two types of penstocks, i.e., single penstock and
bifurcated (or sharing) penstocks. The single penstock is just connected with an independent hydro-
generator unit, and bifurcated penstocks are usually connected with multi-hydro-generator units. In this
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research, we focus on the bifurcated/sharing penstocks, and establish a new mathematical model of the
HTGS system as follows.

2.1 Hydraulic Turbine
In the neighborhood of a specific operating point, the equation of the turbine is expressed as [5]:

mt

q

� �
¼ ex

eqx

� �
xt þ ey

eqy

� �
yþ eh

eqh

� �
h (1)

where mt, q, xt, y, and h are the turbine torque, turbine flow, turbine speed deviation, guide vane opening
deviation, and water head deviation, respectively. The coefficients ex, ey, eh, eqx, eqy and eqh are the partial
derivatives of turbine torque and turbine flow with respect to the turbine speed deviation, guide vane

opening deviation, and water head deviation, i.e., ex ¼ @mt

@xt
, ey ¼ @mt

@y
, eh ¼ @mt

@h
, eqx ¼ @q

@xt
, eqy ¼ @q

@y
,

eqh ¼ @q

@h
. These coefficients vary as the operating point changes. According to the turbine synthetic

characteristic curve, six detailed expressions about these derivatives can be given as follows [3,10]:

ex ¼ exm
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðhþ 1Þ

p
; ey ¼ eymðhþ 1Þ; eh ¼ ehm; eqx ¼ eqxm; eqy ¼ eqym

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðhþ 1Þ

p
; eqh ¼ eqhm=ðxt þ 1Þ (2)

where exm, eym, ehm, eqxm, eqym and eqhm are the basis partial derivatives of hydraulic turbine around a small
disturbance at the rated working conditions, and then (1) can be deduced as:

mt ¼ exm
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðhþ 1Þp

xt þ eymðhþ 1Þyþ ehmh

q ¼ eqxm xt þ eqym
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðhþ 1Þp

yþ eqhmh=ðxt þ 1Þ

(
(3)

2.2 Bifurcated Penstocks
The bifurcated penstocks, as shown in Fig. 2, are used to lead the water into different pipeline branches

through the water conveyance tunnel and common penstock before arriving at the bifurcation point.

As the length of common penstocks usually short, and the flow in common penstock changes slowly, the
models of the penstock system can be considered as a rigid water hammer plant, and the working conditions
of hydro-generator units depend on the flow in ith bifurcated penstock, which can be represented as [4]:

Penstock

Reservoir Dam

Water turbine

Generator

Transformer

Power house

Cables

Draft tube

Figure 1: Typical hydropower station scheme
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hðsÞ
qðsÞ ¼ � ðTwp þ TwiÞs

1þ TwpTwis2

4h2wi

(4)

where Twp is the time constant of common penstock, Twi and hwi are the time constant and intrinsic coefficient
of ith penstock, respectively.

Substituting (3) into (4), then the results can be written in state-space form as:

_x1 ¼ x2 � b1q ¼ x2 � b1½eqxm xt þ eqym
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðhþ 1Þp

yþ eqhmh=ðxt þ 1Þ�
_x2 ¼ �a1x1

�
(5)

where x1 and x2are the intermediate variables, a1 ¼ 4h2wi
TwpTwi

, b1 ¼ 4h2wiðTwp þ TwiÞ
TwpTwi

, and h ¼ x1.

2.3 Hydraulic Servo System
The servo system, as the actuator of hydraulic turbine, is used to amplify the control signal [8]. In most

literatures, it always simplified as a one-order inertial system. However, for the actual situation, the output of
the controller u is strictly limited to a certain range [6], which mainly due to the finite opening range of wicket
gate system. The mathematical expression of this system is as follows:

_y ¼ 1

Ty
ðu� yÞ; u ¼ satðvÞ (6)

where Ty is the servo system time constant, u is the actual control input to the system that is constrained in a
certain range. Assuming that v is the control output to be designed in this study. The relationship of v and u

can be expressed as: u ¼ satðvÞ ¼ signðvÞumax; if jvj > umax
v; if jvj � umax

�
with umax being a positive constant that

quantizes the bound of control input saturation.

2.4 Generator System
A second-order mathematical model of synchronous generator unit is used to study the dynamic

behavior of the hydro plant generator system [9]. The differential equations of it are as follows:

_d ¼ x0xt

_xt ¼ 1

Ta
ðmt � me � DxtÞ

8<
: (7)

where d, Ta, me, D and x0 denote the rotor angle, mechanical starting time constant, electro-magnetic torque,
damping coefficient of the generator, and the base angular speed of the grid, respectively. Ignoring the tiny
friction loss, the mechanical torque of the synchronous generatorme is equal to its electromagnetic power Pe,

Figure 2: The sketch of the bifurcated penstock
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me ¼ Pe ¼
E

0
qVs

sd
sin dþ V 2

s

2

sd � sq
sdsq

sinð2dÞ (8)

where sd and sq are the reactance of direct axis and quadrature axis, E
0
q is the generator transient voltage of

quadrature axis, and Vs is the generator voltage of infinite bus system.

