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Abstract: The present study is concerned with the physical behavior of the combined 
effect of nano particle material motion and heat generation/absorption due to the effect of 
different parameters involved in prescribed flow model. The formulation of the flow 
model is based on basic universal equations of conservation of momentum, energy and 
mass. The prescribed flow model is converted to non-dimensional form by using suitable 
scaling. The obtained transformed equations are solved numerically by using finite 
difference scheme. For the analysis of above said behavior the computed numerical data 
for fluid velocity, temperature profile, and mass concentration for several constraints that 
is mixed convection parameter λt , modified mixed convection parameter λc , Prandtl 
number Pr, heat generation/absorption parameter δ, Schmidt number Sc, thermophoresis 
parameter Nt, and thermophoretic coefficient k are sketched in graphical form. Numerical 
results for skin friction, heat transfer rate and the mass transfer rate are tabulated for 
various emerging physical parameters. It is reported that in enhancement in heat, 
generation boosts up the fluid temperature at some positions of the surface of the sphere. 
As heat absorption parameter is decreased temperature field increases at position X = π/4 
on the other hand, no alteration at other considered circumferential positions is noticed.  
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1 Introduction 
The phenomenon in which very small particles move away from the hot surface or come 
towards the cold surface due to the temperature gradient is known as thermophoretic 
motion or nano-particle material motion. Small particles such as dust particles when they 
are suspended in a gas that has a temperature gradient experience a force which is opposite 
to the direction of the temperature gradient, create what is called thermophoretic force. This 
phenomenon has diverse applications in nature and industry. In the current work, the main 
discussion is incorporated to the effect of nano-particle material motion
and heat generation/absorption on mixed convection flow across the surface of a sphere. 
Abbas et al. [Abbas and Ashraf (2020)] examined numerically the combined effects of 
thermophoretic transportation and mixed convection flow with the inclusion of variable 
viscosity around a sphere. Ashraf et al. [Ashraf, Chamkha, Iqbal et al. (2016)] proposed the 
model of convective flow over a magnetized surface by taking the effect of variable 
viscosity and temperature-dependent thermal conductivity. The effect of viscous dissipation 
on periodic mixed convection flow around a sphere has been simulated numerically by 
Ashraf et al. [Ashraf, Fatima and Gorla (2017)]. Later, the solutions for time-dependent 
shear stress and heat transfer rate around various points of sphere associated with the fluid 
dissipation have been demonstrated by [Ashraf and Fatima (2018)]. Later, Ashraf et al. 
[Ashraf, Khan and Gorla (2019)] presented nano-fluid heat transfer through natural 
convection around a sphere and in the plume region developed above the sphere. Variable 
density effects on oscillatory mixed convection flow of an electrically conducting fluid 
along the non-conducting circular cylinder have been discussed by [Ashraf and Ullah 
(2020)]. Fagbade et al. [Fagbade and Omoway (2016)] studied numerically the model of 
natural convection boundary layer flow over a stretching porous surface kept as an 
isothermal in the presence of the effect of heat generation/absorption, chemical reaction, 
and thermal radiation. Fang et al. [Fang, An, Yu et al. (2020)] carried out the numerical 
study of the unsteady heat transfer phenomena about different complex geometries by using 
isogoemetric boundary element method. Hayat et al. [Hayat, Waqas, Shehzad et al. (2016)] 
predicted the problem of mixed convection flow about stagnation point flow taking Powell-
Eyring fluid under the effect of heat generation/absorption, Newtonian heating, and thermal 
radiation. They predicted that a Prandtl number is increased temperature reduces and 
Nusslet number grows well. Kannan et al. [Kannan, Pullepu and Shehzad (2019)] 
considered the free convection boundary layer flow about a cone by considering the effect 
of thermal radiation, heat generation or absorption, magnetic field, and viscous dissipation. 
Authors solved the flow model by using the implicit finite difference method known as the 
Crank-Nicholson method and they concluded that fluid temperature is increased by 
increasing values of heat generation or absorption and increasing values of 𝑃𝑃𝑃𝑃 lead to 
decrease in the temperature profile. Khan et al. [Khan, Sardar and Hashim (2018)] focused 
on convective heat transfer and fluid flow mechanism by considering Carreau fluid in the 
presence of the thermal radiation and heat generation/absorption effects. Effects of heat 
source and thermal radiation on heat transfer and fluid flow phenomenon with the inclusion 
of stagnation point are investigated by Khan et al. [Khan, Wqasa, Hayat et al. (2018)]. 
Matvienko et al. [Matvienko and Bailvlova (2015)] carried out the analysis on combustion 
of a swirling motion of air and methane mixture in the presence of paraxial porous insert. 
Mehmood et al. [Mehmood, Hussain and Sagheer (2016)] explored the transient mixed 
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convection flow past inclined stretching surface by considering the impacts of non-uniform 
heat absorption and generation. They found that increasing values mixed convection 
parameter and inclination angles lead to an increase in velocity of the fluid. On the other 
hand, like thermal conductivity parameter and heat source/sink increase results in 
intensification I temperature profile. Oni [Oni (2017)] investigated the mixed convection 
flow in vertical annulus geometry embedded in a porous medium and determined the 
analytical solution of the governing model. They have taken the effect of thermal radiation; 
heat source and porosity factor the medium on the considered physical properties. The 
study of fluid flow and heat transfer phenomenon on the continuously stretching surface 
with the effect of the non-uniform heat sink, heat source, and thermal radiation has been 
presented by Pal [Pal (2011)]. Their findings show that the increasing value of transient 
parameter results in a decrease in thermal and momentum boundary layer thickness. In 
addition, the velocity and temperature of the fluid flow domain fall down gradually owing 
to an increase in suction and injection parameter. Pal et al. [Pal and Mandal (2015)] 
examined the mixed convection flow at the stagnation point over the shrinking and 
stretching surface fixed in a porous medium by considering nanofluids in the presence of 
viscous dissipation and heat generation effects.  It has been concluded from their findings 
that suction parameter causes to slow down the temperature and velocity profiles for the 
case of stretching surface and reverse behavior is seen for the case of the shrinking surface. 
Pop et al. [Pop, Grosan and Cornelia (2010)] studied numerically the phenomenon fully 
developed mixed convection flow through a vertical under the impact of heat which is 
generated by an exothermic chemical reaction. Shamshuddin et al. [Shamshuddin and 
Krishna (2019)] examined the unsteady flow problem of micropolar fluid along a vertical 
plate through porous medium with uniform plate velocity in the presence of heat generation 
and Joule heating effects. Umavathi et al. [Umavathi, Mallikarjun and Murthy (2013)] 
conducted the analysis on fully developed laminar combined forced and free convection 
accomplishing the effect of the magnetic field and heat generation or absorption. Yang et al. 
[Yang, Qian, Chu et al. (2017)] studied the rational bounds for error function and 
highlighted the approximated results. Yang et al. [Yang, Qian, Chu et al. (2018)] have 
given the idea of approximating error function.  
From the above thorough research survey, we have come to the conclusion that no one 
has given the attention to the study of combined effects of nano particle material motion 
and heat generation /absorption for mixed convection flow along the surface of a sphere. 
We have modeled the problem of mixed convection flow around a sphere in the presence 
of nano particle material motion and heat generation/absorption effects. The flow model 
is made dimensionless and then finite difference scheme is used for integration of 
differential equations. The mathematical modeling and solution procedure of the problem 
is presented in the next sections as below. 

