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Abstract: The intensity non-stationarity is one of the most important features of
earthquake records. Modeling of this feature is significant to the generation of arti-
ficial earthquake waves. Based on the theory of phase difference spectrum, an
intensity non-stationary envelope function with log-normal form is proposed.
Through a tremendous amount of earthquake records downloaded on Kik-net, a
parameter fitting procedure using the genetic algorithm is conducted to obtain
the value of model parameters under different magnitudes, epicenter distances
and site conditions. A numerical example is presented to describe the procedure
of generating fully non-stationary ground motions via spectral representation, and
the mean EPSD (evolutionary power spectral density) of simulated waves is
proved to agree well with the target EPSD. The results show that the proposed
model is capable of describing the intensity non-stationary features of ground
motions, and it can be used in structural anti-seismic analysis and ground motion
simulation.

Keywords: Intensity non-stationarity; parameter fitting; genetic algorithm; phase
difference spectrum; ground motion simulation

1 Introduction

With the development of earthquake engineering and the innovation of novel structure forms, it is
necessary to obtain a better understanding of these structures’ performance under seismic loads. It’s
preferable to conduct the time-history analysis, especially when the inelastic behavior of a structure is in-
negligible. Seismic inputs for the time history analysis are the records of ground motions, which can be
commonly obtained by selecting ground motions recorded during the past earthquake events based on the
site type, and epicenter distance, etc. Nevertheless, due to the complexity of geographical conditions and
the variety of design schemes, records of natural ground acceleration are far from enough, which makes it
an alternative to use synthesized earthquake waves by numerical methods.

There are mainly two types of stochastic ground motion models: one is ‘source-based’ models [1,2],
which considers the effect of fault rupture, propagation of seismic wave and local site of structure, and
the other is ‘site-based’ models [3,4], which are derived from the description of the ground motion for a
specific site by fitting to a recorded earthquake wave with known earthquake and site characteristics. The
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former one is a mixed model of deterministic and stochastic models and has to depends on seismological
principal when describing the fault breaking mechanism and seismic wave travel path. Therefore, the
model is favored by seismologists, but cannot be widely used in engineering due to the lack of
engineering data. The latter model does not rely on physical mechanisms of ground motions but
emphasizes on parameter fitting of the model based on ground motions recorded on specific sites with
known earthquake and site characteristics. The seismic waves synthesized based on site-based model and
the recorded earthquake waves are statistically similar. Furthermore, the correlation between model
parameters and the site characteristics can be obtained using suitable statistical methods, which can be
adopted to simulate ground motions on the specific sites.

It is a challenging issue for accurate modeling of non-stationary earthquake ground motions by site-
based models. Ohsaki [5] believed that the main sources of non-stationary characteristics of earthquake
waves are phase spectrum and firstly pointed out that the shape of the phase difference spectrum is
somehow similar to the envelope function of earthquake records. Researches have been carried out on
this interesting phenomenon. Zhao et al. [6,7] studied the statistical natures of the phase difference
spectrum and then established an empirical model from the perspective of seismology. It was revealed
that the phase difference spectrum has an impact on the SDOF response spectrum by changing the
shape of response time history. Cheng et al. [8] defined the concept of principal value for phase
difference spectrum and discussed the relationship between phase difference spectrum and the
distribution function of its principal value. Zhu et al. [9] analyzed the connection between the statistical
characteristics of phase difference spectrum and the magnitude and epicenter distance of earthquake
records. Jin et al. [10] proved that for a given earthquake record the amplitude of the phase difference
spectrum is directly proportional to the value of envelope function at a certain point of time. That is to
say, it’s applicable to generate intensity non-stationary records by altering the phase spectrum instead of
modulating the amplitude. Zhao et al. [11] pointed out the inner connection between phase difference
spectrum and velocity pulse. Thrainsson et al. [12] studied the probability distribution law of the phase
difference spectrum and then offered a formula to describe the patterns of its mean value and variance
from a statistical perspective.

Researches about the application of the phase difference spectrum have also been carried out widely.
Zhou [13] developed a method to simulate artificial seismic waves via the phase difference spectrum.
Tian et al. [14] combined FFT technology with a statistical phase difference spectrum model to generate
non-stationary seismic motion field. Yang et al. [15] researched the numerical characteristics of phase
difference spectrum and its connection with ground motion parameters. Based on their result a seismic
simulation method was also been proposed. Similar research has been conducted by Yi et al. [16] on the
generation of artificial seismic waves via the distribution law of phase angle and phase difference
spectrum. Li et al. [17] simulated multi-point earthquake excitations for engineering applications
according to the statistical characteristics of phase difference spectrum on different site conditions. Tan
et al. [18] analyzed the numerical characteristics of 67 strong motion records in the western part of China,
and then regenerated the seismic waves, which proved the feasibility of the earthquake generating method
based on the phase difference spectrum. Yang [19] generated fully non-stationary seismic waves on the
basis of the relationship between phase difference spectrum and intensity non-stationary characteristics.
Yang et al. [15,19,20] generated several artificial seismic waves according to the hypothesis about the
probability distribution of the phase difference spectrum.

