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Abstract: Downburst event is identified as a major cause to failure of transmis-
sion lines in non-coastal regions. In this paper, a novel nonlinear analytical frame
for quasi-static buffeting responses of hinged and multi-span insulator-line sys-
tems are derived based on the theory of cable structure. The closed-form solutions
are presented and applied to predict nonlinear response including displacements
and other reactions of the system subjected to a moving downburst wind in a case
study. Accuracy and efficiency of the derived analytical frame are validated via
comparisons with results from finite element method.
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1 Introduction

Transmission line systems are typical wind-sensitive structures. In non-coastal regions, downburst
events are identified as major causes to failures of transmission lines. Since transmission line systems are
generally hundreds of kilometers long, the downburst events, although occurring locally, are quite
common threats to integrity of these wind-sensitive structures [1–3]. Therefore, it is necessary to study
strong buffeting responses of the lines-insulator system under downburst.

Unlike synoptic winds, challenges in analyzing the transmission line subjected to downburst arise from
nature of such wind, which features highly localized intensity like a thunderstorm. Downburst winds are very
different from synoptic atmospheric boundary layer winds in terms of their unique wind speed profile
including rapidly varying speed in time domain and strongly correlated wind fluctuations in spatial
domain [4–8]. Due to these intriguing complexities, characterizations of downburst-wind effects on
structures through numerical simulations and field observations are receiving more and more research
attentions [9–19].

Numerical simulations of wind load effects on line-insulator systems generally consist of two parts
including wind model and structural response. The wind model is supposed to apply excitations to
structures and should help us find a nonstationary velocity field of the wind, which can be generated by
empirical mathematical models or computational fluid dynamic (CFD) models of tornado and microburst.

This work is licensed under a Creative Commons Attribution 4.0 International License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original
work is properly cited.

Computer Modeling in Engineering & Sciences
DOI:10.32604/cmes.2020.09118

Article

echT PressScience

http://dx.doi.org/10.32604/cmes.2020.09118
http://dx.doi.org/10.32604/cmes.2020.09118


The following structural response is often treated as a quasi-static process and can be handled by finite element
method (FEM) analysis. Within such framework, many numerical studies have been conducted to examine
effects of downburst parameters on wind-induced vibrational responses of lines. The parameters involve
inject scale, intensity and moving path in time domain [20–26]. Aboshosha et al. [27,28] Also, a semi-
closed form solution to analyze displacement and reactions of line-insulator systems has been developed.

Experimental investigations to study the downburst effect on multi-span transmission line systems are
more straightforward with aeroelastic wind tunnel test and are used as benchmarks for numerical simulations.
A four-span transmission line system is tested and the time-varying mean responses from numerical models
show good agreement with this testing [29,30].

Numerical simulation and wind tunnel testing both reveal that the dynamic responses of transmission line
systems depend on background component of downburst, whereas the resonant component seems negligible,
mainly due to aerodynamic damping of the lines. The maximum peak transverse reactions transmitted from
lines to support tower are dominated by the mean component and background component. Accordingly, the
quasi-static treatment is sufficient in assessing the effect of turbulence of non-synoptic wind. Similar results
are also found in behaviors of lines under strong synoptic wind loads [31–33].

In view of above findings, we claim that quasi-static analysis is a proper approach to assess dynamic
responses of transmission line systems subjected to downburst loading. We note that the above downburst
studies focus on numerical simulations or wind-tunnel testing, while theoretical methods are lacking. Irvine
derived a closed-form solution for behaviors of elastic catenary under in-plan distributed and concentrated
static loads. Based on these, Wang et al. [34,35] gave a closed-form solution in time and frequency domain
to long-span line with joint supports under nonstationary and stationary wind. This solution finds nonlinear
static responses to uniform and arbitrary distribution of mean wind load, as well as fluctuation responses to
strong non-synoptic or synoptic wind. This solution neglects flexibility of insulators which connects multi-
span lines for simplification, which could make an underestimation of longitudinal tension. Consequently, to
provide a more accurate prediction of structural responses, we develop a more comprehensive closed-form
solution with considerations involving behaviors of the insulators.

