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Abstract: In this work, a system of three masses on the vertices of equilateral triangle is investigated. This system is known in the literature as a planar system.
We ﬁrst give a description to the system by constructing its classical Lagrangian.
Secondly, the classical Euler-Lagrange equations (i.e., the classical equations of
motion) are derived. Thirdly, we fractionalize the classical Lagrangian of the system, and as a result, we obtain the fractional Euler-Lagrange equations. As the
ﬁnal step, we give the numerical simulations of the fractional model, a new model
which is based on Caputo fractional derivative.
Keywords: Planar system; masses in equilateral triangle; springs; Euler-Lagrange
equations; fractional derivative

1 Introduction
In classical mechanics, the energy concept (used in building Lagrangian equation) ﬁnds a wide range of
applications rather than the force concept (used in applying Newton’s second law); this is because of the fact
that dealing with scalars (energy) is more ﬂexible than vectors (forces). In order to build the Lagrangian of a
given system, one has to write and specify exactly both the kinetic and the potential energies of the system
using suitable generalized coordinates. A wide range of systems including springs can be found in classical
mechanics texts such as [1–3] where the Lagrangian of these systems have been constructed, and then the socalled classical Euler-Lagrange equations (or the equations of motion) have been derived. More to the point,
a valuable study can be found in [4] discussing the linear stability of the well-known periodic orbits of the
elliptic Lagrangian triangle solutions in a three-body problem.
A planar system is three masses in the vertices of an equilateral triangle attached together by same spirals
having equal stiffness constant. This system is one of the interesting models described in the literature and
solved using Lagrangian method [5]. The signiﬁcance of this model arises from the fact that the three masses
can vibrate in a plane not in a line as most systems; also, it can be considered as a good example of
representation theory.
This work is licensed under a Creative Commons Attribution 4.0 International License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original
work is properly cited.
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Fractional calculus is a branch of mathematics that extends derivatives and integrals to any order; this
branch goes to more than 300 years back. It was initially considered that this calculus had no applications;
nevertheless, the last 50 years showed that it plays an important role in nearly all branches of sciences [6–18].
Hence, some noticeable efforts have been done to enhance different aspects of the fractional calculus
approach from both numerical and theoretical points of view. For instance, a spectral tau method was
employed in [19] to analyze and implement new spectral solutions of the fractional Riccati differential
equation. In [20], some numerical methods were proposed for the Riesz space fractional advectiondispersion equations with delay.
Many deﬁnitions for the fractional derivatives have been suggested; among these deﬁnitions, we have
Riemann-Liouville and Caputo fractional operators. However, introducing new deﬁnitions in the fractional
calculus allows us to become familiar with the newer aspects of some phenomena. This is the main reason for
trying to come up with new ideas in this ﬁeld of research. For more details about these deﬁnitions, the reader
can refer to the following references [21–26].
Fractional calculus ﬁnd a wide range of application in physics. As can be seen from the literature [27–
34], one has to build the classical Lagrangian for an interesting system, and then generalize the classical
Lagrangain by considering one of the fractional derivatives deﬁnitions. After that, one can get the
fractional Euler-Lagrange equations (FELEs). Finally, the obtained equations of motion have to be solved
either analytically or numerically; in most cases, we seek for the numerical solution.
In this work, we consider a system which has not been studied before numerically. The system is
shown in Fig. 1. The importance of this system comes from the fact that each mass can oscillate in a
plane and not on a single straight line, contrary to the most of physical systems [5]. Thus, we can here
study the oscillatory of the system in the plane of triangle. Furthermore, this system is a good physical
example on representation theory.

Figure 1: Identical masses on vertices of equilateral triangle
The structure of this work is prepared as follows. In Section 2, some preliminaries and deﬁnitions of the
fractional calculus are listed brieﬂy. In Section 3, the planar system considered is described classically and
fractionally in details. In Section 4, numerical and simulation techniques used are illustrated, and lastly we
end the paper with conclusion part.
2 Preliminaries
In the following, we give brieﬂy the main meanings regarding the fractional derivatives (FDs) in the
Caputo sense as well as their corresponding integrals. Let x : ½a; b ! R be a time dependent function.
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Then the left and right Caputo FDs of order a are, respectively, deﬁned by
1
a
a Dt xðtÞ ¼
ðn  aÞ
1
¼
ðn  aÞ

a
t Db xðtÞ

Zt

ðt  sÞna1 xðnÞ ðsÞds;