Considering the uncertain interactions among the hydraulic, mechanical, and electrical devices, the
equations of hydraulic turbine governing system with bifurcated penstocks (HTGSBF) are given as:

_x1 ¼ x2 � b1ðeqxmx5 þ eqhm
x1

x5 þ 1
þ eqymx3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 þ 1

p
Þ þ d1

_x2 ¼ �a1x1 þ d2

_x3 ¼ 1

Ty
ðu� x3Þ þ d3; u ¼ satðvÞ

_x4 ¼ w0x5 þ d4

_x5 ¼ 1

Ta
fexmx5

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 þ 1

p
þ ehmx1 þ eymx3ðx1 þ 1Þ � E

0
qVs

sd
sinðx4Þ � V 2

s

2

sd � sq
sdsq

sinð2x4Þ � Dx5g þ d5

8>>>>>>>>><
>>>>>>>>>:

(9)

where x3 ¼ y, x4 ¼ d and x5 ¼ xt, d1-d5 denote bounded system uncertainties (including the modeling errors
caused by assumptions, un-modeled nonlinearities, inner perturbations, and external noises, etc.). Y ¼ x5 is
the hydraulic turbine rotational speed, which is also commonly referred to the generator frequency change or
the system output. It notes that the bifurcated penstock in HTRSBF are connected to other turbines, which
results to different values of a1 and b1 for different sub-penstocks. In this study, for the sake of simplicity, we
just selected the 1-th bifurcated penstock as an example.

3 Controller Design for the HTGSBF Model

In this section, the synthesis of three different sliding mode controller design methods for the HTGSBF
model based on input/output state linearization feedback method and control input saturation compensator
are presented as follows.

3.1 Input/Output State Linearization Feedback of the HTGSBF
The main control task of the HTGSBF is to lead the output of Y(t) (i.e., x5) approaching to the desired

output YdðtÞ (i.e., xd). In (9), it is seen that there is not any direct relationship between Y and u, thus the input/
output state linearization feedback method [7] is adopted to construct the linear model of the HTGSBF.
Differentiating Y (i.e., x5) with respect to time, we obtain the following formula.

_Y ¼ _x5 ¼ 1

Ta
fexmx5

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 þ 1

p
þ ehmx1 þ eymx3ðx1 þ 1Þ � E

0
qVs

sd
sinðx4Þ

� V 2
s

2

sd � sq
sdsq

sinð2x4Þ � Dx5g þ d5

(10)
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€Y ¼ €x5 ¼ 1

Ta
fð exmx5
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 þ 1

p þ eymx3 þ ehmÞf1 � eymðx1 þ 1Þf3 � ½E
0
qVs

sd
cosðx4Þ þ V 2

s ðsd � sqÞ
sdsq

cosð2x4Þ�f4

� ðD� exm
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 þ 1

p
Þf5g þ eymðx1 þ 1Þ

TaTy
uþ 1

Ta
fð exmx5
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 þ 1

p þ eymx3 þ ehmÞd1 þ eymðx1 þ 1Þd3

� ½E
0
qVs

sd
cosðx4Þ þ ð 1

sq
� 1

sd
ÞV 2

s cosð2x4Þ�d4 � ðD� exm
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 þ 1

p
Þd5g þ _d5 ¼ f þ b � uþ dm

(11)

where the nonlinear function item f1 ¼ x2 � b1ðeqxmx5 þ eqhm
x1

x5 þ 1
þ eqymx3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 þ 1

p
Þ,f3 ¼ x3

Ty
,f4 ¼ w0x5,

f5 ¼ 1

Ta
fexmx5

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 þ 1

p
þ ehmx1 þ eymx3ðx1 þ 1Þ � E

0
qVs

sd
sinðx4Þ � V 2

s

2

sd � sq
sdsq

sinð2x4Þ � Dx5g, and

f ¼ 1

Ta
feymðx1 þ 1Þf3 þ ðeymx3 þ exmx5

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 þ 1

p þ ehmÞf1 � ½E
0
qVs

sd
cosðx4Þ þ V 2

s ðsd � sqÞ
sdsq

cosð2x4Þ�f4 � ðD�

exm
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 þ 1

p Þf5g. The control coefficient b ¼ eymðx1 þ 1Þ
TaTy

; The item dm ¼ 1

Ta

�
ð exmx5
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 þ 1

p þ ehm þ eymx3Þ

d1 þ eymðx1 þ 1Þd3 � ½E
0
qVs

sd
cosðx4Þ þ V 2

s ðsd � sqÞ
sdsq

cosð2x4Þ�d4 � ðD� exm
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 þ 1

p
Þd5g þ _d5

.3.2 Control Input Saturation Compensator
Due to the control output limitation, u is usually bounded as shown in Fig. 3. It is obvious that there is a

truncation error between the control input demand v and actual output u because of the saturation component. In
order to address this issue, a saturation compensator is designed and adopted in HTGSBFmodel as shown in Fig. 3.