The intensity non-stationarity is one of the most important features of earthquake waves, it reflects the
arrival time of mainshock and the variation of energy release. Hence, it’s necessary to gain a better
understanding of the non-stationary nature of earthquake waves and then describe it mathematically. Up
to present, the intensity non-stationary characteristic of an earthquake wave is often described by
envelope functions [21–24]. The accuracy of a model mainly depends on the value of parameters once
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the envelope function form has been determined. Significant efforts have been made to identify the
parameters, which also statistically reveal the nature of earthquake waves. Huo et al. [25] studied the
influence of magnitude, epicenter distance and site classification on the model parameters by a statistical
regression method. Similar research has been conducted by Qu et al. [26] to build a regression model of
earthquake intensity envelope function, which indicates that the thickness of soil where
microseismograph locate has an influence on the value of parameters.

Due to the limitation of strong earthquake observation techniques, however, the sample size of these
researches is not large enough, which makes the validation of parameters less than satisfactory.
Furthermore, most of the researches focus on the parameters’ ability to control envelope function shapes.
It is of equal importance to interpret the physical meanings of the parameters, so as to uncover the
characteristics of earthquake waves statistically.

Through the analysis of a tremendous amount of natural earthquake records, an intensity non-stationary
envelope function with a log-normal distribution form is proposed. A phase difference method is used to
reveal the underlying relationship between intensity non-stationarity and phase difference spectrum of
earthquake waves. The phase difference method also provides a unique perspective to consider the
intensity non-stationarity of earthquake waves, which improves the spectral representation method by
predetermining the phase distribution. Modulating the Clough-Penzien spectrum with the proposed
intensity non-stationary envelope function, a fully non-stationary model is obtained. In the last section, a
numerical example is provided to simulate artificial waves by spectral representation, and the mean
EPSDs of simulated waves are proved to be identical with the target EPSD.

1.1 Fully Non-Stationary Seismic Ground-Motion Model Based on the Phase Difference Spectrum of

Ground-Motion
1.2 Phase Difference Spectrum

Given the above, owing to the similarity between the shape of the phase difference spectrum and
envelope function, the phase difference spectrum provides us a unique perspective to research the
intensity non-stationary characteristics of ground motions.

The Discrete Fourier Transform of time series is given by:

g tð Þ ¼ A0

2
þ
XN2 � 1

k¼1

Ak cos 2pfk tð Þ þ Bk sin 2pfk t½ � þ AN=2

2
cos 2pfN=2t
� �

¼ A0

2
þ
XN2 � 1

k¼1

Hk cos 2pfk t þ fkð Þ½ � þ AN=2

2
cos 2pfN tð Þ

(1)

where,

fk ¼ arctan
Bk

Ak

Hk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
k þ B2

k

q
where fk denotes the phase angle, and Hk denotes the amplitude. The phase difference is then defined as:
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Df¼fkþ1 � fk � 2pH fkþ1 � fk

� �
; k ¼ 1; 2; � � � ;N

2
� 2 (2)

where,

H xð Þ ¼ 0;x < 0
1;x � 0

�

H(x) is the Heaviside step function, which guarantees the value of phase difference restricted over the
range –2π ≤ Δf < 0. The frequency distribution of Δf is the so-called phase difference spectrum.

1.3 Intensity Non-Stationary Model
The analysis of selected earthquake records indicates that their phase difference spectra mainly obey the

logarithmic normal distribution. Hence, an intensity non-stationary envelope function (see in Fig. 1) is
proposed here (see Eq. (3)):

f tð Þ ¼ I0 � 1

rt
ffiffiffiffiffiffi
2p

p e
�

ln t � lð Þ2
2r2 (3)

E ¼ e
lþ

1

2
r2

V ¼ e2lþr2 er
2 � 1

� �
tp ¼ el�r2

(4)

where f(t) is a logarithmic normal distribution function multiplied by a factor I0. The logarithmic mean value
μ and the logarithmic standard deviation σ are two parameters controlling the shape of the envelope, while the
factor I0 adjusts the peak value of f(t) to 1. E and V are the arithmetic mean and the arithmetic variance
respectively. Because V controls the concentration of energy, so it will be mentioned as the shape
parameter in later sections. tp is the mode of the lognormal distribution function, which represents the
peak moment of the envelope.