(1)

ðs  tÞna1 ð1Þn xðnÞ ðsÞds;

(2)

a

Zb
t

where ðÞ is the Euler’s gamma function, and n is an integer such that n  1 < a < n. The corresponding
fractional integrals are also, respectively, described as
a
a It xðtÞ

1
¼
ðaÞ

1
a
t Ib xðtÞ ¼
ðaÞ

Zt

ðt  sÞa1 xðsÞds;

(3)

ðs  tÞa1 xðsÞds:

(4)

a

Zb
t

Note that the Caputo derivative coincides with the ordinary differentiation when a is an integer, i.e.,
n
a Dt xðtÞ

¼ xðnÞ ðtÞ;

n
t Db xðtÞ

¼ ð1Þn xðnÞ ðtÞ:

(5)

For more details, the interested reader can refer to [34].
3 Planar System: Masses in an Equilateral Triangle
The arrangement shown in Fig. 1 is composed of three equal masses ðmÞ located at the corners of an
equilateral triangle and connected by three spiral springs with stiffness ðkÞ. As usual, we begin our
description by constructing the classical Lagrangian Lc , which is the subtract of kinetic and potential
energies, respectively. To do this, we label the three masses by 1, 2, and 3 as shown in Fig. 1. Let us
describe the displacements from the equilibrium positions by u1 ; v1 ; u2 ; v2 ; u3 ; v3. The kinetic energy T of
the system is then obtained from
 
 

1 
T ¼ m u_ 21 þ v_ 21 þ u_ 22 þ v_ 22 þ u_ 23 þ v_ 23 :
2

U12

The potential energy stored in the spring attached between Nos. 1 and 2 is also given as
i
1 h
¼ k ðu1  u2 Þ2 þ ðv1  v2 Þ2 :
2
Thus, the total potential energy U of the system reads

U ¼ U12 þ U13 þ U23

(6)

(7)
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i
1 h
¼ k ðu1  u2 Þ2 þ ðv1  v2 Þ2 þ ðu2  u3 Þ2 þ ðv2  v3 Þ2 þ ðu3  u1 Þ2 þ ðv3  v1 Þ2 :
2

(8)

According to deﬁnition of the classical Lagragian Lc and Eqs. (6) and (8), we can write:
Lc ¼ T  U



  2
  2
 1 ðu1  u2 Þ2 þ ðv1  v2 Þ2 þ ðu2  u3 Þ2
1  2
2
2
2
¼ m u_ 1 þ v_ 1 þ u_ 2 þ v_ 2 þ u_ 3 þ v_ 3  k
:
2
2 þðv2  v3 Þ2 þ ðu3  u1 Þ2 þ ðv3  v1 Þ2

(9)

@Lc d @Lc

¼ 0 to Eq. (9) with q ¼ u1 , u2 , u3 , v1 , v2 , and v3 , respectively, the classical
@q dt @ q_
equations of motion for our system read:
Applying

m€
u1 þ k ½ðu1  u2 Þ  ðu3  u1 Þ ¼ 0:

(10)

m€
u2 þ k ½ðu2  u3 Þ  ðu1  u2 Þ ¼ 0:

(11)

m€
u3 þ k ½ðu3  u1 Þ  ðu2  u3 Þ ¼ 0:

(12)

m€v1 þ k ½ðv1  v2 Þ  ðv3  v1 Þ ¼ 0

(13)

m€v2 þ k ½ðv2  v3 Þ  ðv1  v2 Þ ¼ 0:

(14)

m€v3 þ k ½ðv3  v1 Þ  ðv2  v3 Þ ¼ 0

(15)

Our next step is to generalize the Eq. (9). Thus, the fractional Lagrangian reads:


2 
2
2 
2 i
1 h a 2  a 2
Dt u1 þ Dt v1
Lf ¼ m
þ Dat u2 þ Dat v2
þ Dat u3 þ Dat v3
2
"
#
:
1 ðu1  u2 Þ2 þ ðv1  v2 Þ2 þ ðu2  u3 Þ2
 k
2 þðv2  v3 Þ2 þ ðu3  u1 Þ2 þ ðv3  v1 Þ2