The main idea of saturation compensator is based on an adaptive assistant system, which is described as:

_�1 ¼ �c1�1 þ �2
_�2 ¼ �c2�2 þ bDu

�
(12)

where �1 and �2 are two state vectors. In essence, the compensator is a specified amplifier that enlarges the
value of control output error Du (Du ¼ u� v). To facilitate the controller stability design of the assistant
system, (12) can be formally written as:

_λ ¼ Aλþ BDu (13)

Figure 3: The scheme diagram of control input saturation compensator

CMES, 2020, vol.123, no.2 609



where λ ¼ λ1
λ2

� �
, A ¼ �c1 1

0 �c2

� �
, and B ¼ 0

b

� �
. To ensure lim

t!1�iðtÞ ! 0, the matrixA needs to be a

Hurwitz matrix, thus c1 > 0, c2 > 0. In order to combine the designed saturation compensator into the
controller, some extra criteria that ensure the Lyapunov stability of the system should be analyzed, which
will be introduced in the following part.

3.3 Sliding Mode Controller Design
In this part, we will present three different controller designs based on the above saturation compensator

(12), which includes the conventional sliding mode controller (CSMC), traditional terminal sliding mode
controller (TTSMC) and non-singular terminal sliding mode controller (NTSMC). As enunciated in [29],
the design of sliding mode controllers can be divided into two parts: a continuous control signal (usually
called equivalent control) which controls the system when its states are on the sliding manifold, and a
discontinuous control signal which handles the system uncertainties and external disturbance (usually
called switching control). More details about each controller for the HTGSBF model are provided as follows.

1) Conventional sliding mode controller (CSMC)

For the conventional sliding mode controller, a linear sliding surface function can be expressed as:

e ¼ x5 � xd � �1; s ¼ ceþ _e (14)

and a commonly used switching item, i.e. the switching control signal, can be designed as [7]:

usw ¼ � k1
b
sgnðsÞ (15)

where c and k1 are two positive constants. The value of k1 is greater than the upper bound of system
uncertainties, i.e., k1 > Dr, Dr ¼ max

t: 0!1
jdmðtÞj. By differentiating the sliding surface s with respect to

time, we obtain:

_s ¼ c_eþ €e ¼ c_e� €xd þ f þ bvþ dm � c21�1 þ ðc1 þ c2Þ�2 (16)

According to the equivalent control design of sliding mode control [29], we can design the total
controller output v for the HTGSBF model as follows:

v ¼ � 1

b
ðc_e� €xd þ f þ �þ k1sgnðsÞÞ (17)

where the function � ¼ �c21�1 þ ðc1 þ c2Þ�2, and sgnðsÞ is defined as follows: sgnðsÞ ¼ 1, if s > 0;
sgnðsÞ ¼ 0, if s ¼ 0; sgnðsÞ ¼ �1, if s < 0.

Theorem 1: Under the control output v defined in (17), the sliding surface (14) is attractive and invariant.

Proof 1: We select the following Lyapunov function:

V ¼ 1

2
s2 (18)

On the basis of (16) and (17), we get:

_V ¼ s_s ¼ sðdm � k1sgnðsÞÞ � ðdm � k1Þ sj j � 0 (19)

which implies the attractiveness of the surface (14). Moreover, since lim
s!0

s_s ¼ 0, the surface (14) is invariant.

In order to guarantee the condition x5 ! xd, �i ! 0 is needed. Thus, the validity of the compensator depends
on whether the criterion �i ! 0 is satisfied. According to (12), if Du is bounded, the criterion �i ! 0 will be
satisfied. Then the validity of the designed saturation compensator is transferred into verifying the criterion
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whether Du is bounded. In this study, we assure that v is bounded, hence Du is bounded. Therefore, (13) is
stable, and lim

t!1�iðtÞ ! 0 will be guaranteed through finding a proper value of ci.

2) Traditional terminal sliding mode controller

Similar to CSMC, the traditional terminal sliding controller needs to define a special variable surface
called traditional terminal sliding surface in the form [23]:

s ¼ _eþ be
q1
p1 (20)

where b > 0, p1 and q1 are two positive odd integers such that p1 > q1. The traditional terminal sliding mode
controller for the HTGSBF model can be designed as:

v ¼ � 1

b
ðf � €xd þ �þ k2sgnðsÞ þ b

q1
p1

e

q1
p1

� 1
_eÞ (21)

where k2 > Dr, and d ¼ k2 � Dr is a positive constant.

Theorem 2: The sliding mode surface (20) is attractive and invariant with the control output
defined in (21).

Proof 2: Differentiating the sliding mode surface s with respect to time, we can get:

_s ¼ €eþ b
q1
p1

e
q1
p1
�1

_e (22)

According to (11) and (14), (22) can be deduced as,

_s ¼ f þ buþ dm � €xd � €�1 þ b
q1
p1

e
q1
p1
�1

_e (23)

Substituting (13) and (21) into (23), we can get and the following expression:

s_s ¼ ðdm � k2sgnðsÞÞs � ðDr � k2Þ sj j ¼ �d sj j � 0 (24)

Hence, the sliding surface (20) is attractive and invariant with the control output defined in (21).

