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Abstract: In the present paper, the effect of the heat flux distribution on the nat-
ural convective flow inside a square cavity in the presence of a sloping magnetic
field and magnetic nanoparticles is explored numerically. The nondimensional
governing equations are solved in the framework of a finite element method
implemented using the Galerkin approach. The role played by numerous model
parameters in influencing the emerging thermal and concentration fields is exam-
ined; among them are: the location of the heat source and its lengthH�, the mag-
nitude of the thermal Rayleigh number, the nanoparticles shape and volume
fraction, and the Hartmann number. It is found that the nanofluid velocity
becomes higher when the thermal source length, the nanoparticles volume frac-
tion and/or the thermal Rayleigh number are increased, while it decreases as
the Hartmann numberHa grows and the position of the heat source moves toward
the center of the lower wall of the cavity. Moreover, the temperature of the nano-
fluid grows with the extension of the thermal source and decreases slowly when
the heat flux position moves toward the center of the lower wall. The outcomes of
the research also indicate that the average Nusselt number becomes smaller on
increasing Hartmann number Ha and heat source length H�. The addition of
Fe3O4 to engine oil leads to a higher rate of heat transfer with respect to the addi-
tion of SiO2 particles. Blade-shaped nanoparticles generate the highest value of
the Nusselt number compared to all the other considered shapes.

Keywords: Nanofluids; magnetic nanoparticles; heat source; natural convection;
finite element method; square enclosure

Nomenclature
B0 magnetic field strength ðNmA�1Þ
C concentration of nanofluid molm�3ð Þ
Cc reference concentration molm�3ð Þ
cp specific heat Jkg�1K�1

� �
DB Brownian diffusion coefficient m2s�1ð Þ
dp diameter of nanoparticle nmð Þ
DT thermal diffusion coefficient m2s�1ð Þ
D heat flux location (m)

This work is licensed under a Creative Commons Attribution 4.0 International License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original
work is properly cited.

Fluid Dynamics & Materials Processing
DOI:10.32604/fdmp.2020.08551

Article

echT PressScience

http://dx.doi.org/10.32604/fdmp.2020.08551
http://dx.doi.org/10.32604/fdmp.2020.08551


D� dimensionless heat flux location
f dimensionless oscillation frequency
g acceleration due to gravity m2s�1ð Þ
kB Boltzmann constant JK�1

� �
h� convective heat transfer coefficient
Ha Hartmann number
H heat flux length (m)
H� dimensionless heat flux length
L length of the bottom wall mð Þ
Le Lewis number
m mass kgð Þ
Nu Nusselt number
Nuave average Nusselt number
NTBTC dynamic diffusion parameter
NTBT dynamic thermo-diffusion parameter
n empirical shape factor of nanoparticles
p dimensional pressure (Pa)
P dimensionless pressure
Pr Prandtl number
q00 heat flux Wm�2ð Þ
Nb Brownian diffusion parameter
Nt thermophoresis parameter
RaT local thermal Rayleigh number
RaC local solutal Rayleigh number
Sc Schmidt number
t dimensional time sð Þ
T temperature Kð Þ
Th temperature of the hot wall Kð Þ
Tc temperature of the cold wall Kð Þ
ðu; vÞ dimensional velocity components ms�1ð Þ
ðU ;V Þ dimensionless velocity components
ðx; yÞ dimensional coordinates ðmÞ
ðX ; Y Þ dimensionless coordinates

Greek symbols
a thermal diffusivity m2s�1ð Þ
anf thermal diffusivity of nanofluid m2s�1ð Þ
b coefficient of volume expansion K�1

� �
b� coefficient of mass expansion mol�1 m3

� �
c magnetic field sloping angle �ð Þ
s nondimensional time
q fluid density kgm�3ð Þ
qnf density of the nanofluid kgm�3ð Þ
qbf density of the base fluid kgm�3ð Þ
qp density of the solid particles kgm�3ð Þ
l dynamic viscosity Pasð Þ
lnf viscosity of the nanofluid Pasð Þ
lbf viscosity of the base fluid Pasð Þ
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t kinematic coefficient of viscosity
h dimensionless temperature
f� nanoparticles volume fraction
� dimensionless concentration
j thermal conductivity Wm�1K�1

� �
jnf thermal conductivity of nanofluid Wm�1K�1

� �
jbf thermal conductivity of base fluid Wm�1K�1

� �
jp thermal conductivity of solid particles Wm�1K�1

� �
w stream function
� sphericity of the nanoparticles
r electric conductivity Sm�1ð Þ
DC concentration drop molm�3ð Þ
DT temperature drop Kð Þ

Subscripts
nf nanofluid
bf base fluid
p solid particles
h hot wall
c cold wall
ave average