(16)

Now the fractional equations of motion can be obtained by applying Eq. (16) to
F
@L
@LF
b @L
þ Dat
þ
D
¼ 0 with q ¼ ui , q ¼ vi for i ¼ 1; 2; 3. As a result, the following equations
t
@q
@ a Dat q
@ t Dab q
are obtained
F

mD2a
t u1 þ k ½ðu3  u1 Þ  ðu1  u2 Þ ¼ 0

(17)

mD2a
t u2 þ k ½ðu1  u2 Þ  ðu2  u3 Þ ¼ 0

(18)

mD2a
t u3 þ k ½ðu2  u3 Þ  ðu3  u1 Þ ¼ 0

(19)

mD2a
t v1 þ k ½ðv3  v1 Þ  ðv1  v2 Þ ¼ 0

(20)

mD2a
t v2 þ k ½ðv3  v1 Þ  ðv1  v2 Þ ¼ 0

(21)

mD2a
t v3 þ k ½ðv3  v1 Þ  ðv1  v2 Þ ¼ 0

(22)

As α → 1, the above six equations are reduced to the classical Eqs. (10)–(15).
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In the following, we aim to obtain numerical solution for Eqs. (17)–(22) for some fractional orders and
initial conditions.
4 Simulation Results
In this section, we will discuss how to use the numerical procedure to obtain the approximate solution of
the problem under study. To this end, let us take into account the following equation
D2a
t YðtÞ ¼ Sðt; YðtÞÞ:

a 2 ð0; 1

(23)

By using the integral operator, one can write
Z t
a
YðtÞ  Yð0Þ  tY 0 ð0Þ ¼
Sðx; YðxÞÞðt  xÞa1 dx:
ðaÞ 0

(24)

Taking t ¼ tn ¼ n
h in (5.4), one achieves
n1 Z tiþ1
a X
0
Sðx; YðxÞÞðtn  xÞa1 dx:
Yðtn Þ ¼ Yð0Þ þ tn Y ð0Þ þ
ðaÞ i¼0 ti

(25)

Now, with the help of linear interpolation of Sðt; YðtÞÞ, one gets
Sðt; YðtÞÞ  Sðtiþ1 ; Y iþ1 Þ þ

t  tiþ1
ðSðtiþ1 ; Y iþ1 ÞÞ  Sðti ; Y i ÞÞ;
h


t 2 ½ti ; tiþ1 ;

(26)

where the notation of Y i ¼ Yðti Þ is used.
Substituting (23) in (22), the approximate solution of the problem will obtain as [35]
!
n
X
Y n ¼ Y 0 þ tn Y 0 0 þ 
h2a gn Sðt0 ; Y 0 Þ þ
hni Sðti ; Y i Þ

(27)

i¼1

where

gn ¼

ðn  1Þ

8
>
>
<

1
;
ð2a þ 2Þ
 n ðn  2a  1Þ
; hj ¼
ðj  1Þ2aþ1  2j2aþ1 þ ðj þ 1Þ2aþ1
>
ð2a þ 2Þ
>
:
;
ð2a þ 2Þ

2aþ1

2a

j¼0
(28)
j ¼ 1; 2; . . . ; n  1

5 Results and Discussion
Using the numerical method presented above, the approximate solution of the main problem (17)–(22)
will be achieved recursively as
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u1n ¼ u10 þ 
h2a kgn ½ðu10  u20 Þ  ðu30  u10 Þ þ

n
X
i¼1

h2a kgn ½ðu20  u30 Þ  ðu10  u20 Þ þ
u2n ¼ u20 þ 

n
X
i¼1

h
u3n ¼ u30 þ 

2a

kgn ½ðu30  u10 Þ  ðu20  u30 Þ þ

n
X
i¼1

h
v1n ¼ v10 þ 

2a

kgn ½ðv10  v20 Þ  ðv30  v10 Þ þ

n
X
i¼1

h2a kgn ½ðv20  v30 Þ  ðv10  v20 Þ þ
v2n ¼ v20 þ 

n
X
i¼1

h2a kgn ½ðv30  v10 Þ  ðv20  v30 Þ þ
v3n ¼ v30 þ 

n
X

!
khni ½ðu1i  u2i Þ  ðu3i  u1i Þ ;
!
khni ½ðu2i  u3i Þ  ðu1i  u2i Þ ;
!
khni ½ðu3i  u1i Þ  ðu2i  u3i Þ ;
!