Figure 1: Envelope function of earthquake record
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1.4 Fully Non-Stationary Model
Kanai-Tajimi spectrum is commonly used to generate artificial seismic waves, which however only

possess frequency non-stationary characteristic. But if modulate Kanai-Tajimi spectrum with the proposed
envelope function, evolutionary power spectral density (EPSD) [27,28] can be obtained, which possesses
time-frequency non-stationary characteristics. The spectral representation method can then be adopted to
generate fully non-stationary seismic waves.

Kanai-Tajimi spectrum is inapplicable for its zero-frequency component is non-zero, hence the power
spectral density suggested by Clough and Penzien is adopted here, which is then improved by Liu et al.
[29] to be compatible with the Chinese national code for seismic design of buildings [30].

Sa xð Þ ¼ 2S0

1þ 4f2g
x
xg

� 	2

1� x
xg

� 	2
 !2

þ 4&2g
x
xg

� 	2

x
xf

� 	4

1� x
xf

� 	2
 !2

þ 4f2f
x
xf

� 	2
(5)

The Clough-Penzien model passes the Kanai-Tajimi spectrum through a soil filter with parameters ωf

and ζf; ωg, ζg is the characteristic frequency and damping ratio; S0 is the intensity parameter, which can
be represented by

S0 ¼ a2max

r2 pwg 2fg þ
1

2fg

� 	
 � (6)

where the parameter amax is the peak acceleration corresponds to different design intensity, the recommended
values of amax can be seen in Tab. 2. The parameter r is the peak factor, the recommended values of r can be
seen in Tab. 1.

Tab. 1 shows the suggested model parameters for Clough and Peng model in several different soil types;
Parameter amax in Eq. (6) can be obtained according to Tab. 2.

The fully non-stationary model modulates the Eq. (5) with an envelope function f(t), hence the EPSD E
(ω,t) can then be described by Eq. (7).

E x; tð Þ ¼ f 2 tð ÞSa xð Þ (7)

where Sa(ω) is a power spectral density function described by Eq. (5), f(t) is a time-dependent envelope
function with lognormal form; I0 is a model parameter which adjusts the peak of envelope function to 1;

Table 1: Power spectral density parameters for 2nd design earthquake classification

Soil Type Spectral Parameters

ωg (rad/s) ζg (%) ωf (rad/s) ζf (%) r

I0 25.13 56 2.513 56 3.01

I1 20.94 64 2.094 64 2.97

II 15.71 72 1.571 72 2.83

III 11.42 80 1.142 80 2.75

IV 8.38 90 0.838 90 2.60
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μ and σ are logarithmic mean value and standard deviation which control the shape of the envelope function.
These model parameters will be analyzed through a statistical approach based on an earthquake databank and
then the recommended value will be provided.

2 Parameter Fitting Procedure

2.1 Ground Motion Databank
Kik-net (Kiban Kyoshin network) is a strong motion observation network built by Japan’s Nation

Research Institute for Earth Science and Disaster Prevention (NIED) in 1996. A tremendous amount of
119101 groups of earthquake records have been downloaded from the Data Management Center of NIED.
Each group includes six records represent three different directions on the base rock and soil layer respectively.

2.2 Selection and Classification
According to the theory of mean shear wave velocity [30], site conditions of where the stations locate are

divided into four types (see in Tab. 3). For the purpose of studying the intensity non-stationary property of

Table 2: Earthquake peak acceleration amax

Frequency Earthquake Intensity

VI VII VIII IX

Frequent 18 35 (55) 70 (110) 140

Occasional 50 100 (150) 200 (300) 400

Rare 125 220 (310) 400 (510) 620

Table 3: Detailed information about stations

Station Latitude Longitude Depth (m) Mean shear wave velocity
(m/s)

Site condition

ABSH01 44.53 142.84 100 180.00 I

AICH05 34.89 136.88 401 103.68 III

AKTH01 39.81 140.58 100 375.96 II

AOMH01 41.53 140.91 100 156.36 II

CHBH06 35.72 140.50 180 103.75 IV

EHMH01 33.06 132.56 100 420.00 II

FKIH01 36.10 136.36 100 150.00 II

FKOH01 33.88 130.98 200 303.14 II

FKSH01 37.76 139.72 100 240.00 II

GIFH03 35.63 136.61 100 303.04 II

GNMH06 36.24 139.54 1203 0.00 IV

HDKH01 42.70 142.23 100 264.71 II

HRSH01 34.37 133.02 205 180.00 II

HYGH01 34.29 134.79 102 318.02 II

HYMH01 42.49 139.97 112 195.56 II
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earthquake waves, the comparatively stationary records are excluded from the database with 3475 groups
(20850 in total) of records remaining for further study, see in Fig. 2. Three levels of magnitude and
epicenter distance are defined to better classify the earthquake records (see Tab. 4).