Theorem 3: The generator frequency change error of the HTGSBF converges to zero in finite time.

Proof 3: Supposing that tr is the time from sð0Þ 6¼ 0 to s ¼ 0, i.e., sðtrÞ ¼ 0, which satisfies [20]:

_s ¼ �d
sj j
s
¼ �d (25)

Then it follows:Z s¼sðtrÞ

s¼sð0Þ
ds ¼

Z t¼tr

t¼0
�ddt (26)

and tr can be deduced as:

tr ¼ sð0Þ
d

����
���� ¼ sð0Þj j

d
(27)

where the terminal sliding mode state sðtrÞ ¼ 0 is reached, the system dynamic behavior of _e can be
determined by the following nonlinear dynamic equation:
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_eþ be
q1
p1 ¼ 0 (28)

Based on (28), a finite time interval ts, which is taken from eðtrÞ 6¼ 0 to eðtr þ tsÞ ¼ 0, can be obtained as
follows:

ts ¼ p1
bðp1 � q1Þ eðtrÞj jð1�

q1
p1
Þ (29)

which denotes that both the tracking error e and its derivative _e of the HTGSBF model (i.e., the controlled
system) will converge to zero in a finite time (ts þ tr).

3) Nonsingular terminal sliding mode controller

To avoid the singularity issue when e ¼ 0 and _e 6¼ 0 in terminal sliding mode controller, a nonsingular
terminal sliding mode surface is defined as [24]:

s ¼ eþ 1

a
_e
p2
q2 (30)

where a > 0, p2 and q2 are two positive odd integers, and 1 <
p2
q2

< 2. The nonsingular terminal sliding
mode controller for the HTGSBF model can be designed as:

v ¼ � 1

b
ðf � €xd þ �þ k3sgnðsÞ þ a

q2
p2

_e2�
p2
q2Þ (31)

where k3 > Dr, and g ¼ k3 � Dr is a positive constant.

Theorem 4: The sliding mode surface (30) can ensure a finite time convergence to the equilibrium point
of the HTGSBF model.

Proof 4: Choosing the following Lyapunov function V ¼ 1

2
s2, its time derivative is:

_V ¼ sð _eþ 1

a
p2
q2

_e
p2
q2
�1€eÞ ¼ s½ _eþ 1

a
p2
q2

_e
p2
q2
�1ðf þ buþ dm � €xd � €�1Þ� ¼ 1

a
p2
q2

_e
p2
q2
�1ðdms� k3jsjÞ (32)

Since that p2 and q2 are two positive odd integers, we have _e
p2
q2
�1 � 0, and considering that dm < k3, we

obtain:

s_s � 1

a
p2
q2

_e
p2
q2
�1ðdmjsj � k3jsjÞ ¼ � 1

a
p2
q2

_e
p2
q2
�1gjsj � 0 (33)

and two different situations are discussed as follows:

i) when _e 6¼ 0, it satisfies _V ¼ s_s < 0, hence the system (11) with the controller (31) is stable.
ii) when _e ¼ 0, from (30), we get e 6¼ 0 when s 6¼ 0, which means that the deviations of state variables are

not always at the equilibrium point, and continue to across the axis _e ¼ 0 in the (e; _e) plane, but s is not

always equal to zero. Since that €e ¼ a q2
p2
_e2�

p2
q2 þ dm � k3sgnðsÞ, we have €e < �g when s > 0, i.e.,

_e decreases quickly; and when s < 0, we have €e > g, i.e. _e increases quickly. The phase portrait of
HTGSBF model is then described as shown in Fig. 4. We can see that when _e ¼ 0, the HTGSBF
model (9) with the designed controller (31) will reach the manifold s = 0 in a finite time.
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3.4 Implementation of Three Sliding Mode Controllers into HTGSBF
For the regulation of HTGSBFmodel, there are three difficulties in control design. Firstly, it should establish

a direct correlation between controller output u and turbine rotational speed output xt. Secondly, the output of the
designed controller is bounded in a certain range due to the control limitation. Thirdly, there needs an anti-
interface controller against the uncertainties dm; To address these issues, three corresponding measurements,
named the input/output state linearization feedback method listed in Section 3.1, control input saturation
compensator listed in Section 3.2, and three sliding mode control design listed in Section 3.3 are
introduced in this study. The implementation of our designed scheme is presented as shown in Fig. 5.

s > 0, 

s = 0 s = 0

(a) (b)

Figure 4: The phase plot of NTSMC controller when _e ¼ 0. (a) s, 0; _e ¼ 0. (b) s. 0; _e ¼ 0
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Figure 5: The block diagram of HTGSBF model with different sliding mode controllers
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It is interesting to note that the terminal sliding mode controller uses so-called the finite-time
convergence concept, and has been proven to have special merits on high stability and robustness to the
un-modeled system uncertainties [30–32]. It is well-known that a linear sliding function generates
exponential stability, and the state infinitely approaches, but can never reach the equilibrium. On the
contrary, the terminal function enables a faster response and finite time convergence property because of
the non-integer exponent. However, one major drawback of terminal sliding mode controller is the
singularity issue due to the reason that the terms with negative fractional powers may exist. To overcome
this problem, a new type of terminal sliding mode control techniques called nonsingular terminal sliding
mode controllers is always used as shown in (30). The validity and effectiveness of the TTSMC and
NTSMC, as well the CSMC controller will be verified in the following section.