2 Flow analysis 
Consider, incompressible, viscous, steady, laminar, and two-dimensional fluid flows 
across the surface of a sphere at different circumferential positions. For the exhibition of 
the interesting study, the coordinate system is selected in such a way that the space 
coordinate �̅�𝑥 is chosen along the surface of a sphere and 𝑦𝑦�-axis is taken vertically to �̅�𝑥-
axis. Here �̅�𝑥/𝑎𝑎 and �̅�𝑃(�̅�𝑥) denote the angle subtended at the center of the sphere and radial 
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distance from the symmetric axis to the surface of a sphere with 𝑎𝑎 designated as the 
radius of a sphere respectively. The temperature of the sphere surface is kept at 𝑇𝑇𝑤𝑤 and 
mass concentration is taken 𝐶𝐶𝑤𝑤. The ambient temperature and mass concentration of the 
fluid are symbolized by 𝑇𝑇∞ and 𝐶𝐶∞ with the condition  𝑇𝑇𝑤𝑤 > 𝑇𝑇∞  and  𝐶𝐶𝑤𝑤 > 𝐶𝐶∞. The flow 
configuration and coordinate system are presented in Fig. 1. The governing continuity, 
momentum, energy, and mass equations along with subjected boundary conditions are 
given as below: 

 

Figure 1: Coordinate system and flow configuration 

𝜕𝜕(sin𝑥𝑥 𝑢𝑢)
𝜕𝜕𝑥𝑥

+ 𝜕𝜕(sin𝑥𝑥 𝑣𝑣)
𝜕𝜕𝜕𝜕

= 0,                                                                                                  (1)                                                                                                                              

𝑢𝑢 𝜕𝜕𝑢𝑢
𝜕𝜕𝑥𝑥

+ 𝑣𝑣 𝜕𝜕𝑢𝑢
𝜕𝜕𝜕𝜕

= 𝜕𝜕2𝑢𝑢
𝜕𝜕𝜕𝜕2

+ 𝜆𝜆𝑡𝑡𝜃𝜃𝜃𝜃𝜃𝜃𝜃𝜃𝑥𝑥 + 𝜆𝜆𝑐𝑐𝜙𝜙𝜃𝜃𝜃𝜃𝜃𝜃𝑥𝑥,                                                             (2)                                                                                                                             

𝑢𝑢 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥

+ 𝑣𝑣 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 1
𝑃𝑃𝑃𝑃

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2

+ 𝛿𝛿𝜃𝜃 ,                                                                                           (3)                                                                                                                                      

 𝑢𝑢 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥

+ 𝑣𝑣 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 1
𝑆𝑆𝑐𝑐

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2

− 𝜕𝜕(𝑣𝑣𝑡𝑡𝜕𝜕)
𝜕𝜕𝜕𝜕

.                                                                           (4)                                                                                              

Here are some notations used like mixed convection parameter 𝜆𝜆𝑡𝑡 = 𝐺𝐺𝑃𝑃𝑡𝑡/𝑅𝑅𝑒𝑒2, modified 
mixed convection parameter 𝜆𝜆𝑐𝑐 = 𝐺𝐺𝑃𝑃𝑐𝑐/𝑅𝑅𝑒𝑒2, Grashof number 𝐺𝐺𝑃𝑃𝑡𝑡 = 𝑔𝑔 𝛽𝛽𝑡𝑡(𝑇𝑇 − 𝑇𝑇∞)𝑎𝑎3/𝜈𝜈2, 
modified Grashof number  𝐺𝐺𝑃𝑃𝑐𝑐 = 𝑔𝑔 𝛽𝛽𝑐𝑐(𝐶𝐶 − 𝐶𝐶∞)𝑎𝑎3/𝜈𝜈2 ,Reynolds number 𝑅𝑅𝑒𝑒 =  𝑈𝑈∞𝑎𝑎/𝜈𝜈 , 
Prandtl number, 𝑃𝑃𝑃𝑃 = 𝜈𝜈/𝛼𝛼, heat generation absorption parameter 𝛿𝛿 = 𝑄𝑄𝑜𝑜𝑎𝑎/𝜌𝜌𝑣𝑣𝑈𝑈∞ , and 
Schmidt number 𝑆𝑆𝑆𝑆 = 𝜈𝜈/𝐷𝐷𝑚𝑚 .  Here, we introduce thermophoretic or nano particle 
material velocity in Eq. (4), of the form given as below: 