2.3 Genetic Algorithm
A genetic algorithm (GA) is a metaheuristic inspired by the process of natural selection that belongs to

the larger class of evolutionary algorithms (EA). Genetic algorithms are commonly used to generate high-
quality solutions to optimization and search problems by relying on bio-inspired operators such as
mutation, crossover, and selection [31].

Figure 2: Distribution of magnitude and epicenter distance. (a) Site condition type I. (b) Site condition type
II. (c) Site condition type III. (d) Site condition type IV

Table 4: Earthquake classification

M ≤ 4.2 4.2 < M ≤ 6.0 M > 6.0 Total

R ≤ 65 1208 522 35 1765

65 < R ≤ 200 319 1062 227 1608

R > 200 0 26 76 102

Total 1527 1610 338 3475
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The detailed parameter fitting procedure using the genetic algorithm is as follows:

Step 1: Generate n pairs of values for parameter μ and σ randomly as the initial population. The
corresponding envelope functions can thereby be expressed as:

fi tð Þ ¼ I0 � 1

rit
ffiffiffiffiffiffi
2p

p e
�

ln t � lið Þ2
2r2 ; i ¼ 1; 2; 3; � � � ; n (8)

where the value of I0 varies with μi and σi to ensure that the peak value of fi(t) equals exactly to 1.

Step 2: Instead of fitting the envelope obtained by connecting the extreme points, here we fitted the
normalized cumulative energy function HENVE and HTAR calculated by envelope function fi(t) and target
earthquake record respectively, see in Fig. 3. The maximum error can then be calculated by:

Ri ¼ max
HENVE � HTAR

HTAR
� 100%

� �
(9)

Ri can reflect the fitness of the selected values of parameters. H(t) is the normalized cumulative energy
function, which can be defined in Eq. (10).

H tð Þ ¼ E tð Þ
E Tð Þ ¼

R t
0 a

2 sð ÞdsR T
0 a2 sð Þds

(10)

where T stands for the total duration of target earthquake records. The purpose of this algorithm is to find a set
of values that minimize the maximum deviation function Ri.

Step 3 Select parents for reproduction based on their fitness, and then apply operators, including
crossover and mutation, to generate offspring.

Step 4 Repeat Step 1 to Step 3 until all the value of Ri is less than 10%, then the minimum values of μmin

and σmin are selected as the final value.

The parameters used in the genetic algorithm can be seen in Tab. 5.

A total of 20850 pairs of parameters have been determined from the procedure above. Their relationship
with magnitude and epicenter distance can readily be seen in Figs. 4 and 5. It’s quite obvious that the
parameter μ varies proportionally with magnitude M and epicenter distance R, while the relationship
between σ and M, and between σ and R is no so clear.

Figure 3: Fitting of the envelope function
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2.4 Regression Model of Parameters
In order to better describe the relationship among the parameters μ, σ, M and R, an attenuation model

[32] is introduced, as can be seen in Eq. (11).

ln Y ¼ c1 þ c2M þ c3 ln Rþ R0ð Þ þ e (11)

Table 5: Genetic algorithm parameters

Parameter Value

Population size 40

Maximum number
of generations

200

Chromosome length 20

Generation gap 0.95

Cross over probability 0.7

Mutation probability 0.01

Figure 4: Variation of l with magnitude and epicenter distance

Figure 5: Variation of r with magnitude and epicenter distance
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where Y can be either μ or σ; c1, c2, and c3 are unknown constants; R0 is the Epicenter distance; ε is the
random error. A regression fitting procedure has been conducted for model parameters according to
different site conditions. The principle is to minimize the value of J.

J ¼
XN
i¼1

wx DXð Þ2iþwy DYð Þ2i
h i

(12)

whereΔX and ΔYare the deviations in two horizontal directions;wx andwy are the weight coefficients, taken as 1.0
in this paper. The results of the regression are presented in Fig. 6. The detailed results are presented in Tab. 6.