(29)

khni ½ðv1i  u2i Þ  ðv3i  v1i Þ ;
!
khni ½ðv2i  u3i Þ  ðv1i  v2i Þ ;
!
khni ½ðv3i  v1i Þ  ðv2i  v3i Þ :

i¼1

The approximate solutions to the problem can be determined using the numerical method described
above. The dynamical behaviors of the FELEs for the planar system, which were expressed by
Eqs. (19–22), have been investigated by considering different values of the fractional order a. To this
aim, we consider the following parameters m ¼ 1, and K ¼ 0:5; 1, and 3 with the following initial
conditions
Case 1:
u1 ð0Þ ¼ u2 ð0Þ ¼ u3 ð0Þ ¼ 0;
u01 ð0Þ ¼ u02 ð0Þ ¼ u03 ð0Þ ¼ 1:
Case 2:
u1 ð0Þ ¼ u2 ð0Þ ¼ u3 ð0Þ ¼ 1;
u01 ð0Þ ¼ u02 ð0Þ ¼ u03 ð0Þ ¼ 0;
Case 3:
u1 ð0Þ ¼ u2 ð0Þ ¼ u3 ð0Þ ¼ 1;
u01 ð0Þ ¼ u02 ð0Þ ¼ u03 ð0Þ ¼ 0;
Case 4:
u1 ð0Þ ¼ u2 ð0Þ ¼ u3 ð0Þ ¼ 0;
u01 ð0Þ ¼ u02 ð0Þ ¼ u03 ð0Þ ¼ 1;
As can be seen in Figs. 2–5, the fractional order of a has a great impact on the numerical results of the
considered model. Indeed, the characteristics of the output response such as overshoot, settling time, peak
time, rise time, frequency, etc., are changed by changing the fractional order. Therefore, we have here a
degree of ﬂexibility due to the existence of the fractional order, a fact which provides a ﬂexible model as
well capable of extracting the hidden aspects of physical phenomena in an appropriate, precise manner.
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Figure 2: (continued)
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Figure 2: (a) Dynamical behaviors of u1 , u2 and u3 when K ¼ 0:5 for different fractional orders of q. (b)
Dynamical behaviors of u1 , u2 and u3 when K ¼ 1 for different fractional orders of q. (c) Dynamical
behaviors of u1 , u2 and u3 when K ¼ 3 for different fractional orders of q
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Figure 3: (continued)
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Figure 3: (a) Dynamical behaviors of u1 , u2 and u3 when K ¼ 0:5 for different fractional orders of q. (b)
Dynamical behaviors of u1 , u2 and u3 when K ¼ 1 for different fractional orders of q. (c) Dynamical
behaviors of u1 , u2 and u3 when K ¼ 3 for different fractional orders of q
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Figure 4: (continued)
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Figure 4: (a) Dynamical behaviors of u1 , u2 and u3 when K ¼ 0:5 for different fractional orders of q. (b)
Dynamical behaviors of u1 , u2 and u3 when K ¼ 1 for different fractional orders of q. (c) Dynamical
behaviors of u1 , u2 and u3 when K ¼ 3 for different fractional orders of q
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Figure 5: (continued)
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Figure 5: (a) Dynamical behaviors of u1 , u2 and u3 when K ¼ 0:5 for different fractional orders of q. (b)
Dynamical behaviors of u1 , u2 and u3 when K ¼ 1 for different fractional orders of q. (c) Dynamical
behaviors of u1 , u2 and u3 when K ¼ 3 for different fractional orders of q
6 Conclusion
In this paper, we have considered the arrangement of three masses on the corners of equilateral triangle
in a fractional point of view. The derivative used in this model is of Caputo type. One of the beneﬁts of this
fractional modelling is the use of the concept of memory. This means that important information is retained
over time. Various numerical simulations were presented in this paper to investigate the role of the fractional
order on the response behavior. In each case, different choices of this parameter can lead to interesting and
different behaviors in the system response. The idea used in this paper can be applied to generalize fractional
derivatives to other similar problems.
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