𝑣𝑣𝑡𝑡 = − 𝑘𝑘
𝜕𝜕+𝑁𝑁𝑡𝑡

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 , 

Appropriate dimensionless forms of the boundary conditions are 



Computational Analysis of the Effect of Nano Particle Material                                  1813 

 

𝑢𝑢 = 0, 𝑣𝑣 = 0, 𝜃𝜃 = 1, 𝜙𝜙 = 1 at 𝑦𝑦 = 0, 

𝑢𝑢 → 1, 𝜃𝜃 → 0, 𝜙𝜙 → 0, as𝑦𝑦 → ∞.                                                                                      (5)                                                                                                       

3 Solution methodology  
Eqs. (1)-(5) are transformed into convenient form for integration by using the following 
the  transformation variables  

𝑢𝑢(𝑥𝑥,𝑦𝑦) = 𝑈𝑈(𝑋𝑋,𝑌𝑌), 𝑣𝑣(𝑥𝑥,𝑦𝑦) = 𝑥𝑥−
1
2𝑉𝑉(𝑋𝑋,𝑌𝑌),𝑌𝑌 = 𝑥𝑥−

1
2𝑦𝑦,𝑋𝑋 = 𝑥𝑥, 𝑣𝑣𝑡𝑡(𝑥𝑥,𝑦𝑦) =

 𝑥𝑥−
1
2𝑉𝑉𝑡𝑡(𝑋𝑋,𝑌𝑌),𝜃𝜃(𝑥𝑥,𝑦𝑦) = 𝑋𝑋−1θ(X, Y),𝜙𝜙(𝑥𝑥,𝑦𝑦) = 𝑋𝑋−1ϕ(X, Y).                                            (6)                                                                                                  

By using the above primitive variable formulation given in Eq. (6) the governing 
conservation Eqs. (1)-(5) to obtain the following form: 

𝑋𝑋𝑈𝑈 𝑆𝑆𝑐𝑐𝜃𝜃𝑋𝑋 + (𝑋𝑋 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
− 𝑌𝑌

2
𝜕𝜕𝜕𝜕
𝜕𝜕𝑌𝑌

+ 𝜕𝜕𝜕𝜕
𝜕𝜕𝑌𝑌

)𝜃𝜃𝜃𝜃𝜃𝜃𝑋𝑋 = 0,                                                                        (7)                                                                             

𝑋𝑋𝑈𝑈 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ �𝑉𝑉 − 𝑌𝑌𝜕𝜕
2
� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑌𝑌

= 𝜕𝜕2𝜕𝜕
𝜕𝜕𝑌𝑌2

+ 𝜆𝜆𝑡𝑡θ sinX + 𝜆𝜆𝑐𝑐ϕ sinX,                                                      (8)                                                                                                                                                

𝑋𝑋𝑈𝑈 𝜕𝜕θ
𝜕𝜕𝜕𝜕

+ �𝑉𝑉 − 𝑌𝑌𝜕𝜕
2
� 𝜕𝜕θ
𝜕𝜕𝑌𝑌
− 𝑈𝑈θ = 1

𝑃𝑃𝑃𝑃
𝜕𝜕2θ
𝜕𝜕𝑌𝑌2

+ 𝑋𝑋𝛿𝛿θ,                                                                   (9)                                                                                                                                                  

𝑋𝑋𝑈𝑈 𝜕𝜕ϕ
𝜕𝜕𝜕𝜕

+ �𝑉𝑉 − 𝑌𝑌𝜕𝜕
2
� 𝜕𝜕ϕ
𝜕𝜕𝑌𝑌
− 𝑈𝑈ϕ = 1

𝑆𝑆𝑐𝑐
𝜕𝜕2ϕ
𝜕𝜕𝑌𝑌2

− 𝜕𝜕(𝜕𝜕𝑡𝑡ϕ)
𝜕𝜕𝑌𝑌

,                                                               (10)                                                                                 

where 𝑉𝑉𝑡𝑡 = − 𝑘𝑘 
θ+X Nt

𝜕𝜕θ
𝜕𝜕𝑌𝑌

. 

The primitive form of boundary conditions is 
 𝑈𝑈 = 0,𝑉𝑉 = 0, θ = 1, ϕ = 1,    at   𝑌𝑌 = 0, 
 𝑈𝑈 → 1, θ → 0, ϕ → 0, as   Y → ∞.                                                                                  (11)                                                              

3.1 Solution technique  
The numerical solutions of the problem under consideration are obtained by using finite 
difference method. The Eqs. (7)-(10) along with boundary conditions Eq. (11) are 
transformed into difference form out of which we obtain system of algebraic equations. 
The central difference is employed to diffusion terms, and backward difference to 
convective terms. The general form of discretized equation is given in Eq. (12) as below 
𝐴𝐴𝜓𝜓𝑖𝑖−1,𝑗𝑗 + 𝐵𝐵𝜓𝜓𝑖𝑖,𝑗𝑗 + 𝐶𝐶𝜓𝜓𝑖𝑖+1,𝑗𝑗 = 𝐷𝐷,                                                                                    (12)                                                                
where 𝐴𝐴,𝐵𝐵,𝐶𝐶  and 𝐷𝐷  represent coefficient matrices of the general form of governing 
equations. The notation 𝜓𝜓 denotes the variables 𝑈𝑈, θ, and ϕ. The block matrix Thomas 
algorithm is implemented for the numerical evaluation of the finite difference Eq. (12). 
The variables 𝑈𝑈 , θ , and ϕ  along with their derivatives are computed by using the 
Gaussian-elimination technique. The obtained numerical solutions are presented in 
graphical as well as in a tabular form. Software package Fortran Lahey-95 is used for the 
numerical solutions of the flow model and graphical software Tecplot 360 is used to 
display the obtained numerical results in graphical form. 
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3.2 Group of stream function formulation 
Now we determine the similarity solutions of the Eqs. (1)-(4), so for this purpose we have to 
transform the dimensionless form of the partial differential Eqs. (1)-(4) into ordinary 
differential equations. For the transformation of the partial differential Eqs. (1)-(4) into 
ordinary differential equations, we use the following group of stream function formulation as 