In this paper, based on theoretical analysis of hinged cable structures, wind-induced vibrations of
insulators and their effects on multi-span transmission lines are investigated. A non-linear analytical
framework for quasi-static responses of multi-span transmission-line system subjected to moving
downburst is established step by step. We start with single and double-span hinged transmission line and
extend the solution to double-span insulator-line system as well as multi-span insulator transmission line
system. Results from a case study employing the proposed analytical framework and non-linear FEM are
compared for validation.

2 The Analytical Framework of Wind-Induced Quasi-Static Response of Lines under Downburst

2.1 Single-Span Hinged Transmission Line
A horizontal transmission line hinged on both supports at a same level is considered. The structure is

modeled as a flat-sag suspended cable with a length of L and a sag-to-span ratio of 1/30. Initial
configuration of the line under its uniform gravity mg and a horizontal tension H0 is denoted as y0 xð Þ,
which is in the form of a quadratic function with an initial sag d:

y0 xð Þ ¼ mg

2H0
xðL� xÞ (1)

d0 ¼ mgL2

8H0
(2)
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The mean wind speed perpendicular to the line is the most unfavorable wind direction. The mean drag
force per unit length of the line is given by:

fD x; tð Þ ¼ 1

2
qV x; tð Þ2DCD (3)

where q is air density, �V is mean time-varying wind speed, CD is static drag coefficient andD is cross-section
diameter of the line. Under static wind load, the line profile y0(x) changes to a new static equilibrium state y(x)
with along wind (horizontal) and crosswind (vertical) static displacements w(x) and v(x) respectively, as
shown in Fig. 1. The longitudinal tension and the sag under mean wind load are denoted as H and d. The
nonlinear equations of motion of the system under both static wind load and weight are expressed by [36]:

HðtÞ d
2ðy0 þ vðx; tÞÞ

dx2
¼ �mg (4)

H tð Þ d
2w x; tð Þ
dx2

¼ �fD x; tð Þ (5)

The compatibility condition equation of the line leads to:

HðtÞ � H0ð ÞLe
EA

¼
Z L

0

du x; tð Þ
dx

þ dy0
dx

dv x; tð Þ
dx

þ 1

2

dv x; tð Þ
dx

� �2

þ 1

2

dw x; tð Þ
dx

� �2
 !

dx (6)

where �u is the static displacement along span-wise direction, E is Young’s modulus, A is the cross-section
area of the cable, Le is a virtual length of the cable defined by

Le ¼
Z L

0
1þ 1

2

dy0
dx

� �2
 !3=2

dx � L (7)

The solutions of Eqs. (5) and (6) can be obtained readily by direct integrations considering the boundary
conditions:

Figure 1: Cable profiles under gravity and wind load
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vðx; tÞ ¼ H0 � HðtÞð Þ
HðtÞ

mg

2H0
x L� xð Þ (8)

wðx; tÞ ¼ 1

HðtÞ
x

L

Z L

0

Z x

0
fDðx; tÞdx1ð Þdx2 �

Z x

0

Z x

0
fDðx; tÞdx1ð Þdx2

� �
(9)

where the boundary conditions for the hinged lines, are uð0; tÞ ¼ uðL; tÞ ¼ vð0; tÞ ¼ vðL; tÞ ¼ wð0; tÞ ¼ wðL; tÞ.
Substituting Eqs. (8) and (9) to Eq. (6) leads to a simplified compatibility condition Eq. (10) in the form of standard
cubic equation H tð Þ. The detailed derivation of Eq. (10) is given in Appendix A.

H3ðtÞ þ �H0 þ EAL2m2g2

24H2
0

� �
H2ðtÞ � EAL2q2ðtÞ

24
¼ 0 (10)

The time-varying quasi-static tension H(t) at each moment can be obtained by solving Eq. (10).
According to force balance equation of the whole transmission line system, the longitudinal reaction Tx,
the vertical reaction Ty and the lateral reaction Tz of the transmission line to the support are determined.