Figure 6: Regression result of attenuation model

Table 6: Regression result of attenuation model

Site condition Direction Parameter μ Parameter σ

c1 c2 c3 σε
2 c1 c2 c3 σε

2

Bedrock EW1 0.2332 0.0217 0.0944 7.003 × 10–4 –0.8356 –0.0336 0.2800 1.125 × 10–2

NS1 0.2324 0.0218 0.0948 7.041 × 10–4 –0.8259 –0.0331 0.2734 1.133 × 10–2

UD1 0.2306 0.0228 0.0920 7.189 × 10–4 –0.8902 –0.0344 0.3542 1.206 × 10–2

Type I EW2 0.2525 0.0190 0.0906 7.668 × 10–4 –0.7389 –0.0293 0.2056 1.130 × 10–2

NS2 0.2566 0.0194 0.0875 7.750 × 10–4 –0.7366 –0.0310 0.2107 1.026 × 10–2

UD2 0.2547 0.0199 0.0839 8.445 × 10–4 –0.8234 –0.0280 0.2932 1.168 × 10–2

Type II EW2 0.2639 0.0197 0.0830 6.799 × 10–4 –0.8024 –0.0280 0.2377 1.009 × 10–2

NS2 0.2638 0.0200 0.0825 6.792 × 10–4 –0.7954 –0.0278 0.2332 9.932 × 10–3

UD2 0.2578 0.0207 0.0798 7.121 × 10–4 –0.9691 –0.0343 0.3840 9.291 × 10–3

Type III EW2 0.2594 0.0177 0.0972 4.885 × 10–4 –0.9320 –0.0175 0.2776 1.122 × 10–2

NS2 0.2586 0.0174 0.0985 4.694 × 10–4 –0.9579 –0.0183 0.2937 1.043 × 10–2

UD2 0.2461 0.0194 0.0957 5.626 × 10–4 –0.9672 –0.0199 0.3499 8.188 × 10–3

Type IV EW2 0.2440 0.0329 0.0678 4.121 × 10–4 –0.7016 –0.0378 0.2131 9.453 × 10–3

NS2 0.2485 0.0314 0.0687 4.286 × 10–4 –0.6716 –0.0467 0.2212 8.790 × 10–3

UD2 0.2339 0.0355 0.0617 4.165 × 10–4 –0.8115 –0.0426 0.3465 7.992 × 10–3
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3 Statistical Analysis

3.1 The Statistical Distribution of μ and σ
Through the above curve fitting procedure, several sets of parameters are identified from the earthquake

signals data bank. This section is about to analyze the value of μ and σ from a statistical perspective.

According to different site conditions, the Kolmogorove-Smirnov test was conducted and the results
showed that the parameter μ obeys Generalized Extreme Value Distribution (GEVD), of which the
probability density function has the form

fGEVD xjk1; a;bð Þ ¼ 1

b

� 	
exp � 1þ k1

x� að Þ
b


 � 1
k1

8><
>:

9>=
>; 1þ k1

x� að Þ
b


 ��1�
1

k1 (13)

where the k1, α, and β are model parameters. The analysis also indicates that the parameter σ obeys
Logarithmic Normal Distribution (LND)

fLND xjr1;l1ð Þ ¼ 1

r1x
ffiffiffiffiffiffi
2p

p exp � ln x� l1ð Þ2
2r21

" #
(14)

where the σ1 and μ1 are model parameters, and the subscript is applied for distinction. The detailed results can
be seen in Tab. 7.

For the purpose of engineering application, the recommended values of μ and σ are listed in Tabs. 8–11
according to three levels of M and R.

3.2 The Statistical Distribution of μ/σ
The above analysis considers μ and σ individually, but actually, these two parameters are not

independent. In order to further establish the relationship between μ and σ, a similar statistical analysis
procedure has been conducted to find out that the ratio of μ to σ obeys the Gamma Distribution (GD),
whose probability density function has the form:

fGD xja;bð Þ ¼ x a�1ð Þ�ae��x

� að Þ ; x > 0 (15)

where λ = 1/β; Γ(α) is the Gamma Function, which is defined as

� að Þ ¼
Z 1

0

ta�1

et
dt (16)

The model parameters α and β are obtained through a curve-fitting procedure. The results can be readily
seen in Tab. 12.