1 Introduction

In most of the industrial applications upsurge in heat transfer is demanded. One of the vital mechanisms
enhancing heat transfer is natural convection utilizing nanofluids which are a notable subject to most recent
research papers as a result of the developing need of engineering and nanotechnology applications.
Nanometer-sized particles are added to regular fluids to produce nanofluids Choi [1]. Many industrial and
mechanical applications have used nanofluids due to their significant advantages in augmenting heat
transfer with less clogging and reduced pumping power. Types of geometry play a significant role in the
augmentation of heat transfer in nanofluids. Every cavity has its characteristics that improve the heat
transfer rate. To determine the influences of heat flux on the heat transfer improvement in unsteady
buoyancy-driven flow inside a square cavity filled with nanofluid, a study was conducted by Nguyen
et al. [2]. They found that the thermal transport properties of nanofluid significantly affect the cooling
performance of a system and the rate of heat transfer declines at higher local thermal Rayleigh number. A
mixed convection flow, with heat flux fixed at the bottom wall using nanofluids in a square enclosure,
was simulated numerically by Mansour et al. [3]. They observed that an increase of the heat flux length,
leads to a decrease in the Nusselt number whereas an increase of the nanoparticle concentration
intensifies the rate of heat transfer. Oztop et al. [4] worked computationally to investigate the mixed
convection hydromagnetic flow of nanofluids inside a partially heated lid-driven cavity. They claimed that
the heat transfer rate decreases when the Hartmann number strengthens. They also noticed that the
increase in nanoparticle concentration enhances the Nusselt number. Recently, Esfe et al. [5] conducted a
numerical experiment to study the mixed convective flow in a lid-driven enclosure occupied by various
nanofluids. They noticed that Richardson and Rayleigh’s numbers are two important parameters
enhancing the heat transfer rate. They also showed that the geometry inclination angle has extreme effects
on the total entropy generation as well as on the heat transfer rate. Moreover, they found that mixing
nanoparticles to the regular fluids, decreases the entropy generation and augments the heat transfer rate.
Furthermore, Bondarenko et al. [6] investigated convective phenomena to determine the rate of heat
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transfer between two-adherent porous blocks in a lid-driven enclosure utilizing nanofluids. Their outcomes
showed that a higher size of a porous block intensifies the Nusselt number. Astanina et al. [7] carried out the
MHD free convection flow of nanofluids in a square cavity whose walls are partially heated under an
externally applied magnetic field. Their outcomes exhibited that heat transfer rate inversely varied with
the nanoparticle concentration, the strength of the applied magnetic field and the position of the heater.
Free convection phenomena in a square cavity along with a circular cylinder whose side walls are
adiabatic and the bottom wall temperature is variable, were investigated by Park et al. [8]. They noticed
that isotherms are powerfully influenced by the temperature change of the bottom wall. Jahanbakhshi
et al. [9] considered the effect of an external magnetic field and investigated the free convection flow of
non-Newtonian fluid inside an L-shape enclosure. They found that Nusselt numbers are inversely related
to the shear-thinning fluids and directly correlated with the shear-thickening fluids. Sheremet et al. [10]
numerically simulated the free convection flow inside an inclined square cavity taking into consideration
the time-sinusoidal variation of temperature. Their results showed that a growing oscillating frequency of
the boundary tends to intensify the oscillation amplitude of the Nusselt number. Cho et al. [11] studied
buoyancy-driven phenomena in a square cavity using an array of perpendicular circular and elliptical
cylinders. They found that the solution reaches an unsteady state except for the value of the aspect ratio
AR ¼ 2 and AR ¼ 4 for both lower and upper elliptical cylinders. In recent years, the rate of heat transfer
for the buoyancy-driven flow is considered to be heavily and affected by the nanoparticle’s shape,
uniform sinusoidal roughness elements and nanoparticle random motion [12,13]. Mehryan et al. [14]
studied the convection mechanism in a square enclosure occupied by solid, porous and free fluid layers.
The outcomes of the study showed that the rate of heat transfer increases with the increase of the
buoyancy ratio parameter Nr as well as with the increase of the Lewis number Le. Similarly, the
numerical investigation for buoyancy-driven mechanism and total entropy generation in a square
enclosure filled with nanofluids, using various distributions of temperature fields along with a concentric
solid, was conducted by Alsabery et al. [15]. Their study showed that the inner solid size and thermal
conductivity ratio respectively, control the heat transfer rate. Alsabery et al. [16] further studied
numerically the buoyancy-driven flow in the presence of a corner heater and conducting block using a
non-homogenous model in a square enclosure filled with nanofluids. They showed that an increase in the
number of similar size blocks having the same thermal conductivity effectively intensify the Nusselt
number. Sezai et al. [17] performed numerical investigation for buoyancy-driven flow induced by a
discrete heat flux which was located at the bottom of a rectangular cavity. They displayed that the
maximum of the Rayleigh number falls, as the heat source aspect ratio is increased. Free convection, with
heat source fixed at the bottom wall of the cavity utilizing nanofluids, was examined by Aminossadati
et al. [18]. They claimed that heater length and its location, vastly affect the heat transfer rate.