𝑋𝑋 = 𝑥𝑥, 𝜂𝜂 = 𝜕𝜕
𝜕𝜕1/2 

,𝜓𝜓(𝑥𝑥,𝑦𝑦) = 𝑋𝑋
1
2𝑓𝑓(𝜂𝜂),𝜃𝜃(𝑥𝑥,𝑦𝑦) = θ(𝜂𝜂),𝜙𝜙(𝑥𝑥,𝑦𝑦) =  ϕ(𝜂𝜂).                       (13)               

where  𝜂𝜂  is similarity variable, 𝜓𝜓 is non-dimensional stream function usually taken as 
𝑃𝑃𝑢𝑢 = 𝜕𝜕(𝑃𝑃𝜓𝜓 )/𝜕𝜕𝑦𝑦   and 𝑃𝑃𝑣𝑣 = −𝜕𝜕(𝑃𝑃𝜓𝜓 )/𝜕𝜕𝑥𝑥, θ(𝜂𝜂) is the dimensionless  temperature profile 
and ϕ(𝜂𝜂)  is the dimensionless concentration profile. Using Eq. (13) the equation of 
continuity (1) is satisfied automatically, whereas Eqs. (2)-(4) reduce to the following 
similarity equations  

𝑓𝑓 ′′′ + �1
2

+ 𝑋𝑋𝑆𝑆𝑐𝑐𝑋𝑋𝑋𝑋� 𝑓𝑓𝑓𝑓 ′′ + 𝑋𝑋𝜃𝜃𝜃𝜃𝜃𝜃𝑋𝑋(𝜆𝜆𝑡𝑡θ + 𝜆𝜆𝑐𝑐ϕ) = 0,                                                        (14) 
1
𝑃𝑃𝑃𝑃
θ′′ + �1

2
+ 𝑋𝑋𝑆𝑆𝑐𝑐𝑋𝑋𝑋𝑋� 𝑓𝑓θ′ + 𝑋𝑋δθ = 0,                                                                         (15)                                                                                                             

1
𝑆𝑆𝑐𝑐
ϕ′′ + �1

2
+ 𝑋𝑋𝑆𝑆𝑐𝑐𝑋𝑋𝑋𝑋� 𝑓𝑓ϕ′ + 𝑘𝑘

𝑁𝑁𝑡𝑡+𝜕𝜕
�θ′ϕ′ + ϕθ′′ − ϕθ′𝟐𝟐

𝑁𝑁𝑡𝑡+θ
� = 0.                                       (16) 

where prime notation indicates the differentiation w. r. t 𝜂𝜂. 
Associated boundary conditions are      
𝑓𝑓 = 0,𝑓𝑓′ = 0, θ = 1, ϕ = 1 at   𝜂𝜂 = 0, 
𝑓𝑓′ → 1, θ → 0, ϕ → 0,          as  𝜂𝜂 → ∞.                                                                     (17)                                                        
The transformed thermophoretic or nano particle material velocity is given by              

𝑉𝑉𝑡𝑡 = − 𝑘𝑘 
θ+ Nt

θ′(0). 

The transformed system of ordinary differential Eqs. (14)-(16) with boundary conditions 
(17) are solved by using built-in Numerical Solver BVP4C. BVP4C stands for boundary 
value problem fourth order scheme and it is built-in function for the numerical purpose of 
the boundary value problems. The similar solutions obtained by this scheme for the skin 
friction, the rate of heat transfer and the rate of mass transfer for different values of 
mixed convection parameter, 𝜆𝜆𝑡𝑡, and modified mixed convection parameter, 𝜆𝜆𝑐𝑐, taking 
the other pertinent parameters constant at position 𝑋𝑋 = 𝜋𝜋/2 are shown in Tabs. 1-6. The 
comparison of the solution of the flow model for some physical quantities obtained by 
FDM and BVP4C is given in Tabs. 1-6, and is concluded that results obtained by both 
schemes are in good agreement which shows the validation of solutions obtained by 
FDM applied to the primitive form of the partial differential equations.        