3.3 The Statistical Distribution of μ with tp Fixed
When tp is fixed, the correspondence relationship between the two model parameters can be described as:

r ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l� ln tp

p
(17)

Hence, once tp and σ are determined, μ can be calculated subsequently. The normalized envelope
function with tp equals to 15 s, 25 s, 30 s respectively are demonstrated in Fig. 7. The analysis indicates
that μ obeys Generalized Extreme Value Distribution. The fitted model parameters are presented in Tab. 13.
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Table 7: Regression result of GEVD and LND model parameters

Site condition Direction GEVD model parameters LND model parameters

k1 α1 β1 μ1 σ1

Bedrock EW1 –0.0453 3.1012 0.2981 –1.0637 0.2681

NS1 –0.0453 3.1025 0.2993 –1.0645 0.2678

UD1 –0.0263 3.0822 0.2963 –0.8755 0.2916

EW2 –0.1042 3.1324 0.2912 –1.1116 0.2529

NS2 –0.1044 3.1335 0.2914 –1.1093 0.2492

UD2 –0.0651 3.0720 0.2827 –0.9149 0.2723

Type I EW2 –0.0738 3.1012 0.2838 –1.1192 0.2604

NS2 –0.0654 3.0996 0.2809 –1.1092 0.2505

UD2 –0.0538 3.0516 0.2781 –0.9205 0.2806

Type II EW2 –0.0768 3.1108 0.2861 –1.1138 0.2484

NS2 –0.0768 3.1123 0.2871 –1.1145 0.2460

UD2 –0.0391 3.0530 0.2778 –0.9303 0.2709

Type III EW2 –0.2115 3.2565 0.3183 –1.1179 0.2795

NS2 –0.2200 3.2597 0.3188 –1.1163 0.2762

UD2 –0.1536 3.1819 0.3138 –0.9082 0.2722

Type IV EW2 –0.1355 3.1900 0.2553 –1.0735 0.2351

NS2 –0.1348 3.1882 0.2514 –1.0604 0.2289

UD2 –0.1459 3.1160 0.2550 –0.7961 0.2390

Table 8: Recommended values of μ and σ for bedrock

R(km) Direction Bedrock

0 < M ≤ 4.2 4.2 < M ≤ 6 M > 6

μ σ μ σ μ σ

0 < R ≤ 65 Horizontal 2.886 0.323 3.111 0.283 3.410 0.245

Vertical 2.861 0.374 3.023 0.326 3.401 0.282

65 < R ≤ 200 Horizontal 3.232 0.450 3.420 0.394 3.801 0.340

Vertical 3.201 0.572 3.372 0.498 3.797 0.428

R > 200 Horizontal 3.244 0.551 3.511 0.482 4.049 0.416

Vertical 3.224 0.741 3.424 0.645 4.009 0.555
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3.4 The Statistical Distribution of σ with V Fixed
The arithmetic variance V represents the level of energy concentration. When V is fixed, model

parameters μ and σ are constrained by some relation in this form.

Table 9: Recommended values of μ and σ for 0 < M ≤ 4.2

R(km) Direction 0 < M ≤ 4.2

Type I Type II Type III Type IV

μ σ μ σ μ σ μ σ

0 < R ≤ 65 Horizontal 2.919 0.316 2.943 0.311 3.014 0.290 3.121 0.334

Vertical 2.876 0.363 2.893 0.351 2.944 0.346 3.051 0.410

65 < R ≤ 200 Horizontal 3.248 0.406 3.324 0.412 3.383 0.407 3.528 0.426

Vertical 3.201 0.516 3.271 0.553 3.321 0.523 3.445 0.604

R > 200 Horizontal 3.266 0.472 3.398 0.478 3.565 0.474 3.740 0.474

Vertical 3.220 0.640 3.344 0.706 3.504 0.631 3.649 0.718

Table 10: Recommended values of μ and σ for 4.2 < M ≤ 6

R(km) Direction 4.2 < M ≤ 6

Type I Type II Type III Type IV

μ σ μ σ μ σ μ σ

0 < R ≤ 65 Horizontal 3.147 0.281 3.166 0.278 3.228 0.271 3.342 0.288

Vertical 3.113 0.326 3.121 0.305 3.176 0.320 3.294 0.354

65 < R ≤ 200 Horizontal 3.501 0.360 3.583 0.368 3.624 0.379 3.708 0.368

Vertical 3.452 0.463 3.522 0.482 3.556 0.484 3.620 0.522

R > 200 Horizontal 3.637 0.420 3.711 0.427 3.818 0.442 3.932 0.410

Vertical 3.580 0.573 3.650 0.615 3.742 0.583 3.840 0.619

Table 11: Recommended values of μ and σ for M > 6

R (km) Direction M > 6

Type I Type II Type II Type IV

μ σ μ σ μ σ μ σ

0 < R ≤ 65 Horizontal 3.423 0.246 3.453 0.246 3.486 0.250 3.612 0.260

Vertical 3.395 0.288 3.418 0.263 3.457 0.293 3.589 0.319

65 < R ≤ 200 Horizontal 3.808 0.316 3.900 0.326 3.983 0.351 3.999 0.378

Vertical 3.764 0.409 3.838 0.415 3.931 0.444 3.966 0.470

R > 200 Horizontal 4.064 0.368 4.115 0.378 4.222 0.408 4.334 0.370

Vertical 4.012 0.507 4.053 0.529 4.163 0.535 4.226 0.559
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l ¼ 1