4 Numerical Simulation Results

To demonstrate the performance of the proposed control schemes, simulations are conducted in
MATLAB R2016a with a desktop computer of Intel Core i7-6600, 2.60 GHz CPU, 64-bit Windows
10 operating system. Three comparative sliding mode methods, i.e., CSMC, TTSMC and NTSMC
controller, are applied to govern the output of HTGSBF model (9), respectively. The constants and the
uncertainties of (9) are presented in Tab. 1 [33]. Note that all the uncertainties are sine and cosine
functions with small amplitude, which is mainly due to the reason that the disturbance signals in hydro
plant are usually generated by electro-magnetic devices. To have a fair comparison, the gains of CSMC,
TTSMC, and NTSMC controllers are assigned as a same value, and the controller parameters are listed in
Tab. 2, which are selected by conducting extensive simulation studies based on some evolutionary
algorithms [34–36] as shown in Fig. 6. The initial condition of the state vectors of (9) are set as the
values adopted in a certain hydropower station as [0.1, 0.1, 0.1, 0.1, 0.1].

4.1 Fixed Point Stabilization
In this part, we choose the fixed reference output xdðtÞ ¼ 1:0. As shown in Fig. 7, all sliding mode

controllers are able to reach the desired state xd with only slight fluctuation because of the discontinuous
item (15) under the time-variant disturbance dm. Comparing to the results of CSMC approach, TTSMC
and NTSMC methods have a faster response and smaller chattering magnitudes, which also can be seen
from the sliding plot in Fig. 8. More details are provided in Tab. 3.

From the table and plots, we can see that the TTSMC controller has a shorter settling time while the
NTSMC controller has a smaller percentage overshoot. Both TTSMC and NTSMC controllers have a
better transient system response performance than the linear surface based CSMC controller.

Table 1: The constants and uncertainties in HTGSBF model

System Constants

Ty = 0.1 s Ta =10.01 s D ¼ 2:00 hwi ¼ 0:05

E
0
q ¼ 1:35 Vs ¼ 1:00 sd ¼ 1:15 sq ¼ 1:474

w0 ¼ 1:00 D ¼ 2:00 Twp = 9.35 s Twi = 1.82 s

eqxm ¼ �0:2901 eqym ¼ 0:8184 eqhm ¼ 0:7257 ehm ¼ �1:7179

exm ¼ �1:0673 eym ¼ 0:7713

System Uncertainties

d1 ¼ 0:003 sinðtÞ d2 ¼ 0:004 sinðtÞ d3 ¼ 0:005 sinðtÞ
d4 ¼ 0:004 cosðtÞ d5 ¼ 0:003 cosðtÞ
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The sliding mode controller output u and saturation compensator output Δu are presented in Fig. 9. It can
be seen that at the initial stage, the value of saturation compensator output Δu is very large, this is mainly due
to the reason that the tracking error e of the reference output xd and the actual output x5 is the biggest at this
moment. With the function of the controller and the saturation compensator, e gradually decreases, and then
the output of the controller and the compensator decreases accordingly.

In practice, the parameters of hydraulic turbine are always varied due to the working conditions of
HTGS system are usually changed from one status to another status [7], which is often caused by the
external load variation. To examine the robustness property of TTSMC and NTSMC controllers, we
study the effect of parameter variation on the dynamic response of the proposed control scheme under
fixed point stabilization in this part. Without loss of generality, assume that all six basis transfer constants
of the turbine, i.e., ehm; eym; exm; eqhm; eqym; eqxm, increase 50% over the original values at 7 s � t � 10 s.

Table 2: The parameters in controllers and saturation compensator

Saturation Compensator

c1 ¼ 50 c2 ¼ 50 umax ¼ 20 umin ¼ �20

CSMC controller

c ¼ 1 k1 ¼ 20 (To have a fair comparison, c ¼ a ¼ b)

TTSMC controller

p1 ¼ 5 q1 ¼ 3 b ¼ 1 k2 ¼ 20

NTSMC controller

p2 ¼ 5 q2 ¼ 3 a ¼ 1 k3 ¼ 20

Evolutionary Algorithms (EAs)

Generate the position and the velocity
of the particles 

Start

The positions of the particles are assigned as the gains
of CSMC/TTSMC/ NTSMC controller 

(i.e., Eqs. (17), (21) and (31)) 

Calculate the value of composite equations f, b, and 

dm in Eq. (10) of parameters of HTRSBF model

Evaluate the performance index ITAE

Meet the terminal criteria ?