TxðtÞ ¼ HðtÞ
TyðtÞ ¼ �mgL

TzðtÞ ¼
R L
0 fDðx; tÞlTZ ðx; tÞdx

8<
: (11)

where lTZ ðx; tÞ ¼ 1� x=L is the influence function of Tz (t). It is noted that the Tz (t) as well as Ty (t) are
independent of the nonlinear wind-induced yaw status while the Tx (t) relies on the yaw status.

2.2 Double-Span Hinged Lines System
Configurations of double-span hinged lines are shown in Fig. 2, in which 1, 2 and 3 mark three hinged

supports. Within a similar analytical framework for each span line, the longitudinal reaction Tx1, Tx2, vertical
reaction Ty1, Ty2, as well as lateral reaction Tz1, Tz2 are obtained. By superposition, the forces Tx, Ty and Tz of
the middle support of the double-span lines are obtained:

TxðtÞ ¼ H2ðtÞ � H1ðtÞ
TyðtÞ ¼ �mgL

TzðtÞ ¼
R L
�L fDðx; tÞlTZ ðx; tÞdx

8<
: (12)

where lTZ x; tð Þ is an influence function of Tz (t).

lTZ ðx; tÞ ¼
1þ x=Lð�L � x < 0Þ
1� x=Lð0 � x � LÞ

�
(13)

Figure 2: Double-span hinged lines under wind load
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2.3 Double-Span Insulator-Line System
Configurations of double-span insulator-line system are shown in Fig. 3. The calculation of wind-induced

vibration of double-span suspended insulator-line under downburst is an extension of the previous discussion of
hinged support with considerations of displacements of insulator in three directions. Hence, the deformation
compatibility equation of hinged transmission line system should be modified to satisfy both force balance
and geometric displacement of insulators.

Supposing the length of the insulator is l, the coordinate system is established with O as the origin, as
shown in Fig. 4. When there is no wind load, the insulator is a line object described by OP0. After wind load
is applied, the double-span lines are subjected to a non-axisymmetric distribution of wind loads, the lower
end of the insulator moves from P0 to P under unbalanced tensions Tx, Ty and Tz. Then, the displacements of
lower end of insulators OPx, OPy and OPz are ux, uy and uz respectively, the projected lengths of OPx, OPy

and OPz on the coordinate axis become lx, ly and lz respectively, as shown in Fig. 4.

According to force balance and triangular similarity, it can be found that:

l2x þ l2y þ l2z ¼ l2 (14)

Tx : Ty : Tz ¼ lx : ly : lz (15)

The relationship between projected lengths and displacements of the lower end of the insulators are:

lx ¼ ux; lz ¼ uz; ly ¼ l � uy (16)

Eq. (20) can be represented as:

Figure 3: Double-span insulator-line system under wind load

Figure 4: Schematic diagram of stress analysis for lower end of insulator
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Tx
Tz

¼ ux
uz
;
Tx
Ty

¼ ux
ly

(17)

The relationships between lateral displacement uz and longitudinal displacement ux and between vertical
displacement uy and longitudinal displacement ux can be obtained by conversions (Eq. (18)).

uz ¼ ux
Tz
Tx

; uy ¼ l � ux
Ty
Tx

(18)

Thus, Eq. (17) can be represented as:

Txffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
y þ T2

z

q ¼ uxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2y þ u2z

q ¼ uxffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � u2x

p (19)

Let H1 be the horizontal tension of the first span transmission line and Tx1 be the longitudinal reaction
between the first span transmission line and the lower end of insulator. Because the displacement uz at the
lower end of insulator in Z direction is very small compared to the span of the entire transmission line,
there will be:

Tx1 ¼ H1 � Lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2z þ L2

p � H1 (20)

Similarly, Tx2 � H2 can be obtained. According to Eqs. (19) and (20), the longitudinal reaction of lines
on insulators is:

Tx ¼ H2 � H1 ¼
ux

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
y þ T 2

z

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � u2x

p (21)

Substituting Eq. (19) to Eq. (18) leads to:

uz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � u2x

1þ T 2
y =T

2
z

s
; uy ¼ l �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � u2x

1þ T2
z =T

2
y

s
(22)

The lateral reaction Tz of transmission line on insulator can be calculated from Eq. (12). When the
gravity of insulator is small, the vertical reaction Ty of transmission line on insulator can be approximated
by gravity G:

Ty ¼ �G ¼ �mgL (23)

Considering the offset of insulator, there is a longitudinal displacement ux at the right end of the first span
transmission line. The standard form of the compatibility condition of transmission line is simplified by Eq. (10).