2
lnV � ln er

2 � 1
� �

� r2
h i

(18)

Hence, once the values of σ and V are obtained, μ can then be obtained. Fig. 8 displaces the normalized
envelope function with V equals to 30, 90, 150 respectively. The analysis shows that the parameter σ
conforms to the lognormal distribution.The fitted model parameters are presented in Tab. 14.

f xð Þ ¼ 1

r2
ffiffiffiffiffiffi
2p

p exp � ln x� l2ð Þ2
2r22

" #
; x > 0 (19)

4 Numerical Examples

In this section, a set of artificial earthquake waves will be generated via a numerical method. The related
parameters are demonstrated in Tab. 15.

Once the model parameters are determined, the uniformly modulated non-stationary stochastic process
can be generated by the spectral representation method [33,34].

x0 tð Þ ¼
ffiffiffi
2

p XN�1

n¼0

An cos xnt þ ’nð Þ (20)

Table 12: Regression result of GD model parameters

Site condition Direction GD model parameters

α β

Bedrock EW1 12.816 0.763

NS1 12.672 0.773

UD1 11.584 0.699

EW2 14.018 0.733

NS2 14.348 0.714

UD2 13.017 0.639

Type I EW2 12.014 0.859

NS2 12.868 0.792

UD2 10.894 0.769

Type II EW2 14.188 0.721

NS2 14.359 0.713

UD2 13.081 0.642

Type II EW2 15.308 0.696

NS2 15.964 0.666

UD2 16.587 0.510

Type IV EW2 15.753 0.632

NS2 15.937 0.616

UD2 16.143 0.456
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x tð Þ ¼ f tð Þx0 tð Þ ¼
ffiffiffi
2

p XN�1

n¼0

Bn cos xnt þ ’nð Þ (21)

where

An ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Sa xð ÞDx

p
;xn ¼ nDx;Dx ¼ xu=N

Bn ¼ f tð ÞAn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2f 2 tð ÞSa xð ÞDx

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2E x; tð ÞDx

p

Table 13: Fitting of parameter μ with tp fixed

Direction tp sð Þ Minimum Maximum GEVD model parameters

k2 α2 β2
EW1 15 2.7037 3.2729 –0.0298 2.8346 0.0697

25 3.2318 3.7141 0.0768 3.2876 0.0380

30 3.3854 3.8558 0.0643 3.4764 0.0543

NS1 15 2.6863 3.2325 –0.0663 2.8395 0.0706

25 3.2268 3.4798 –0.1116 3.2906 0.0375

30 3.3663 3.8121 0.0229 3.4741 0.0547

UD1 15 2.6965 3.4007 –0.0140 2.8539 0.0829

25 3.2234 3.6291 –0.0562 3.3352 0.0592

30 3.4080 4.1272 0.0541 3.5392 0.0863

EW2 15 2.7067 3.0957 –0.0792 2.8271 0.0579

25 3.2235 3.7132 0.0869 3.2848 0.0389

30 3.3690 3.9114 0.0043 3.4662 0.0526

NS2 15 2.7177 3.1539 –0.0782 2.8276 0.0599

25 3.2180 3.6531 0.0076 3.2872 0.0363

30 3.3856 3.7881 –0.0247 3.4671 0.0516

UD2 15 2.7263 3.2676 –0.0468 2.8554 0.0780

25 3.2550 3.7384 0.1375 3.3273 0.0494

30 3.3853 4.0190 –0.0317 3.5326 0.0791

Figure 7: Normalized envelope function with tp equals 15 s, 25 s, 30 s

CMES, 2020, vol.124, no.1 279



φn are random phase angles uniformly distributed in the range of [0, 2π]; Sa(ω) is the power spectral
density function of ground motions defined in Eq. (5); E(ω,t) = f2(t)Sa(ω) is the target evolutionary PSD
function; ωu is the cut off frequency; x0(t) is a stationary random process with power spectral density
function Sa(ω); x(t) is the so-called uniformly modulated non-stationary stochastic process, one of the
sample processes is demonstrated in Fig. 9.