End

Swarm 
Update 

Operation

Y

N

Fitness Evaluation

Solve the state-equations set (9) by the four-order  

Runge-Kutta method

Input the constants and parameters in Tab. 1 

Input the initial conditions of the controlled system 

Figure 6: The optimization process of CMSC/TTSMC/FTSMC controllers assisted with EAs
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Figure 7: Frequency change of three sliding mode controllers under fixed point stabilization

Figure 8: The manifold phase of three sliding mode controllers under fixed point stabilization
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The simulation results are shown in Fig. 10. As can be seen from Fig. 10, the TTSMC and NTSMC controllers
have lower jumping amplitudes and shorter adjusting time, which means that the robustness of terminal sliding
mode controllers are better than that of the conventional sliding mode controller. In other words, it demonstrates
the effectiveness of the robust of our proposed sliding mode schemes during the parameter variations under
fixed point stabilization.

4.2 Periodic Orbit Tracking
In this part, we take the reference output as xdðtÞ ¼ 0:5 sinðtÞ. The CSMC, NTSMC and TTSMC

controllers are employed to adjust the orbit of x5 for comparison purpose. The frequency change and the
tracking error, as well the controller effort and the compensator effort are presented in Figs. 11 and 12.

Fig. 13 and Tab. 4 list the corresponding performance indicators in total simulation time T, in which the
following six indicators are considered to evaluate to the performance,

IAE ¼
Z T

0
erðtÞj jdt; ITAE ¼

Z T

0
t erðtÞj jdt; ITTAE ¼

Z T

0
t2 erðtÞj jdt

ISE ¼
Z T

0
e2r ðtÞdt; ITSE ¼

Z T

0
te2r ðtÞdt; ITTSE ¼

Z T

0
t2e2r ðtÞdt

(34)

where er ¼ x5 � xd represents the tracking error.

Comparing the error tracking performance under periodic orbit tracking in Fig. 13 and Tab. 4, numerical
results show that the TTSMC and NTSMC controllers are able to force the generator frequency tracking its
reference promptly with littler chattering effect, which indicates that the system performance with terminal
sliding mode controllers is much better than CSMC controller. The superiority of the TTSMC and NTSMC
controllers are also shown in the plots of sliding mode manifold in Fig. 14.

Fig. 15 shows the effect of three controllers when six basis transfer constants of the turbine, i.e.,
ehm; eym; exm; eqhm; eqym; eqxm, increase 50% over the original values at 7 s � t � 10 s. It is seen that all
the sliding mode controllers are capable of bringing the tracking error back to zero, but the proposed
TTSMC and NTSMC controllers have better convergence speed and smaller overshoot than the CSMC
controller.

From the above analysis, it is obvious that the proposed TTSMC and NTSMC controllers not only can
ensure the trajectory of tracking error converge to the equilibrium in a finite time, but also achieve some
superior properties such as better convergence speed, the excellent system uncertainties rejection and the
improvement of control accuracy. Besides that, the TTSMC can significantly reduce the chattering effects
and maintain a faster response, while the NTSMC has a smaller settling time and overshoot percentage.
Both of them outperforms conventional sliding mode controller at all indicators of regulation quality.

Tab. 5 lists the running time of all simulation experiments. From Tab. 5, it is seen that the simulation
running time of terminal sliding mode controllers is a bit longer than that of conventional sliding mode
controller. This is mostly owe to the exponential calculation in terminal sliding mode controller.
Nevertheless, it should be noted that the chattering effects of sliding mode controllers for the HTGSBF

Table 3: The comparison of CSMC, TTSMC and NTSMC controllers under fixed point stabilization

Rise time Settling time Overshoot Steady-state error

CSMC 2.2164 s 4.0167 s 0.0110 0.00007554

TTSMC 1.3490 s 1.9850 s 0.0059 0.00000031

NTSMC 1.3515 s 1.9560 s 0.0018 0.00000179
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Figure 9: The outputs of u and Du in three sliding mode controllers under fixed point stabilization. (a) The
controller output and compensator effort of CSMC controller. (b) The controller output and compensator
effort of TTSMC controller. (c) The controller output and compensator effort of NTSMC controller
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Figure 10: Dynamic performance under fixed point stabilization when six basis transfer constants of the
turbine, i.e., ehm; eym; exm; eqhm; eqym; eqxm, increase 50% over the original values at 7s � t � 10s

Figure 11: Frequency change and error tracking of three sliding mode controllers under periodic orbit
tracking. (a) The results of frequency change and error tracking of CSMC and TTSMC controllers. (b)
The results of frequency change and error tracking of CSMC and NTSMC controllers
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Figure 12: The outputs of u and Du in sliding mode controllers under periodic orbit tracking. (a) The
controller effort u and compensator effort Δu of CSMC controller. (b) The controller effort u and
compensator effort Δu of TTSMC controller. (c) The controller output u and compensator effort Δu of
NTSMC controller
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Figure 13: The performance comparison of three sliding mode controllers under periodic orbit tracking.
(a) The absolute-error indicators of the controllers. (b) The squared-error indicators of the controllers