Saravanan et al. [19] studied numerically the buoyancy convection with two mutually orthogonal heat-
generating baffles in a closed square cavity. Their investigation showed that the length of any of the baffles,
which was mounted inside the cavity, directly affected the rate of heat transfer whereas there is no effect for
changing the positions of the baffles. Numerical computation for natural convection in a square cavity due to
two mutually orthogonal isothermal baffles and the effect of the baffles sizes and positions inside the cavity
was conducted by Kandaswamy et al. [20]. Their outcomes showed that the vertical baffle length regardless
of its position enhanced the rate of heat transfer. Saravanan et al. [21] investigated numerically the buoyancy-
driven flow due to two mutually perpendicular heated thin plates with deferent boundary conditions in a
square cavity. They found that the rate of heat transfer intensifies when one plate placed far away from
the center of the cavity for isothermal boundary condition. Furthermore, buoyancy induced convection
with discretely heat-generating baffles in a square cavity was examined numerically by Hakeem et al.
[22]. They claimed that when the vertical baffle was located very close to the sidewall or the horizontal
baffle was located very close to the bottom wall, the average Nusselt number reached its maximum.
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Due to the potential applications of nanofluid in different fields of science and engineering such as solar
energy, chemical, microchannel, bioengineering and automotive, it has received considerable attention by
many researchers like Alsabery et al. [23,24], Al Kalbani et al. [25], Uddin et al. [26–28], Astanina et al.
[29], Sathiyamoorthy et al. [30], Mehryan et al. [31] and Rahman et al. [32] who have studied the
dynamics of nanofluids in various cavities. Mathematical modelling of nanofluids provides a
representation of the parameters governing the problem that can be examined with the least possible cost,
and thereby provide a good understanding of the situation. This can then be followed by experiments on
the points of major interest. So far, the models that have been developed for nanofluids are one
component model (Tiwari et al. [33]), two-component model (Buongiorno [34]) and nonhomogeneous
dynamics model (Uddin et al. [35]) have been developed. Al-Balushi et al. [36] researched to investigate
the free convection flow and heat transfer utilizing magnetic nanoparticles inside a square enclosure
with a non-homogeneous dynamic model. They have explored the influences of the local thermal
Rayleigh number, nanoparticles shape and nanoparticles concentration on the streamlines, isotherms,
isoconcentrations, and the rate of heat transfer. Recently, Al-Balushi et al. [37] extended their previous
work [36] taken into account the effects of an applied magnetic field and four different thermal boundary
conditions which are uniform, parabolic in space, sinusoidal in space, and sinusoidal in time. They have
also considered 12 different types of magnetic nanofluids. But both of their studies neglect the effects of
heat flux on the flow and thermal fields. To the best of the authors’ knowledge, no research has been
carried out to investigate the free convection flow inside a square enclosure having constant heat flux at
the bottom wall, using magnetic nanoparticles and sloping magnetic field, following non-homogeneous
dynamic model.

Therefore, this study aims to extend the work of Al-Balushi et al. [37] to study the natural convection
flow of magnetic nanofluids considering heat flux, having variable length and position at the bottom wall of
the square cavity, applying inclined magnetic field using nonhomogeneous dynamic model. In any real life
engineering applications, the geometry is more complicated than an enclosure. However, the important
insights of heat transfer of a very complex design can be provided by the simple geometry. The results of
this study can be helpful in analyzing heat transfer in industrial applications such as heat exchangers,
solar thermal collectors and cooling of electronic equipment.

2 Formulation of the Problem

2.1 Physical Model
Let us consider the two-dimensional free convection flow of nanofluids which is unsteady, laminar and

incompressible, energized by a heat flux having length H inside a square cavity of length L. The flow and
thermal fields are enforced by a uniform magnetic field B ¼ Bxiþ Byj of strength B0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2
x þ B2

y

q
making an angle cð Þ to the positive x�axis. Fig. 1 shows the coordinates system and the geometry of the
problem. Every mathematical model is based on some assumptions. The assumptions of our model are as
follows:

� The heat flux q00 ¼ �jnf Ty is embedded within the middle part of the lower wall of the cavity whereas the
upper wall is reserved at low temperature T ¼ TC.

� Two vertical walls and the remaining part of the lower wall are kept insulated.

� Thermophoresis, Brownian diffusion, and gravity effects are taken into account.

� There are no chemical reactions and negligible thermal radiation within the flow domain.

� Four types of solid spherical magnetic nanoparticles such as ferrite (Fe3O4), Mn-Zn ferrite (Mn-ZnFe2O4),
cobalt ferrite (CoFe2O4) and silicon dioxide (SiO2) and three kinds of base fluids such as water (H2O),
kerosene (Ke) and engine oil (EO) are considered.

� Nanoparticles and base fluids are supposed to remain in thermal equilibrium.
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2.2 Mathematical Modeling
2.2.1 Conservation Equation for Nanofluids

The governing continuity, momentum, energy and concentration equations are as follows (see Uddin
et al. [35], Al-Balushi et al. [36,37]):

ux þ vy ¼ 0 (1)

qnf ut þ uux þ vuy
� � ¼� px þ lnf uxx þ uyy

� �
þ rnf B

2
0 v sin cð Þ cos cð Þ � u sin2 cð Þ� � (2)

qnf vt þ uvx þ vvy
� � ¼� py þ lnf vxx þ vyy

� �þðqbÞnf gðT � TcÞ
þ ðqb�Þnf gðC � CcÞ þ rnf B

2
0 u sin cð Þ cos cð Þ � v cos2 cð Þ� � (3)

ðqcpÞnf Tt þ uTx þ vTy
� � ¼knf Txx þ Tyy

� �
þðqcpÞnf

DB

C
CxTx þ CyTy
� �� �

þðqcpÞnf
DT

T
Txð Þ2 þ Ty

� �2h i (4)

Ct þ uCx þ vCy ¼DB Cxx þ Cyy

� �
þ CDT

T
Txx þ Tyy
� �þ DT

T
CxTx þ CyTy
� � (5)

where the density, effective viscosity, thermal diffusivity, volumetric thermal expansion, volumetric mass
expansion, heat capacitance, thermal conductivity, electric conductivity of nanofluid are defined as
follows (see Uddin et al. [35]):