4 Results and discussion 
The present study is carried out on the investigations of the mechanism of nano material 
motion and heat generation/absorption due to mixed convection flow. The influences of 
emerging physical dimensionless parameters involved the combined mechanism of the 
flow model is investigated. The behaviors of fluid velocity 𝑈𝑈, temperature field θ, and 
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mass concentration ϕ along with skin friction, heat transfer rate, and mass transfer rate for 
various values pertinent dimensionless numbers are displayed in graphically as well as 
tabular representation. The main focus is laid down on effect of the positive values of 𝛿𝛿 
which is considered as heat generation and negative values of 𝛿𝛿 which is attributed as 
heat absorption with influence of thermophoresis on the said quantities.  Figs. 2(a)-2(c) 
are concerned with the effect of various values of heat generation parameter 𝛿𝛿 when the 
other material parameters are taken constant on main physical properties such as velocity 
profile, temperature profile, and mass concentration. It has been extracted from the 
graphical findings that increasing values of heat generation parameter cause the 
augmentation in velocity and temperature of the fluid flow domain. It is interesting to 
note that temperature distribution intensifies at position 𝑋𝑋 = 𝜋𝜋,𝜋𝜋/4 and reduces at 𝑋𝑋 =
𝜋𝜋/6, and 𝜋𝜋/2, but on the other hand, the mass concentration decreases at location 𝑋𝑋 =
𝜋𝜋,𝜋𝜋/4 and increases at position 𝑋𝑋 = 𝜋𝜋/6  𝜋𝜋/2. It is inevitable to point out that maximum 
magnitude for fluid velocity; fluid temperature and mass concentration are secured at 
positions 𝑋𝑋 = 𝜋𝜋/2,𝑋𝑋 = 𝜋𝜋, and 𝑋𝑋 = 𝜋𝜋 respectively. Figs. 3(a)-3(c) show the behaviors of 
the same properties mentioned earlier in Figs. 2(a)-2(c) corresponding to various values 
of the heat absorption parameter. Graphical representation demonstrates that velocity and 
the temperature profiles are maximized at position 𝑋𝑋 = 𝜋𝜋/4, but the mass concentration 
is minimized at the same position with same parametric conditions as heat absorption 
parameter is changed from 𝛿𝛿 = −0.1 to 𝛿𝛿 = −0.3. At location 𝑋𝑋 = 𝜋𝜋/2, the velocity 
distribution decreases but mass concentration increases and no change is seen in 
temperature profile. Figs. 4(a)-4(c) present the variations in velocity field, the 
temperature profile, and the mass concentration for various values of mixed convection 
parameter and taking heat generation parameter 𝛿𝛿 = 0.3 . It is concluded from these 
graphs that velocity distribution increases at locations 𝑋𝑋 = 𝜋𝜋/6,𝜋𝜋 and decreases at points 
𝑋𝑋 = 𝜋𝜋/4,𝜋𝜋/2  corresponding to increasing magnitudes of  𝜆𝜆𝑡𝑡.  It is seen that temperature 
profile goes down at all the assumed positions across the sphere’s surface. It is 
deliberately observed that mass concentration gets reduced at point 𝑋𝑋 = 𝜋𝜋/6,𝜋𝜋  and 
curves march up at locations 𝑋𝑋 = 𝜋𝜋/4,𝜋𝜋/2. It is worth mentioning to note that velocity, 
temperature, and mass profiles attain the largest magnitudes at circumferential locations 
𝑋𝑋 = 𝜋𝜋/2,𝜋𝜋 and 𝜋𝜋 respectively. Figs. 5(a)-5(c) reveal the trends of considered properties 
for the case of the heat absorption parameter 𝛿𝛿 = −0.3 for the similar other parametric 
conditions assumed in Figs. 4(a)-4(c). These sketches illuminate that the velocity field 
increases at all the positions but the reverse trend is viewed at point 𝑋𝑋 = 𝜋𝜋/2. The pattern 
in Fig. 2(b)  shows that temperature profile increases at = 𝜋𝜋/6, 𝜋𝜋/4  no change is 
recorded at 𝑋𝑋 = 𝜋𝜋

2
,𝜋𝜋. The mass concentration pattern in Fig. 5(c) shows that it slows 

down at = 𝜋𝜋/6,𝜋𝜋/4, and 𝜋𝜋 but reverse attitude at observed at  𝑋𝑋 = 𝜋𝜋/2. Figs. 6(a)-6(c) 
illustrate the effect of thermophoresis parameter 𝑁𝑁𝑡𝑡 by taking it various values and heat 
generation parameter 𝛿𝛿 = 0.3 when other dimensionless numbers are held fixed on the 
chief physical properties mentioned earlier. Figs. 6(a)-6(c) show that velocity and 
temperature fields increase at  𝑋𝑋 = 𝜋𝜋/6, 𝜋𝜋/4 but decrease at  𝑋𝑋 = 𝜋𝜋/2. No change is 
seen at 𝑋𝑋 = 𝜋𝜋. From Fig. 6(c) we can conclude that mass concentration decreases at 
location 𝑋𝑋 = 𝜋𝜋/6,𝜋𝜋/4   and increases 𝑋𝑋 = 𝜋𝜋/2 . It is significant to demonstrate that 
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maximum magnitudes for velocity field, temperature field and mass concentration are 
obtained at 𝑋𝑋 = 𝜋𝜋/4,𝜋𝜋 and 𝜋𝜋 respectively. 
Figs. 7(a)-7(c) show the variations in the same considered physical properties with same 
parametric conditions already mentioned in Figs. 6(a)-6(c) with the inclusion of heat 
absorption parameter effects. For the case of heat absorption effects velocity profile is 
augmented at circumferential position 𝑋𝑋 = 𝜋𝜋/4,𝜋𝜋/2, but reduces at 𝑋𝑋 = 𝜋𝜋/6 . Fig. 7(b) 
displays that temperature profile rises up drastically at position 𝑋𝑋 = 𝜋𝜋/2  for increasing 
values of 𝑁𝑁𝑡𝑡but no variations are observed at the considered remaining positions. Similar 
behavior is observed in mass concentration that is it decreases at 𝑋𝑋 = 𝜋𝜋/2 but no variations 
are seen at other locations. The effect of several values of nano particle material coefficient 𝑘𝑘 
and positive values of 𝛿𝛿 that is heat generation effect and negative values of 𝛿𝛿 that is heat 
absorption effect on main physical properties named earlier in the previous discussion are 
presented in Figs. 8(a)-8(c) and 9(a)-9(c). Graphical results in Figs. 8(a)-8(b) indicate that 
velocity and temperature fields are augmented at points 𝑋𝑋 = 𝜋𝜋/6,𝜋𝜋/4  but reduced at 𝑋𝑋 =
𝜋𝜋/2. Fig. 8(c) shows mass concentration reduces at positions 𝑋𝑋 = 𝜋𝜋/6,𝜋𝜋/4 and intensified 
at 𝑋𝑋 = 𝜋𝜋/2. The physical behavior of the velocity profile, temperature profile and mass 
concentration under the influence of heat absorption parameter for various values of the nano 
particle material coefficient are presented in Figs. 9(a)-9(c). Graphs 9(a)-9(b) are conveying 
that velocity field is enhanced at position 𝑋𝑋 = 𝜋𝜋/4  but decreases at 𝑋𝑋 = 𝜋𝜋/2  and no 
variations are located at 𝑋𝑋 = 𝜋𝜋/2. Fig. 9(b) depicts that no changes are observed at all taken 
positions. Graphs plotted in Fig. 9(c) shows that mass concentration reduces at positions 𝑋𝑋 =
𝜋𝜋/4,  with modifications observed at other positions 𝑋𝑋 = 𝜋𝜋/6,𝜋𝜋 . It is to mark that at 
position 𝑋𝑋 = 𝜋𝜋/2 mass concentration is increased. In addition, it is extracted from these 
graphical results that maximum magnitudes for velocity profile, temperature profile, and mass 
concentration are obtained at 𝑋𝑋 = 𝜋𝜋/2,𝜋𝜋/2   and 𝑋𝑋 = 𝜋𝜋  respectively. Tabs. 1-6 are 
presenting the numerical results of the skin friction, the rate of heat transfer, and the rate of 
mass transfer obtained by finite difference method and built-in Numerical Solver BVP4C for 
different values of mixed convection parameter 𝜆𝜆𝑡𝑡 and modified mixed convection parameter 
𝜆𝜆𝑐𝑐 by keeping other parametric condition constant at location 𝜋𝜋/2. Our numerical solutions 
obtained by FDM are validated by built-in Numerical Solver BVP4C at leading edge. We can 
see that the results obtained by both schemes are showing good agreement. 