Table 4: The comparison of CSMC, TTSMC and NTSMC controllers under periodic orbit tracking

IAE ISE ITAE ITSE ITTAE ITTSE

CSMC 1.0016 0.0471 1.3611 0.0205 8.1422 0.023615

TTSMC 0.3477 0.0203 0.1386 0.0020 0.3152 0.000615

NTSMC 0.3409 0.0201 0.1953 0.0019 1.4697 0.000617

Figure 14: The manifold phase of three sliding mode controllers under periodic orbit tracking
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cannot be eliminated completely, which is due to the reason that the discontinuous switching law in sliding
mode controllers is the basis of the robustness of the dynamic response [37]. To make a balanced trade-off
between reducing the chattering effect and enhancing system response performance to some extent, many
excellent methods have been reported, see [38–41], and the references therein, which promotes the
development and the improvement of sliding mode technology in industrial systems.

5 Discussions

Owing to the complex and special configurations in a hydro plant, the HTGS exhibits significant
coupling properties with the interactions among mechanical, hydraulic, and electrical devices, which

Figure 15: Dynamic performance under periodic orbit tracking when six basis transfer constants of the
turbine, i.e., ehm; eym; exm; eqhm; eqym; eqxm, increase 50% over the original values at 7 s � t � 10 s

Table 5: The running time of CSMC, TTSMC and NTSMC controllers in all simulation cases

Case 1 (Fig. 4) Case 2 (Fig. 7) Case 3 (Fig. 9) Case 4 (Fig. 11)

CSMC 5.1773 s 8.1561 s 66.3610 s 76.9897 s

TTSMC 16.8291 s 18.9028 s 97.1620 s 105.3390 s

NTSMC 10.1700 s 12.6678 s 81.6089 s 84.1569 s
Case 1: normal condition under fixed point stabilization; Case 2: robustness test under fixed point stabilization; Case 3: normal condition under
periodic orbit tracking; Case 4: robustness test under periodic orbit tracking
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enhance the difficulties in modeling and controlling this system. Up to now, it is still a challenging problem to
establish the proper models and find the suitable control laws for the HTGS.

In this study, we first establish a new mathematical model of the HTGS, named HTGSBF model. In this
model, bifurcated penstock and controller saturation is taken into account, which is very close to the
prototype in Mangahao hydro plant [42]. Additionally, a two-order generator sub-model is adopted in the
proposed model, where the relationships of electromagnetic torque and generator torque angle is
considered. Besides that, in order to compensate the modelling errors caused by the actual model and
prototype, the bounded system uncertainties d1‐d5 are introduced in the nonlinear model. To the best of
the authors’ knowledge, few researchers have built the models of HTGS with considering so much
factors in hydropower plants.

For the aspect of controlling HTGSBF model, this study introduces a novel control design of the
HTGSBF model with respect to nonlinear sliding mode surface. Comparing the TTSMC and NTSMC
controllers with the linear sliding mode surfaces listed in [7] and [13] (Actually, the CSMC controller is
the variant of SMC controller in [7] and [13]), it is seen that there are two notable merits of terminal
sliding mode controllers.

i) the HTGSBF model assisted with terminal sliding mode controllers can reach the equilibrium in a finite
time, which can be found from theoretical analysis and simulation results;

ii) it speeds up the rate of convergence near an equilibrium. From (20), we can see that when the sliding
mode manifold s ¼ 0 is reached, e ¼ 0 becomes a terminal attractor, i.e., _e ¼ �beq1=p1 , then it has:

ts ¼ � 1

b

Z 0

eð0Þ

de

eq1=p1
¼ eð0Þj jð1�q1=p1Þ

bð1� q1=p1Þ ; q1 6¼ p1 (35)

which implies that the term eq1=p1 makes the model converge to origin point with an exponential speed. On
the other hand, _e ¼ �beq1=p1 reduces to _e ¼ �be for q1 ¼ p1, which is same as the form of CSMC controller.
In other words, CSMC is a special case of terminal sliding mode controllers.

Comparing to the input limitation approximation method listed in References [43,44], our approach is
easy to be implemented. For the sake of completeness, the most often used PID controller and its variant
controller (NPID) [45] have been introduced into the HTGSBF model in (9). The regulation law of PID
controller is introduced as:

uPID¼kp � eþ ki �
Z t

0
e dt þ kd � _e (36)

where kp, ki and kd are the proportional gain, integral gain and derivative gain. The regulation law of NPID
controller is defined as:

uNPID¼kp � eþ ki �
Z t

0
e dt þ kd � _e where :

kp ¼ ap þ bpð1� sechðcp � eÞÞ
ki ¼ aisech ðbi � eÞ
kd ¼ ad þ bd=ð1þ cd expðdd � eÞÞ

8<
: (37)

where ap, bp, cp, ai, bi, ad, bd, cd and dd are the parameters of NPID controller.