Figure 1: Physical model and coordinates system
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qnf ¼ ð1� f�Þqbf þ f�qp (6)

lnf ¼ lbf 1� f�ð Þ�2:5 (7)

anf ¼ knf =ðqCpÞnf (8)

ðqbÞnf ¼ ð1� f�ÞðqbÞbf þ f�ðqbÞp (9)

ðqb�Þnf ¼ ð1� f�Þðqb�Þbf þ f�ðqb�Þp (10)

ðqCpÞnf ¼ ð1� f�ÞðqCpÞbf þ f�ðqCpÞp (11)

knf ¼ kP þ ðn� 1Þkbf � ðn� 1Þf�ðkbf � kPÞ
kp þ ðn� 1Þkbf þ f�ðkbf � kpÞ

� �
kbf þ

qcp
� �

pf
�

2Dl
T

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2DTjBTc
3plnf dp

s
(12)

DT ¼ 0:126
jnf
jbf

�bbf lnf
qnf

(13)

DB ¼ 2jBTC
3plnf dp

(14)

rnf ¼
rp þ 2rbf � 2f� rbf � rp

� �
rp þ 2rbf þ f� rbf � rp

� � rbf (15)

The nanoparticle shape factor n is known by n ¼ 3=�, where � is the sphericity, dp is the diameter of
nanoparticle, Dl

T ¼ ffiffiffiffiffiffi
DT

p
is the numerical value of DT and jB is the Boltzmann constant. In the right hand

side in Eq. (12), additional term comes from the random motion of nanoparticles.

2.2.2 Initial and Boundary Conditions
The initial and the boundary conditions for the current problem are as follows:

For t ¼ 0 ; entire domain

u ¼ 0; v ¼ 0; T ¼ Tc; C ¼ Cc; p ¼ 0 (16)

For t > 0 ;

At the top wall ð0 � x � L; y ¼ LÞ : u ¼ 0; v ¼ 0; T ¼ Tc; C ¼ Cc (17)

At the left wall ðx ¼ 0; 0 � y � LÞ : u ¼ 0; v ¼ 0; Tx ¼ 0; Cx ¼ 0 (18)

At the right wall ðx ¼ L; 0 � y � LÞ : u ¼ 0; v ¼ 0; Tx ¼ 0; Cx ¼ 0 (19)

At the bottom wall : y ¼ 0 (20)
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0 � x< D� 0:5Hð Þ : u ¼ v ¼ 0; Ty ¼ 0; Cy ¼ 0 (20a)

D� 0:5Hð Þ � x � Dþ 0:5Hð Þ : u ¼ v ¼ 0; Ty ¼ �q00=jnf ; C ¼ Ch (20b)

Dþ 0:5Hð Þ � x � L : u ¼ v ¼ 0; Ty ¼ 0; Cy ¼ 0 (20c)

2.2.3 Non-Dimensional Governing Equations
We introduce the following transformations to make Eqs. (1–5) and (16–20) dimensionless:

U ¼ uL=abf ; V ¼ vL=abf ; X ¼ x=L; Y ¼ y=L; H� ¼ H=L;

D� ¼ D=L; P ¼ pL2= qbf abf
� �2

; s ¼ abf t=L2;
h ¼ T � Tc=DT ; � ¼ C � Cc=DC

9=
; (21)

where DT ¼ q00L=jbf and DC ¼ Ch � Cc are the temperature difference and the nominal concentration
difference within the nanofluid, respectively. Using non-dimensional variables (21) and assuming
ðDC=CCÞ � 1 and ðDT=TCÞ � 1; the Eqs. (1–5) are modified in non-dimensional forms as follows:

UX þ VY ¼ 0 (22)

Us þ UUX þ VUY ¼� qbf
qnf

PX þ qbf
qnf

lnf
lbf

Pr UXX þ UYYð Þ

þ rnf
rbf

PrHa2 V sin cð Þ cos cð Þ � U sin2 cð Þ� � (23)

Vs þ UVX þ VVY ¼� qbf
qnf

@P

@Y
þ qbf
qnf

lnf
lbf

Pr VXX þ VYYð Þ

þ qbf
qnf

ðqbÞnf
bbf qbf

RaT Pr hþ
qbf
qnf

RaC Pr�þ rnf
rbf

PrHa2 U sin cð Þ cos cð Þ � Vcos2 cð Þ� � (24)

hs þ UhX þ VhY ¼ anf
abf

hXX þ hYYð Þ þ 1

Le
�XhX þ �YhYð Þ þ PrNTBT

Sc
hXð Þ2 þ hYð Þ2

h i
(25)

�s þ U�X þ V�Y ¼ Pr

Sc
�XX þ �YYð Þ þ Pr

Sc
NTBTC hXX þ hYYð Þ þ NTBT �XhX þ �YhYð Þ½ �

(26)

The non-dimensional parameters appeared in Eqs. (22–26) are as follows:

Pr ¼ mbf
abf

is the Prandtl number, Le ¼ jbf CC

ðqcpÞbf DBDC
is the modified Lewis number, RaT ¼ L3bbf gDT

mbf abf
is

the local thermal Rayleigh number, RaC ¼ L3gDC

mbf abf

ðqb�Þnf
qnf

is the local solutal Rayleigh number,

NTBT ¼ DT

DB

DT

TC
is the dynamic thermo-diffusion parameter, Sc ¼ lbf

qbf DB
is the Schmidt number,

Ha ¼ B0L
ffiffiffiffiffiffiffiffiffiffiffiffirbf
qbf mbf

r
is the Hartmann number and NTBTC ¼ DT

DB

CC

TC

DT

DC
is the dynamic diffusion parameter.
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2.2.4 Non-Dimensional Boundary Conditions
The non-dimensional boundary conditions (17–20) can be expressed as:

For s ¼ 0 ; in the entire domain

U ¼ 0; V ¼ 0; h ¼ 0; � ¼ 0; P ¼ 0 (27)

For s > 0:

At the top wall ð0 � X � 1;Y ¼ 1Þ : U ¼ 0; V ¼ 0; h ¼ 0; � ¼ 0 (28)

At the left wall ðX ¼ 0; 0 � Y � 1Þ : U ¼ 0; V ¼ 0; hX ¼ 0; �X ¼ 0 (29)

At the right wall ðX ¼ 1; 0 � Y � 1Þ : U ¼ 0; V ¼ 0; hX ¼ 0; �X ¼ 0 (30)

At the bottom wall : Y ¼ 0 (31)

0 � X< D� � 0:5H�ð Þ : U ¼ V ¼ 0; hY ¼ 0; �Y ¼ 0 (31a)

D� � 0:5H�ð Þ � X � D� þ 0:5H�ð Þ : U ¼ V ¼ 0; hY ¼ �jbf =jnf ;� ¼ 1 (31b)

D� þ 0:5H�ð Þ � X � 1 : U ¼ V ¼ 0; hY ¼ 0; �Y ¼ 0 (31c)

3 Thermophysical Properties

The properties of base fluids and nanoparticles built the nanofluid’s thermophysical properties. For the
present investigation, the magnitudes of density, viscosity, thermal conductivity, specific heat capacity, and
volumetric thermal expansion coefficients have been considered. Tab. 1 (see Uddin et al. [38]) and
Tab. 2 (Hafezisefat et al. [39], Khan et al. [40] and Al-Balushi et al. [37]) represent the thermophysical
properties of base fluids and solid nanoparticles respectively.

4 The Average Nusselt Number

The significant quantity for the numerical simulation is the average Nusselt number ðNuaveÞ along the
heated bottom wall. The ratio of convective to conductive heat transfer across the boundary is well-
defined by the Nusselt number as follows:

Table 1: Thermo-physical properties of the base fluids (Uddin et al. [38])

Thermo-physical properties H2O EO Ke

qðkgm�3Þ 997.1 888.23 780

lðNsm�2Þ 0.001003 0.845 0.0016

jðWm�1K�1Þ 0.613 0.145 0.149

CpðJkg�1K�1Þ 4179 1880.3 2090

bðK�1Þ 21	 10�5 70	 10�5 99	 10�5

a	10�7ðm2s�1Þ 1.47 0.868 0.914

Pr 6.8377 10959 23.004

FDMP, 2020, vol.16, no.3 449



Nus ¼ h�L=jbf (32)

where h� is coefficient of the convective heat transfer of the nanofluid and can be expressed by

h ¼ q00=ðTs � TcÞ (33)

Using non-dimensional variables defined in (21) we have

Nus ¼ q00L= ðTs � TcÞjbf
� �

(34)

The local Nusselt number for nanofluid for the present investigations is calculated as

Nus Xð Þ ¼ 1=hs Xð Þ (35)

At the bottom heated wall, the average Nusselt number can be expressed as

Nuave ¼ 1

H�

Z D�þH�=2

D��H�=2
1=hs Xð Þð ÞdX (36)

5 Computational Procedures

Using Galerkin weighted residual brand of finite element method (FEM), the dimensionless governing
Eqs. (22–26) with the boundary conditions (27–31) are simulated numerically. Well description of this
method can be found in the books and papers by Uddin et al. [28], Zienkiewicz et al. [41], Zienkiewicz
et al. [42], Codina [43], Uddin [44], Rahman et al. [45] and Al Kalbani et al. [46]. Thus, the explanations
of this method are absent here for shortness. The numerical simulation is carried out by a PDE solver
named COMSOL Multiphysics with MATLAB interface.

In FEM, we need to generate proper meshes or grids to solve the boundary value problems effectively.
On the generated networks, the physical variables such as velocity, temperature and pressure are determined.
In Fig. 2, we have created the meshes of the current flow domain measuring their quality.

5.1 Grid Independency Test
In finite element method, it is essential to determine the grid size considering sufficient number of

elements in the resolution field to obtain a converged solution. In the present analysis we have done so
considering CoFe2O4-EO nanofluid when Pr ¼ 6:84, RaT ¼ 106, RaC ¼ 104, f� ¼ 0:1, D� ¼ 0:5,
H� ¼ 0:4, Ha ¼ 10, c ¼ 30�, n ¼ 3, dp ¼ 10nm and s ¼ 10. Grid independency is tested considering six
dissimilar non-uniform grids such as coarse, normal, fine, finer, extra fine and extremely fine having
1024, 1537, 2527, 6518, 17036 and 26436 number of elements in the resolution field. Fig. 3 displays the
rate of heat transfer Nuaveð Þ against the number of elements for the above-said grid sizes. This figure
shows that value of Nuave changes slightly for 17036 and 26436 elements. Thus, for the numerical
simulation, 17036 elements for the grid independent solutions have been used.