H3
1 ðtÞ þ �H0 � EAux

L
þ EAL2m2g2

24H2
0

� �
H2

1 ðtÞ �
EAL2q21ðtÞ

24
¼ 0 (24)

where q1(t) has a same definition in Eq. (10). Similarly, the standard form of one-variable cubic equation for
the compatibility condition of the second-span transmission line can be obtained:

H3
2 ðtÞ þ �H0 � EAux

L
þ EAL2m2g2

24H2
0

� �
H2

2 ðtÞ �
EAL2q22ðtÞ

24
¼ 0 (25)
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where q2(t) has a same definition in Eq. (10). According to Eq. (25), a third relationship of H1, H2 and ux can
be obtained:

H2ðtÞ � H1ðtÞð Þ2 l2 � u2xðtÞ
� � ¼ u2xðtÞ T 2

y ðtÞ þ G2
� 	

(26)

After solving Eqs. (24)–(26), Tx, uz and uy are obtained according to Eqs. (21) and (22). By solving the
non-linear equations, the displacements of the lower end of the insulator can be obtained, and then the
horizontal tension of two spans can be obtained.

2.4 Multi-Span Insulator-Line System
The deformation of a multi-span insulator-line system under downburst wind is shown in Fig. 5.

Considering the compatibility between the deformation of line and insulators, similar to those of the
double-span insulator-line system, i.e., Eqs. (24) and (25), the nonlinear tension Hi (t) of the ith span of
n-multi-span insulator-line system can be determined by formula below.

Hi
3 tð Þ þ �H0 �

EA uxi � ux i�1ð Þ
� �

L
þ EAm2g2L2

24H2
0

� �
Hi

2 tð Þ � EAqi2 tð ÞL2
24

¼ 0 (27)

where i = 1, 2,…, n is the number of the span; ux0 = uxn = 0, ux(i-1) and uxi are displacements of left and right
insulators of the i-span line respectively. Similar to Eq. (26), the equilibrium of three dimensions forces of the
system can be expressed as:

Hiþ1 tð Þ � Hi tð Þð Þ2 l2 � uxi
2 tð Þ� �� uxi

2 tð Þ G2 þ Tyi tð Þ2
� 	

¼ 0 (28)

where G and Tyi tð Þ are obtainable from Eqs. (12) and (23).

Above analysis for the n-multi-span insulator-line system involve 2n - 1 nonlinear equations in total,
which includes n equations in the form of Eq. (27) and n - 1 equations in the form of Eq. (28),
corresponding to a total of 2n - 1 unknown variables including n unknowns from Hi and n - 1 unknowns
from uxi. An iteration scheme is applied to solve the equation set following the algorithm described in
Appendix B. Once all Hi and uxi are obtained, the longitudinal reaction Txi on the supports, as well as the
vertical displacement uyi and the lateral displacement uzi of the insulator can be obtained by Eqs. (21) and (22).

3 Case Analysis

3.1 Mathematical Model for Downburst
The static average downburst is generated by a mathematical model proposed by Holmes [1] and Wood

[10], which is later modified by Li [18]. Due to the dominance of horizontal component of mean velocity, the
vertical velocity components are neglected in this paper, as well as some existing studies on downburst, for a