 
Figure 2: Plots of (a) 𝑈𝑈 (b) 𝜃𝜃 and (c) 𝜙𝜙 for 𝛿𝛿 = 0.1, 0.3 when 𝜆𝜆𝑡𝑡 = 1.1, 𝜆𝜆𝑐𝑐 = 0.5, 𝑆𝑆𝑆𝑆 =
0.5,𝑘𝑘 = 0.1, Pr=7.0 and 𝑁𝑁𝑡𝑡 = 0.4 
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Figure 3: Plots of (a) 𝑈𝑈  (b) 𝜃𝜃  and (c) 𝜙𝜙  for 𝛿𝛿 = −0.1,−0.3  when 𝜆𝜆𝑡𝑡 = 1.1, 𝜆𝜆𝑐𝑐 =
0.5, , 𝑆𝑆𝑆𝑆 = 0.5,𝑘𝑘 = 0.1, Pr=7.0 and 𝑁𝑁𝑡𝑡 = 0.4 

 

Figure 4: Plots of (a) 𝑈𝑈 (b) 𝜃𝜃 and (c) 𝜙𝜙 for 𝜆𝜆𝑡𝑡 = 1.0, 2.0 when 𝛿𝛿 = 0.3, 𝜆𝜆𝑐𝑐 = 0.5, 𝑆𝑆𝑆𝑆 =
0.5,𝑘𝑘 = 0.1, Pr=7.0 and𝑁𝑁𝑡𝑡 = 0.4 

 

Figure 5: Plots of (a) 𝑈𝑈  (b) 𝜃𝜃  and (c) 𝜙𝜙  for 𝜆𝜆𝑡𝑡 = 1.0, 2.0  when 𝛿𝛿 = −0.3,𝜆𝜆𝑐𝑐 =
0.5, , 𝑆𝑆𝑆𝑆 = 0.5,𝑘𝑘 = 0.1, Pr=7.0 and 𝑁𝑁𝑡𝑡 = 0.4 

Y

U

0.0 1.0 2.0 3.0 4.0
0.0

5.0

10.0

15.0

20.0

25.0 -0.1
-0.3
-0.1
-0.3
-0.1
-0.3
-0.1
-0.3

x=π/6

x=π/4

x=π/2

x=π

δ

(a) Y
θ

0.0 1.0 2.0 3.0
0.0

50.0

100.0

150.0

200.0

250.0 -0.1
-0.3
-0.1
-0.3
-0.1
-0.3
-0.1
-0.3

x=π/6

x=π/4

x=π/2

x=π

δ

(b) Y

φ

0.0 0.5 1.0 1.5
0.0

0.2

0.4

0.6

0.8

1.0 -0.1
-0.3
-0.1
-0.3
-0.1
-0.3
-0.1
-0.3

x=π/6

x=π/4

x=π/2

x=π

δ

(c)

Y

U

0.0 1.0 2.0 3.0 4.0
0.0

1.0

2.0

3.0

4.0

5.0 1.0
2.0
1.0
2.0
1.0
2.0
1.0
2.0

x=π/6

x=π/4

x=π/2

x=π

δ = 0.3

(a)

λ t

Y

θ

0.0 0.5 1.0 1.5 2.0
0.0

50.0

100.0

150.0

200.0 1.0
2.0
1.0
2.0
1.0
2.0
1.0
2.0

x=π/6

x=π/4

x=π/2

x=π

δ = 0.3

(b)

λ t

Y

φ

0.0 0.2 0.4 0.6 0.8
0.0

0.2

0.4

0.6

0.8

1.0 1.0
2.0
1.0
2.0
1.0
2.0
1.0
2.0

x=π/6

x=π/4

x=π/2

x=π

δ = 0.3

(c)

λ t

Y

U

0.0 2.0 4.0 6.0
0.0

0.5

1.0

1.5

2.0

2.5
1.0
2.0
1.0
2.0
1.0
2.0
1.0
2.0

x=π/6

x=π/4

x=π/2

x=π

δ = -0.3

(a)

λ t

Y

θ

0.0 0.5 1.0 1.5 2.0
0.0

2.0

4.0

6.0

8.0
1.0
2.0
1.0
2.0
1.0
2.0
1.0
2.0

x=π/6

x=π/4

x=π/2

x=π

δ = -0.3

(b)