Table 2: Thermo-physical properties of the solid nanoparticles (Hafezisefat et al. [39], Khan et al. [40] and
Al-Balushi et al. [37])

Thermo-physical properties Fe3O4 CoFe2O4 Mn-ZnFe2O4 SiO2

qðkgm�3Þ 5180 4907 4900 2200

jðWm�1K�1Þ 80.4 3.7 5 36

CpðJkg�1K�1Þ 670 700 800 765

bðK�1Þ 20:6	 10�5 12:9	 10�6 1.2	10�6 5:6	 10�7
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5.2 Code Validity
The precision of the current code is checked for a base fluid with the outcomes of Nguyen et al. [2],

Aminossadati et al. [18], and Cheikh et al. [47] when RaT ¼ 104, Pr ¼ 6:83, D� ¼ 0:5, H� ¼ 0:2,
Ha ¼ 0, c ¼ 0� and f� ¼ 0 in the absence of the concentration equation. The comparisons of the data
displayed in Tab. 3 are quite appreciable.

6 Results and Discussion

The numerically simulated results are obtained for an unsteady 2D free convection flow of magnetic
nanofluids in the presence of a sloped magnetic field inside a square cavity for different model parameters
especially the thermal Rayleigh number 105 � RaT � 106, nanoparticles solid volume fraction

Figure 2: (a) Grid generation of the square-shape cavity with legend of quality measure, (b) the zoom in the
upper right-corner of the cavity

Figure 3: Grid independency test for CoFe2O4-EO nanofluid considering Pr ¼ 6:84, RaT ¼ 106, RaC ¼ 104,
D� ¼ 0:5, f� ¼ 0:1, H� ¼ 0:4, Ha ¼ 10, c ¼ 300, dp ¼ 10nm, n ¼ 3 and s ¼ 10
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0 � f� � 0:1, the Hartmann number 0 � Ha � 40, heat flux length 0:2 � H� � 0:8, and heat flux locations
0:2 � D� � 0:5ð Þ. Ferrite-water was considered nanofluid as default unless otherwise specified.

6.1 Effects of Thermal Rayleigh Number and Nanoparticles Loading
Fig. 4 displays the influences of increasing the nanoparticles loading (or volume fraction) f�ð Þ and

thermal buoyancy parameter on the streamlines for Pr ¼ 6:84, RaT ¼ 106, RaC ¼ 104, Ha ¼ 10,

Table 3: Comparison of the average Nusselt number Nuaveð Þ with Nguyen et al. [2], Cheikh et al. [47] and
Aminossadati et al. [18] when f� ¼ 0

H H ¼ 0:2 H ¼ 0:8

RaT RaT ¼ 103 RaT ¼ 104 RaT ¼ 103 RaT ¼ 104

Published paper Nuave hmax Nuave hmax Nuave hmax Nuave hmax

Nguyen et al. [2] 5.941 0.181 5.941 0.180 3.512 0.363 3.756 0.363

Cheikh et al. [47] 5.947 0.182 5.947 0.182 3.553 0.364 3.805 0.364

Aminossadati et al. [18] 5.954 0.182 5.954 0.182 3.555 0.364 3.806 0.364

Present study 5.944 0.182 5.954 0.181 3.550 0.362 3.751 0.364

Figure 4: The streamlines for Fe3O4-H2O nanofluid at f� ¼ 0, 0.05 and 0.1 when Pr ¼ 6:84,
RaT ¼ 106, RaC ¼ 104, Ha ¼ 10, D� ¼ 0:5, H� ¼ 0:4, c ¼ 30�, dp ¼ 10 nm, n ¼ 3 and s ¼ 10
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D� ¼ 0:5, H� ¼ 0:4, c ¼ 30�, dp ¼ 10 nm, n ¼ 3 and s ¼ 10. For a base fluid (f� ¼ 0) at RaT ¼ 105 one
anticlockwise rotating bigger vortex appears. As the buoyancy-driven parameter increases to RaT ¼ 106, the
bigger vortex divides into two vertically asymmetrical vortices with the opposite direction of motion. On
the other hand when the solid volume fraction intensifies, an oppositely rotating smaller vortex appears at
the lower right corner of the cavity for RaT ¼ 105. The intensity of this smaller vortex increases with the
further increase of the solid volume fraction of the nanofluid. Interestingly, when the thermal buoyancy
parameter further increases to RaT ¼ 106 the smaller vortex diminishes. For a fixed amount of
nanoparticle loading, the intensity of the surface velocity intensifies when the thermal Rayleigh number
increases. It reduces with the increase of the amount of nanoparticles loading for a fixed Rayleigh
number. Thus, the thermal Rayleigh number and nanoparticle volume fraction, significantly control the
nanofluid flow dynamics.