Figure 5: Multiple-spanned line-insulator system under wind load
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reasonable simplification [3]. The influence of downburst parameters on wind field is comprehensively
considered in the model from Li. Accordingly, the wind speed at any point in the wind field can be
expressed as follows:

ur ¼ um � um;vsðzÞ � uRSðrÞ (29)

where ur is horizontal wind speed, um is maximum horizontal wind speed (45 m/s in this study), um,vs (z) is
vertical wind profile shape function of the maximum horizontal wind speed, uRS (r) is radial wind profile
shape function. The vertical wind profile shape function um,vs (z) and the radial wind profile shape
function uRS (r) of the Li model are expressed as:

um;vsðzÞ ¼ z

zum

� �c

ec 1�z=zumð Þ (30)

uRSðrÞ ¼
r=rm ðr � rmÞ
exp � r � rmð Þ=Rc½ �b
n o

ðr � rmÞ

(
(31)

where c = 0.159, zum = 0.0393Dj, Rc = 0.599rm, and b = 1.287. Considering the continuous variation of the
radial distance rm corresponding to the maximum horizontal wind speed at different altitudes Z in downburst
wind field, rm is expressed as a function of altitude.

rmðzÞ ¼ g� z

rmm
exp

1� z=rmmð Þ2v
2v

 !" #
Dj (32)

where g = 2.1, v = -0.0363, rmm = 0.0078Dj, Z is the height, and Dj is the diameter of downburst jet.

3.2 Finite Element Model for Lines
The transmission line is modeled in the finite element software ANSYS. The two ends of the line are

connected by hinges, and the middle connection is connected by insulators. The insulators are simulated
by MPC184 element and the lines are simulated by LINK10 pulling element.

Vector synthesis method is used to combine the static average wind speed of downburst with the moving
background wind speed to generate the time-varying average wind load acting on the lines system. The time
histories of fluctuations are simulated by the spectral representation method for the target spectrum, and then
are uniformly modulated by the magnitude of the time-varying average wind velocity to the non-stationary
fluctuations with the constant turbulence intensity 10%. Both the time step in the closed-form solution and
FEM are 0.2 s. After the superposition of the fluctuating wind speed and the time-varying average wind
speed, the total downburst wind acting on the moving transmission line system can be obtained.

In the case study, moving background wind velocity is set to 12 m/s, descending jet velocity of
downburst is 45 m/s with a diameter Dj = 900 m, and attack angle θ is set to 45°. Four-span insulator-
line system are simulated by the finite element method. Each span of line is L = 400 m, the length of
insulator is l = 4 m, and sag ratio f = L/30, as shown in Fig. 6. The initial distance between the centers of
the middle tower and the jet r0 is 3600 m.

3.3 Comparisons between Analytical Solution and Finite Element Method
3.3.1 Comparison of Wind-induced Vibration Responses of Double-Span Insulators and Double-Span

Hinged Lines
The longitudinal reaction Tx and lateral reaction Tz of transmission towers from cases with double-span

insulator-line system and double-span hinged lines are compared and shown in Fig. 7.
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Figure 6: Four-span insulator-line system under downburst
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Figure 7: Comparisons of the reaction of two systems to the support under downburst. (a) Longitudinal
reaction Tx under mean wind. (b) lateral reaction Tz under mean wind (c) Longitudinal reaction Tx under
full wind (d) lateral reaction Tz under full wind
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Figure 8: Longitudinal and lateral displacement of four-span insulator-line to Support. (a) Longitudinal
displacement ux under mean wind. (b) Longitudinal displacement ux under full wind. (c) Vertical
displacement uy under mean wind. (d) Vertical displacement uy under full wind. (e) lateral displacement
uz under mean wind. (f) lateral displacement uz under full wind
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It is found that the lateral reactions of the middle support under the two systems are similar and are not
affected by the connection mode. However, the longitudinal reaction of hinged connection is significantly
greater than that of insulator connection, showing that the longitudinal reactions are affected by the
connection mode. The reason is that the different wind load distributions will lead to unbalanced
longitudinal tension between two spans. When the insulators are connected, the motion of end of the
insulators will releases the unbalanced longitudinal reactions and subsequently reduces the longitudinal
load on transmission tower.

3.3.2 Four-Span Suspended Insulator Transmission Line System
The responses of the end support reaction and displacement of the four-span insulator-line system using

the theoretical frame mentioned in Chapter 2.4 are compared with those of the nonlinear finite element
method, as shown in Figs. 8 and 9.