λ t

Y

φ

0.0 0.5 1.0 1.5
0.0

0.2

0.4

0.6

0.8

1.0
1.0
2.0
1.0
2.0
1.0
2.0
1.0
2.0

x=π/6

x=π/4

x=π/2

x=π

δ = -0.3

(c)

λ t



 

1818                                                                       CMC, vol.65, no.2, pp.1809-1823, 2020 

 

Figure 6: Plots of (a) 𝑈𝑈 (b) 𝜃𝜃 and (c) 𝜙𝜙 for 𝑁𝑁𝑡𝑡 = 1.0, 10.0 when 𝛿𝛿 = 0.3, 𝜆𝜆𝑐𝑐 = 0.5,  𝜆𝜆𝑡𝑡 =
1.1,𝑘𝑘 = 0.1, Pr=7.0 and 𝑆𝑆𝑆𝑆 = 0.5 

 

Figure 7: Plots of (a) 𝑈𝑈  (b) 𝜃𝜃  and (c) 𝜙𝜙  for 𝑁𝑁𝑡𝑡 = 1.0, 10.0  when 𝛿𝛿 = −0.3,𝜆𝜆𝑐𝑐 =
0.5,  𝜆𝜆𝑡𝑡 = 1.1,𝑘𝑘 = 0.1, Pr =7.0 and 𝑆𝑆𝑆𝑆 = 0.5 

 

Figure 8: Plots of (a) 𝑈𝑈 (b) 𝜃𝜃 and (c) 𝜙𝜙 for 𝑘𝑘 = 0.1, 1.0 when 𝛿𝛿 = 0.3,𝑁𝑁𝑡𝑡 = 0.4,𝑃𝑃𝑃𝑃 =
7.0,  𝜆𝜆𝑡𝑡 = 1.1, 𝜆𝜆𝑐𝑐 = 0.5, Pr=7.0 and 𝑆𝑆𝑆𝑆 = 0.5 
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Figure 9: Plots of (a) 𝑈𝑈 (b) 𝜃𝜃 and (c) 𝜙𝜙 for 𝑘𝑘 = 0.1, 1.0 when 𝛿𝛿 = −0.3,𝑁𝑁𝑡𝑡 = 0.4,𝑃𝑃𝑃𝑃 =
7.0,  𝜆𝜆𝑡𝑡 = 1.1, 𝜆𝜆𝑐𝑐 = 0.5, Pr=7.0 and 𝑆𝑆𝑆𝑆 = 0.5 

Table 1: Numerical results for the skin friction for different values of mixed convection 
parameter, 𝜆𝜆𝑡𝑡, obtained by FDM and BVP4C when 𝑋𝑋 = 𝜋𝜋

2
, 𝜆𝜆𝑐𝑐 = 10.0, Pr = 0.71, 𝑁𝑁𝑡𝑡 =

1.0,𝑘𝑘 = 1.0, Sc=10.0, and 𝛿𝛿 = 0.3 

 
𝜆𝜆𝑡𝑡 

�
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�
𝑌𝑌=0

 

FDM BVP4C 
1.0 7.56603 7.59212 
3.0 8.52699 8.56687 
5.0 9.52050 9.53140 
7.0 10.48610 10.48638 
9.0 11.43404 11.43232 

Table 2: Numerical results for the rate of heat transfer for different values of mixed 
convection parameter, 𝜆𝜆𝑡𝑡, obtained by FDM and BVP4C when 𝑋𝑋 = 𝜋𝜋

2
, 𝜆𝜆𝑐𝑐 = 10.0, Pr = 

0.71, 𝑁𝑁𝑡𝑡 = 1.0,𝑘𝑘 = 1.0, Sc=10.0, and 𝛿𝛿 = 0.3 
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1.0 0.90655 0.90948 
3.0 0.91337 0.91670 
5.0 0.92108 0.92378 
7.0 0.93650 0.93074 
9.0 0.93629 0.93757 

 

 

Y

U

0.0 1.0 2.0 3.0 4.0 5.0
0.0

1.0

2.0

3.0

4.0

5.0

6.0 0.1
1.0
0.1
1.0
0.1
1.0
0.1
1.0

x=π/6

x=π/4

x=π/2

x=π

δ =- 0.3

(a)

k

Y

θ

0.0 0.5 1.0 1.5 2.0
0.0

10.0

20.0

30.0

40.0

50.0 0.1
1.0
0.1
1.0
0.1
1.0
0.1
1.0

x=π/6

x=π/4

x=π/2

x=π

δ =- 0.3

(b)

k

Y

φ

0.0 0.2 0.4 0.6 0.8 1.0 1.2
0.0

0.2

0.4

0.6

0.8

1.0 0.1
1.0
0.1
1.0
0.1
1.0
0.1
1.0

x=π/6

x=π/4

x=π/2

x=π

δ =- 0.3

(c)

k



 

1820                                                                       CMC, vol.65, no.2, pp.1809-1823, 2020 

Table 3: Numerical results for the rate of mass transfer for different values of mixed 
convection parameter, 𝜆𝜆𝑡𝑡, obtained by FDM and BVP4C when 𝑋𝑋 = 𝜋𝜋

2
, 𝜆𝜆𝑐𝑐 = 10.0, Pr = 

0.71, 𝑁𝑁𝑡𝑡 = 1.0,𝑘𝑘 = 1.0, Sc=10.0, and 𝛿𝛿 = 0.3 
 

 

 

 

 

 

Table 4: Numerical results for the skin friction for different values of modified mixed 
convection parameter, 𝜆𝜆𝑐𝑐, obtained by FDM and BVP4C when 𝑋𝑋 = 𝜋𝜋

2
, 𝜆𝜆𝑡𝑡 = 10.0, Pr = 

0.71, 𝑁𝑁𝑡𝑡 = 1.0,𝑘𝑘 = 1.0, Sc=10.0, and 𝛿𝛿 = 0.3 

 
𝜆𝜆𝑐𝑐 
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𝜕𝜕𝑈𝑈
𝜕𝜕𝑌𝑌
�
𝑌𝑌=0

 