The evolutions of isotherms varying thermal Rayleigh number and nanoparticle concentration when
Pr ¼ 6:84, RaT ¼ 106, RaC ¼ 104, Ha ¼ 10, D� ¼ 0:5, H� ¼ 0:4, c ¼ 30�, dp ¼ 10 nm, n ¼ 3 and
s ¼ 10 are shown in Fig. 5. For a regular fluid f� ¼ 0ð Þ, the isotherm lines are distributed in the entire
cavity and condensed near the heat flux. As buoyancy-driven parameter escalates, the isotherm lines are
condensed and squeezed together near the heat flux wall of the enclosure especially at RaT ¼ 106 which

Figure 5: The isotherms for Fe3O4-H2O nanofluid at f ¼ 0, 0.05, 0.1 when Pr ¼ 6.84,
RaT ¼ 106, RaC ¼ 104, Ha ¼ 10, D� ¼ 0:5, H� ¼ 0:4, c ¼ 30�, dp ¼ 10 nm, n ¼ 3 and s ¼ 10
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is an indication of a high level of convection. Adding nanoparticles to a regular fluid reduces the temperature
rate which is an indication of enhanced performance of cavity cooling. At RaT ¼ 105, as nanoparticles
volume fraction intensifies, the isotherm lines become parallel to each other and become parabolic in
shape at heat flux which signposts that conduction is the dominant mode of heat transfer. The influences
of varying RaT and f� on isoconcentrations loop when Pr ¼ 6:84, RaT ¼ 106, RaC ¼ 104, Ha ¼ 10,
D� ¼ 0:5, H� ¼ 0:4, c ¼ 30�, n ¼ 3, dp ¼ 10 nm and s ¼ 10 are exhibited in Fig. 6. Remarkably, the
loops of isoconcentrations have similar behavior of streamlines but their appearances are skinny and
feeble due to the advanced Brownian diffusion. Also, levels of isoconcentrations, as well as their loops,
are distributed in the entire domain of the enclosure and condensed on the cooled and adiabatic wall
where temperatures are low due to thermophoresis phenomenon which intensifies buoyancy-driven force
and concentrations of nanoparticles.

6.2 The Effects of Sloped Magnetic Field
Effects of magnetic field Hað Þ on the flow, thermal and concentration fields when Pr ¼ 6:84, RaT ¼ 106,

RaC ¼ 104, H� ¼ 0:4, D� ¼ 0:5, f� ¼ 0:1, c ¼ 30�, n ¼ 3, dp ¼ 10 nm and s ¼ 10 are demonstrated in
Fig. 7. For Ha ¼ 0, i.e., in the absence of an applied magnetic field, the streamlines are divided into two
symmetrical vortices with an opposite direction of motion. Furthermore, the isotherm lines are squeezed
close to the heat flux taking a mushroom pattern with strong convection when Ha ¼ 0. While Ha is

Figure 6: The isoconcentrations for Fe3O4-H2O nanofluid at f ¼ 0, 0.05 and 0.1 when Pr ¼ 6:84,
RaT ¼ 106, RaC ¼ 104, Ha ¼ 10, D� ¼ 0:5, H� ¼ 0:4, c ¼ 30�, dp ¼ 10 nm, n ¼ 3 and s ¼ 10
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increased, the convection flow is affected by the magnetic field. The maximum surface velocity falls with the
increase ofHa caused by the Lorentz force. Consequently, one bigger vortex rotates anticlockwise along with
a small vortex that appears at the bottom right corner of the cavity. As Hartmann’s number increases this
small vortex becomes bigger and rotates clockwise. This also intensifies the strength and density of the
streamlines.

Fig. 7 further reveals that a stronger magnetic field (Ha 
 30) forced the isotherm lines to become
almost parallel to each other and suppresses the convection currents. As expected, the isoconcentrations
loops become lean and delicate because of the higher Brownian diffusion.

Figure 7: The streamlines, isotherms and isoconcentrations for Fe3O4-H2O at Ha = 0, 10, 20, 30 and 40
when Pr ¼ 6:84, RaT ¼ 106, RaC ¼ 104, H� ¼ 0:4, D� ¼ 0:5, f� ¼ 0:1, c ¼ 30�, dp ¼ 10 nm, n ¼ 3
and s ¼ 10
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6.3 The Effects of Heat Flux Length
The effects of heat flux length H� = 0.2, 0.4, 0.6 and 0.8 on streamlines, isotherms and isoconcentrations

of nanofluid when Pr ¼ 6:84, RaT ¼ 106, RaC ¼ 104, Ha ¼ 10, D� ¼ 0:5, f� ¼ 0:1, c ¼ 30�, dp ¼ 10 nm,
n ¼ 3 and s ¼ 10 are depicted in Fig. 8.

As the heat flux length the fluid motion within the cavity also intensifies due to the enhancement of the
buoyancy force. Additionally, there appears a stronger anticlockwise circulation in streamlines within the
entire cavity when H� strengthens. As the length of heat flux H� upsurges, the generated amount of heat

Figure 8: The streamlines, isotherms and isoconcentrations for Fe3O4-H2O at H ¼ 0:2, 0:4, 0:6 and 0:8
when Pr ¼ 6:84, RaT ¼ 106, RaC ¼ 104, Ha ¼ 10, D� ¼ 0:5, f� ¼ 0:1, c ¼ 30�, dp ¼ 10 nm, n ¼ 3
and s ¼ 10
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escalates the isotherms intensity. On the other hand, the isoconcentrations loops distributed in the entire
enclosure become less condensed when heat source length increases.