All the parameters in PID controller and NPID controller for HTGSBF model (9) are tuned by EAs
[46–47] that similar to Fig. 7. Fig. 16 presents the comparison results. Tab. 6 lists the value of the
corresponding indicators at 10 s � t � 20 s (The HTGSBF model is located at steady state during this
period), which include maximum tracking errors (MTE), average tracking errors (ATE) and standard
deviations of tracking errors (STE). The definition of these indicators are described as:
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Figure 16: The comparison of PID controllers (including its variant) and terminal sliding mode controllers
under fixed point stabilization and periodic orbit tracking. (a) The response and error trajectories of five
controllers under fixed point stabilization. (b) The response and error trajectories of five controllers under
periodic orbit tracking
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MTE ¼ max
i2f1; 2; ���;mg

jeðiÞj; ATE ¼ 1

m

Xm
i¼1

jeðiÞj; STE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

m

Xm
i¼1

ðjeðiÞj � ATEÞ2
s

(38)

where eðiÞ ¼ x5ðiÞ � xdðiÞ represents the adopted i� th value of tracking error between the actual output x5
and reference output xd at 10 s � t � 20 s.

From Fig. 16 and Tab. 6, we can see that the system performance of TTSMC and NTSMC controllers is
much better than that of PID and NPID controller significantly, which proves the effectiveness and
superiority of sliding mode control techniques over the commonly used PID in governing the hydro system.

From the above analysis, we can see that the terminal sliding mode control schemes outperform other
comparison methods (such as CSMC controller, PID controller and NPID controller) in terms of all
indicators, which demonstrates the effectiveness of our proposed control approaches. Although physical
experiments are not introduced into this study because of the large size of hydropower plants and the
constraints of experimental conditions, the numerical experiment result of this paper acts as a theoretical
reference for the further study of hydropower plant control. In our future work, we will attempt to test the
correctness of our numerical experiments by conducting scientific experiments and investigating the
dynamic responses of HTGSBF model with full-load rated operating states or large fluctuation changes.
Furthermore, to control the HTGSBF model more precisely, it is necessary to conducting a more refined
simulation research and physical experiments on the coupling mechanism of hydraulic-mechanical-
electrical system, especially for a specific study on the influence from turbine characteristics, in which
stability of the operations is relatively more problematic [48–50]. In the next stage, we will perform a real
application of the designed controller as shown in (17) and (21), and compare the results with commonly
used PID controller. The critical point of the designed controller in practice is inherently an issue on the
implementation of the terminal sliding mode control schemes for nonlinear system. Some researchers
have published prominent and remarkable papers on this issue. So it is our future plan to realize the
experimental terminal sliding mode controller in HTGS system. Furthermore, simulation results in this
study still can be further improved by incorporating a high-order sliding surface into TTSMC and
NTSMC, which has been attempted and proved to be effective by some pioneering engineers [51].

Table 6: Quantitative analysis of different controllers under fixed point stabilization and periodic orbit tracking

The indicators of different type controllers under fixed point stabilization at 10 s � t � 20 s

PID NPID TTSMC NTSMC

MTE 0.0393 0.0345 0.0000986 0.0001012

ATE 0.0191 0.0179 0.0000056 0.0000498

STE 0.0101 0.0090 0.0000138 0.0000292

The indicators of different type controllers under periodic orbit tracking at 10 s � t � 20 s

PID NPID TTSMC NTSMC

MTE 0.0982 0.1088 0.0001123 0.00001480

ATE 0.0494 0.0564 0.0000473 0.00000143

STE 0.0278 0.0287 0.0000311 0.00000280
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6 Conclusions

Although hydropower has the best payback ratio and highest efficiency in all electricity generating
method due to the constant upgrading of turbine, penstock and reservoir design, most of the plant’s
control system are still using the classical PID technique developed in the 1960s. It limits the operating
range of the controlled system such as specific water flow rate and reservoir level. As energy demands
are increasing every day, it is necessary to develop a more flexible control system for the hydro plants to
operate at different situations. The goal of this study is to design a novel nonlinear controller for the
hydro plant in order to improve its ability to handle different operating conditions.

In this paper, a detailed nonlinear mathematical model that considers the effects of the bifurcated
penstocks and um-modeled uncertainties is developed by using a five-order differential equations set, and
the terminal sliding mode controller schemes are studied for governing the generator frequency change of
this nonlinear HTGSBF model. In light of theoretical analysis and simulation results, four main
significant conclusions can be obtained. Firstly, due to the exponential sliding mode surface, terminal
sliding mode controller can provide a faster response and higher control accuracy than the conventional
sliding mode controller for the HTGSBF model. Secondly, the chattering effect caused by the
discontinuous sub-law control is dramatically reduced by using the terminal sliding mode technique.
Thirdly, terminal sliding mode controller owns a superior robustness property in against parameter
variation. Fourthly, comparing to the current most used PID controller and its variants, terminal sliding
mode controllers perform much better in terms of maximum tracking errors, average tracking errors, and
standard deviations of tracking errors.
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