A total of 300 ground motions have been generated by the spectral representation method, and the
Spanos-Tratskas method [27] is adopted here to estimate the evolutionary PSD of simulated ground
motions. The result demonstrated in Fig. 10 shows that the EPSDs of simulated ground motions are

Table 14: Fitting of parameter σ with V fixed

Direction V Minimum Maximum LND model parameters

μ2 σ2
EW1 30 0.1664 0.4409 –1.2694 0.1949

90 0.1899 0.5165 –1.0795 0.2088

150 0.1308 0.8009 –0.8665 0.2253

NS1 30 0.1675 0.4301 –1.2641 0.1959

90 0.2004 0.5155 –1.0900 0.2137

150 0.1350 0.7583 –0.8623 0.2221

UD1 30 0.1694 0.5020 –1.1934 0.1796

90 0.2115 0.5542 –1.0007 0.2013

150 0.1403 0.9652 –0.7037 0.2264

EW2 30 0.1603 0.4078 –1.2896 0.1901

90 0.2017 0.4888 –1.1193 0.2062

150 0.1369 0.7647 –0.9204 0.2106

NS2 30 0.1577 0.4220 –1.2880 0.1903

90 0.1975 0.5127 –1.1137 0.2067

150 0.1401 0.6934 –0.9244 0.2056

UD2 30 0.1837 0.4671 –1.1879 0.1742

90 0.2262 0.5715 –1.0169 0.1945

150 0.1542 0.8273 –0.7355 0.2099

Figure 8: Normalized envelope function with V equals 30, 90, 150
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identical to the target EPSD, then it’s feasible to conduct structural analysis through these artificial
motions. The detailed ground motion parameters are presented in Tab. 16, where PGA, PGV, PGD
denote the peak ground acceleration, velocity, and displacement respectively; RMSA, RMSV, RMSD
denotes the root mean acceleration, velocity, and displacement respectively. Fig. 11 shows the

Table 15: Model parameters

Parameters Site condition Magnitude Epicenter distance μ σ

Value II 7 100 km 3.9 0.326

Figure 9: One sample of simulated ground motions

Figure 10: Comparison of target and estimated evolutionary PSD (a) Target evolutionary PSD. (b)
Estimated mean evolutionary PSD. (c) Comparison of target and mean at t = 24 s. (c) Comparison of
target and mean at t = 48 s
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probabilistic linear-elastic response spectrum of simulated ground motions with a damping ratio of 5%.
The maximum and minimum response curve, and response curve with exceeding probability of 50%
and 80% are plotted respectively.

Table 16: Ground motion parameters

Parameters Mean Standard Deviation Maximum Minimum

PGA (cm/s2) 1355.922709 132.0516618 1776.902262 1076.786281

PGV (cm/s) 140.3105767 18.0974221 203.8782045 102.2929215

PGD (cm) 68.07462523 11.08756479 106.9793332 41.46906872

PGV/PGA (s) 0.104492687 0.017157859 0.169346413 0.065317307

PGD/PGA (s–1) 0.050687016 0.00971377 0.093510179 0.02860505

RMSA (cm/s2) 821.5528871 35.61216812 999.5740057 722.3285762

RMSV (cm/s) 35.9469438 1.864632138 42.39996376 31.40394206

RMSD (cm) 8.039153976 0.783289769 10.30511341 6.048760048

Figure 11: Probabilistic linear-elastic response spectrum with damping ration of 5%. (a) Probabilistic
acceleration spectra. (b) Probabilistic velocity spectra. (c) Probabilistic displacement spectra
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5 Conclusion

Using the genetic algorithm, the parameters of the proposed non-stationary envelope function with
lognormal form can be obtained based on a group of 3475 earthquake records. By statistical analysis of
the obtained parameters, several important conclusions can be concluded as followers:

(1) The model parameter μ increases with the magnitude and epicenter distance, which means that the
peak moment of earthquake records arrives later with the increment of magnitude and epicenter
distance. However, there is no obvious relationship between the model parameters and
earthquake parameters, which means that the earthquake magnitude and epicenter distance have
almost no effect on the shape of the envelope function.

(2) The model parameter μ and σ obeys generalized extreme value distribution and logarithmic normal
distribution respectively, while The ratio μ/σ is subject to Gamma distribution. For the convenience
of engineering application, the recommended value of μ and σ corresponding to particular
magnitudes and epicenter distances are also presented in the paper.

(3) The Clough-Penzien spectrum was modified by the proposed intensity non-stationary envelope
function to generate a time-variant evolutionary power spectral density. Using spectrum
representation, 300 spectrum-compatible artificial ground motions are generated, and the
numerical results showed that the mean EPSD of the generated ground motions are consistent
with the target EPSD.
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