FDM BVP4C 
1.0 6.74929 6.90665 
3.0 8.03446 8.07725 
5.0 9.18293 9.21314 
7.0 10.26673 10.31417 
9.0 11.35865 11.38105 

Table 5: Numerical results for the rate of heat transfer for different values of modified 
mixed convection parameter, 𝜆𝜆𝑐𝑐 , obtained by FDM and BVP4C when 𝑋𝑋 = 𝜋𝜋

2
, 𝜆𝜆𝑡𝑡 =

10.0, Pr = 0.71, 𝑁𝑁𝑡𝑡 = 1.0,𝑘𝑘 = 1.0, Sc=10.0, and 𝛿𝛿 = 0.3 

 
𝜆𝜆𝑐𝑐 

�
𝜕𝜕θ
𝜕𝜕𝑌𝑌
�
𝑌𝑌=0

 

FDM BVP4C 
1.0 0.90951 0.90128 
3.0 0.91016 0.91094 
5.0 0.92009 0.92011 
7.0 0.92717 0.92879 
9.0 0.93385 0.93701 

 

 

 
𝜆𝜆𝑡𝑡 

�
𝜕𝜕ϕ
𝜕𝜕𝑌𝑌
�
𝑌𝑌=0

 

FDM BVP4C 
1.0 0.53026 0.53068 
3.0 0.54059 0.54094 
5.0 0.55101 0.55167 
7.0 0.56113 0.56288 
9.0 0.57354 0.57456 



Computational Analysis of the Effect of Nano Particle Material                                  1821 

 

Table 6: Numerical results for the rate of mass transfer for different values of modified 
mixed convection parameter, 𝜆𝜆𝑐𝑐 , obtained by FDM and BVP4C when 𝑋𝑋 = 𝜋𝜋

2
, 𝜆𝜆𝑡𝑡 =

10.0, Pr = 0.71, 𝑁𝑁𝑡𝑡 = 1.0,𝑘𝑘 = 1.0, Sc=10.0, and 𝛿𝛿 = 0.3 

 
𝜆𝜆𝑐𝑐 

�
𝜕𝜕ϕ
𝜕𝜕𝑌𝑌
�
𝑌𝑌=0

 

FDM BVP4C 
1.0 0.51062 0.51990 
3.0 0.53124 0.53282 
5.0 0.54468 0.54609 
7.0 0.55680 0.55972 
9.0 0.57207 0.57358 

5 Concluding Remarks 
The current numerical results are computed for the model of viscous, incompressible, 
steady, and two-dimensional flow under the impacts of thermophoretic or nano particle 
material transportation and heat generation/absorption by employing finite difference 
scheme around the surface of considered geometry at its different locations. After a 
deliberate investigation of the impact of pertinent parameters on the encountered chief 
physical quantities, the following key features are extracted from our current research 
study. It has been extracted from the graphical findings that increasing values of heat 
generation parameter causes the augmentation in velocity of the fluid flow domain. It is 
interesting to note that temperature distribution intensifies at position 𝑋𝑋 = 𝜋𝜋,𝜋𝜋/4 and 
reduces at 𝑋𝑋 = 𝜋𝜋/6, 𝜋𝜋/2  but on the other hand, the mass concentration decreases at 
location 𝑋𝑋 = 𝜋𝜋/4,𝜋𝜋  and increases at position 𝑋𝑋 = 𝜋𝜋/6,𝜋𝜋/2 . Numerical results 
demonstrate that velocity and the temperature profiles are maximized at position 𝑋𝑋 =
𝜋𝜋/4 but the mass concentration is minimized at the same position with same parametric 
conditions as heat absorption parameter is changed from 𝛿𝛿 = −0.1  to 𝛿𝛿 = −0.3 . At 
location 𝑋𝑋 = 𝜋𝜋/2, the velocity distribution decreases but mass concentration increases 
and no change is seen in temperature profile. It is concluded from these graphs that 
velocity distribution increases at locations 𝑋𝑋 = 𝜋𝜋/6,𝜋𝜋  and decreases at points 𝑋𝑋 =
𝜋𝜋/4,𝜋𝜋/2  corresponding to increasing magnitudes of  𝜆𝜆𝑡𝑡 . It is seen that temperature 
profile goes down at all the assumed positions across the sphere surface. It is deliberately 
observed that mass concentration gets reduced at point 𝑋𝑋 = 𝜋𝜋/6,𝜋𝜋 and curves march up 
at locations 𝑋𝑋 = 𝜋𝜋/4,𝜋𝜋/2 . For the case heat absorption effects velocity profile is 
augmented at circumferential positions 𝑋𝑋 = 𝜋𝜋/6,𝜋𝜋/4,𝜋𝜋/2   and 𝜋𝜋  but reduces at 𝑋𝑋 =
,𝜋𝜋/2. Numerical solutions displays that temperature profile rises up at position 𝑋𝑋 =,𝜋𝜋/2 
for increasing values of 𝑁𝑁𝑡𝑡  but no variations are observed at the considered remaining 
positions. Similar behavior is observed in mass concentration. The numerical results for the 
skin friction, the rate of heat transfer, and the rate of mass transfer obtained by FDM are 
validated by built-in Numerical Solver BVP4C at the leading edge and the comparison of 
numerical solutions determined by both schemes is presented in Tabs. 1-6. It is concluded 
that numerical findings of the physical properties by both methods show the good 
agreement between them. From numerical results presented in the present work, it is 
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noticed that as the values of 𝛿𝛿 is increased from 𝛿𝛿 = 0.1 to 𝛿𝛿 = 0.3 the skin friction and 
heat transfer rate increase but mass transfer rate decreases at the same parametric conditions. 
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