In Fig. 8, it can be found that the time history of displacement response at the three insulator ends are
similar with a short delay only. When the downburst approaches the lines gradually (0~300 s), displacements
in three directions increase gradually and reaching the peak value. When center of the downburst passes
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Figure 9: Longitudinal and lateral reaction of four-span insulator-line to Support. (a) Longitudinal reaction
Tx under mean wind. (b) Longitudinal reaction Tx under full wind. (c) lateral reaction Tz under mean wind.
(d) lateral reaction Tz under full wind
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through the lines (t = 300 s), bottom displacement of insulators in three directions gradually decreases to 0.
After the downburst center leaves the lines (300~600 s), displacements gradually reach the maximum in
reverse direction, then begin to decrease.

Fig. 9 shows that the time history of reaction forces are similar with the displacement responses. Because
(i) the lateral reaction force Tz can be determined directly by the time-independent linear influence function,
as given in Eq. (17) and (ii) the fluctuation wind load are relatively smaller than the time-varying mean wind,
the differences of Tz under the mean wind and the full wind are insignificant. In terms of Tx, the peak values in
mean and full wind are largely different, corresponding to nonlinear characteristics of the system. Among the
three supports, the longitudinal reaction Tx1, at the 1st insulator in the moving-wind-ward direction, is the
largest one, almost half of the lateral reaction Tz1. The vertical tension Ty of insulators to towers largely
depends on gravity of lines in quasi-static analysis and it remains constant during the downburst process.
Therefore, it is not discussed here.

4 Conclusions

This study presents an analysis framework with closed-form formulations for estimating buffeting
responses of transmission lines under localized moving downburst wind excitation. The theoretical
solutions of the nonlinear quasi-static responses are derived for any arbitrary spatial and temporal
distribution of the non-synoptic wind load. The accuracy and validity of the analytical frame are
demonstrated by comparisons with a nonlinear finite element method. From the results, 3 concluding
remarks can be drawn.

1. The closed-form solution shows good agreement with results of the non-linear finite element method in
terms of both the lateral and longitudinal reactions as well as the displacements of lines and insulators.
Due to a large amount of nonlinear elements in the FEM model of multi-span insulator-line system,
the numerical simulation consumes more computational power than the proposed analytical
framework, which behaves more efficiently.

2. During the attack of the moving downburst, the lateral and longitudinal reactions and displacements of
insulators will increase firstly with the downburst approaching, then will decrease gradually and even
turn to an opposite direction when the downburst passes and leaves the system. Though, peak values
always occur during the approaching stage. Different responses between the time-varying-mean and
full wind cases show nonlinear features of the system.

3. As longitudinal sway of the insulators would release unbalanced tension found in the case of hinged
supports, connection with insulators will significantly reduce the longitudinal reaction of the lines
under downburst. Obviously, this effect will lead to a decrease in the longitudinal wind load action,
which might be attributed to the destruction of the transmission tower under localized and intensive
downburst wind.
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Appendix A. The Simplified Compatibility Condition Equation for the Hinged Lines under Arbitrary
Lateral Loading

When the two ends of the lines are hinged, the static displacement at the ends along span-wise direction,
i.e., �u x; tð Þ, is equal to zero and the first item in the right side of Eq. (6) equals zero too. After integrating by
parts and considering the static differential equation of the line under the gravity Hd2y0



dx2 ¼ �mg, the

second item in the right side of the Eq. (6) can be rewritten as:

ZL
0

dy0
dx

dv x; tð Þ
dx

dx ¼ �mg

H0

ZL
0

v x; tð Þdx (A1)

Substituting Eq. (8) into Eq. (A2) leads to:
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�mg

H0

ZL
0

v x; tð Þdx ¼ mgð Þ2 H0 � H tð Þð ÞL3
12H2

0H tð Þ (A2)

Substituting Eq. (8) into the third item in the right side of Eq. (6) gives:

1

2

ZL
0

dv x; tð Þ
dx

� �2

dx ¼ m2g2 H0 � H tð Þð Þ2L3
24H0

2H tð Þ2 (A3)

Substituting Eq. (9) into the forth item in the right side of Eq. (6) gives:

1

2

ZL
0

dw x; tð Þ
dx

� �2

dx ¼ L3f 2� tð Þ
24H tð Þ2 (A4)

where f 2� tð Þ can be considered as the equivalent uniform load for the arbitrary distribution load �fD x; tð Þ and it
is given as:

f 2� tð Þ ¼ 12

L3

ZL
0

ZL
0

fD x; tð Þ 1� x

L

� 	
dx1 �

Zx
0

fD x; tð Þdx1
2
4

3
5
2

dx2 (A5)

When fD x; tð Þ follows a uniform distribution along span, i.e., fD x; tð Þ ¼ fD tð Þ, we have f� tð Þ ¼ fD tð Þ.
Substitution of Eqs. (A2)–(A4) to Eq. (6) leads to the following Eq. (10), which can be used to determine
the horizontal tension H tð Þ:

H3 tð Þ þ �H0 þ EAL2m2g2

24H2
0

� �
H2 tð Þ � EAL2q2 tð Þ

24
¼ 0 (A6)

where the resultant forces is denoted by q tð Þ and can be expressed by:

q tð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mgð Þ2 þ f 2� tð Þ

q
(A7)

Appendix B. The Flow Chart of the Iteration Scheme Used to Solve the Nonlinear Equations of Hi and
uxi in Eqs. (28) and (29)

A quasi-Newton method, Broyden iteration method is employed to solve Eqs. (28) and (29) at time t,
formula of the iteration scheme are given below.

x kþ1ð Þ ¼ x kð Þ � A kð Þ�1
f x kð Þ
� 	

(B1)

where x is the unknown variable vector in the Eqs. (28) and (29).

x ¼ H1; . . .Hn; ux1; . . .ux n�1ð Þ
� �

2n�1
(B2)

At each time step t, the initial estimation of Hi and uxi can be obtained in previous time step t � Dt.

x 0ð Þ
t ¼ H1t�Dt ; . . .Hit�Dt ; ux1t�1 ; . . . uxit�Dt

� �
(B3)
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At time step t ¼ 0, assuming the center of the downburst is far away from the transmission lines system,
set the initial longitudinal tension of lines and displacements of insulator Hi ¼ H0 and uxi ¼ 0. f is a
nonlinear equation vector composed of Eqs. (28) and (29).

f ¼

H1
3
t þ �H0 � EA ux1t � ux0tð Þ

L
þ EAm2g2L2

24H2
0

� �
Hi

2
t �

EAqi2t L
2

24

..

.

Hn
3
t þ �H0 �

EA uxnt � ux n�1ð Þt
� 	

L
þ EAm2g2L2

24H2
0

0
@

1
AHi

2
t �

EAqi2t L
2

24

H2 tð Þ �H1 tð Þð Þ2 l2 � ux12 tð Þð Þ � ux12 tð Þ Ty1
2 tð Þ þ G2

� �
..
.

Hn tð Þ �Hn�1 tð Þð Þ2 l2 � uxn2 tð Þð Þ � uxn2 tð Þ Tyn
2 tð Þ þ G2

� �

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>;

2n�1

(B4)

A is denoted as the iteration matrix. It is given as:

A kþ1ð Þ ¼ A kð Þ þ q kð Þ � Akpk kð Þ� �
p kð Þ� �T

p kð Þ p kð Þð ÞT
ðk > 1Þ (B5)

where p kð Þ ¼ x kþ1ð Þ � x kð Þ, q kð Þ ¼ f kþ1ð Þ � f kð Þ. The initial A0 can be set as the first-order partial derivative
of f , i.e., A 0ð Þ ¼ f 0 x 0ð Þ� �

A 0ð Þ ¼ f 0 x 0ð Þ
� 	

¼

@f1
@H1

	 	 	 @f1
@Hn

@f1
@ux1

	 	 	 @f1
@ux n�1ð Þ

..

.

@f2n�1

@H1
	 	 	 @f2n�1

@Hn

@f2n�1

@ux1
	 	 	 @f2n�1

@uxn�1

2
666664

3
777775

2n�1ð Þ� 2n�1ð Þ

(B6)

The following flow chart, as shown in Fig. B1, illustrates an iteration at time step t in detail.

Figure B1: Flowchart of one iteration in the solution to the nonlinear equations
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