6.4 The Effects of Heat Flux Location
The evolutions of streamlines, isotherms and isoconcentrations with different heat flux locations D� =

0.2, 0.3, 0.4 and 0.5 are displayed in Fig. 9 when Pr ¼ 6:84, RaT ¼ 106, RaC ¼ 104, Ha ¼ 10, H� ¼ 0:4,
f� ¼ 0:1, c ¼ 30�, dp ¼ 10 nm, n ¼ 3 and s ¼ 10. For streamlines, we detected a bigger vortex
circulating clockwise whereas two small vortices located at the left (top) and the right (bottom) corners of

Figure 9: The streamlines, isotherms and isoconcentrations for Fe3O4-H2O nanofluid at D� = 0.2, 0.3, 0.4
and 0.5 when Pr ¼ 6:84, RaT ¼ 106, RaC ¼ 104, Ha ¼ 10, H� ¼ 0:4, f� ¼ 0:1, c ¼ 30�, dp ¼ 10 nm,
n ¼ 3 and s ¼ 10
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the enclosure, circulating anticlockwise. The maximum surface velocity decreases as the heat flux shifts
toward the center of the cavity. The isotherm lines are affected by varying the heat flux location. The
temperature rate is decreased slowly as the heat source shifts toward the center of the cavity.

The effects of D� on the isoconcentrations are also quite noticeable. As D� increases, the inner shape of
the isoconcentrations loops changes from oblate to almost circular and the small vortices appear at corners,
top left and bottom right, vanish.

6.5 The Average Nusselt Number Varying Ha, H�, D�, f� and n
Fig. 10 exhibits the rate of heat transfer Nuaveð Þ in Fe3O4-H2O nanofluid for different values of the

Hartmann number Ha, heat flux length H�, heat flux location D� and particle shape n varying nanoparticles
loading f� when Pr ¼ 6:84, RaT ¼ 105, RaC ¼ 103, dp ¼ 10 and s ¼ 2. Figs. 10a–10c illustrate that for
a spherical shape nanoparticles, the Nuave declines with the escalation of Ha, H� and D� while it rises with
the increase of f�. In Fig. 10d, we demonstrates the variation of average Nusselt number considering
spherical, brick, cylindrical, platelet and blade shape Fe3O4 nanoparticles in water. This figure reveals that
irrespective of the nanoparticles loading, the highest average Nusselt number is found for the blade shape
nanoparticles and lowest for the spherical shape. It is significant that blade shape nanoparticles provide a
9.64% increase of the average Nusselt number as compared to the spherical shape.

Figure 10: The average Nusselt number Nuave for Fe3O4-H2O for different (a) f� andHa, (b) f� andH�, (c)
f� and D� (d) f� and n when Pr ¼ 6:84, RaT ¼ 105, RaC ¼ 103, c ¼ 30�, dp ¼ 10 nm, and s ¼ 2

458 FDMP, 2020, vol.16, no.3



6.6 The Average Nusselt Number for Different Nanofluids
The average Nusselt numbers for 12 types of nanofluids considering water (H2O), kerosene (Ke) and

engine oil (EO) as regular fluids utilizing magnetic nanoparticles called ferrite (Fe3O4), Mn-Zn ferrite
(Mn-ZnFe2O4), cobalt ferrite (CoFe2O4) and silicon dioxide (SiO2) are depicted in Fig. 11. From the
comparative analysis, we found that kerosene-based nanofluids provide the highest rate of heat transfer.
Mn-Zn ferrite offers highest increase, 3.62% of the average Nusselt number compared to the SiO2

nanoparticles which provide the lowest rate of heat transfer among magnetic nanoparticles having
kerosene as base fluid at nanoparticles concentration level f� ¼ 0:05.

7 Conclusions

The unsteady buoyancy-driven heat transfer flow, in a square cavity energized by the heat flux at the
bottom of the lower edge of the cavity, using a nonhomogeneous dynamic model under the influence of a
sloping magnetic field, utilizing magnetic nanoparticles, has been simulated numerically. Comparisons are

Figure 11: The average Nusselt number for (a) water, (b) engine oil, (c) kerosene with different
nanoparticles when Pr ¼ 6:84, RaT ¼ 105, RaC ¼ 103, Ha ¼ 10, D� = 0.5, H� ¼ 0:2, c ¼ 30�,
dp ¼ 10 nm, n ¼ 3 and s ¼ 2

FDMP, 2020, vol.16, no.3 459



made between current outcomes with the earlier published data and very good agreement is achieved. Influences
of numerous model parameters especially the thermal Rayleigh number, the Hartmann number, the heat flux
length, the heat flux location, the solid volume fraction and nanoparticles shape on the flow, thermal and
concentration fields have been studied numerically. Our simulations have led the following major conclusions:

� The flow, thermal and concentration fields are modified remarkably with the increase of the thermal Rayleigh
number, Hartmann number, heat flux length and position, and the nanoparticle loading.

� The heat transfer rate Nuave decreases with the increase of Ha, H�, D� and f�.
� Kerosene based nanofluids noticeably provide the highest rate of heat transfer, a 4.33% increase compared
to the engine oil which provides the lowest rate.

� Mn-Zn ferrite-Ke shows the highest heat transfer rate among magnetic nanofluids. It gives a 3.62% increase
compared to the SiO2-Ke; which provides the lowest heat transfer rate.

� Blade, platelet, cylinder and brick shape nanoparticles provides almost 10%, 5.8%, 3.9%, and 1.6%, respectively,
an increase in the average Nusselt number compared to the spherical shape.
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