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ABSTRACT

In practice, the control charts for monitoring of process mean are based on the normality assumption. But
the performance of the control charts is seriously affected if the process of quality characteristics departs from
normality. For such situations, we have modified the already existing control charts such as Shewhart control
chart, exponentially weighted moving average (EWMA) control chart and hybrid exponentially weighted moving
average (HEWMA) control chart by assuming that the distribution of underlying process follows Power function
distribution (PFD). By considering the situation that the parameters of PFD are unknown, we estimate them by
using three classical estimation methods, i.e., percentile estimator (P.E), maximum likelihood estimator (MLE)
and modified maximum likelihood estimator (MMLE). We construct Shewhart, EWMA and HEWMA control
charts based on P.E, MLE and MMLE. We have compared all these control charts using Monte Carlo simulation
studies and concluded that HEWMA control chart underMLE is more sensitive to detect an early shift in the shape
parameter when the distribution of the underlying process follows power function distribution.
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1 Introduction

The reliability engineer is very keen on the quality of manufactured products. There is always
some variation observed in the output of the process. This variation may be classified as the
natural and unnatural cause. Statistical process control (SPC) is helpful in reducing the unnatural
causes of the failures of products. In statistical process control, two types of control charts are
mainly used to reduce such unnatural causes. One type of control charts is called a memory type
control chart, and the second one is memory less control chart. Memory type control charts are
exponentially weighted moving averages control chart, and hybrid exponentially weighted moving
average control chart. Memory less control chart that is mainly used is the Shewhart control chart.
Both types of control charts assume that the distribution of the quality characteristic during the
process is normal. A lot of work has done in this regard, such as the EWMA control charts,
firstly by Roberts [1] and recently by Li et al. [2] and Nguyen et al. [3]. The cumulative-sum
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(CUSUM) control chart firstly by Page [4], and recently by [5–7]. The mixed EWMA-CUSUM
control charts by [8,9]; and the hybrid exponential weighted moving average (HEWMA) control
charts due to Shamma et al. [10], and Haq [11]. All of these are based on the assumption of
normality of the process.

In a real life scenario, this is not always possible to fulfil the normality assumption for the
distributions of error during the process. A very few work in literature is about this situation
including [12–18].

Power function distribution (PFD) has vast application in reliability engineering and survival
analysis. To identify and remove the unnatural variation in the process that follows PFD, we will
develop control charts to control the process. PFD was introduced by Dallas [19] as the inverse
of Pareto distribution. Meniconi et al. [20] showed it as a better fit for reliability data analysis
over exponential, Weibull and lognormal distributions.

The core objective of our study is the construction of Shewhart, EWMA and HEWMA
control chart by assuming that the distribution of the underlying process follows a Power func-
tion distribution. In next section, we have introduced Shewhart, EWMA and HEWMA under
normality assumption. In Section 3, we have introduced PFD and provided the estimator of the
shape parameter of the PFD. In Section 4, we have proposed the process monitoring for PFD.
In Section 5, the steps involved in simulation studies are defined in detail. In Section 6, we have
discussed the results obtained by using Section 5. In Section 7, concluding remarks on proposed
control charts are given.

2 Some Existing Control Charts When the Assumption of Normality is Assumed

When the distribution of the process is normal, many types of control charts have been
constructed in literature. Some of them are:

2.1 Shewhart [21] Control Chart

Suppose that the variable of interest has a normal distribution with mean μ and variance σ 2,
then control limits for the Shewhart chart is given by

LCL=μ− (L ∗ σ/
√
n
)

and UCL=μ+ (L ∗ σ/
√
n
)

where “σ” is the standard error of estimate and n is is the sample size. Also, “L” is coefficient
which with a standard error of estimate determine in-control average run length.

2.2 Exponentially Weighted Moving Average (EWMA) Control Chart
Let the distribution of the underlying process having the sequence “Yt” is normal. Also, let

the 0≤ λ1 ≤ 1 is a known constant. Now EWMA statistics is given by

Wt = λ2yt+ (1−λ2)Wt−1.

The smoothing constant λ2 plays a very important here. As it approaches zero, it becomes
sensitive for small and moderate shifts in mean and close to one. It approaches to Shewart control
chart. The control limits for EWMA are given below:

UCLWt =μ+L ∗
√
V (Wt)

LCLWt =μ−L ∗
√
V (Wt)
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2.3 Hybrid Exponentially Weighted Moving Average (HEWMA) Control Chart
Let the distribution of the underlying process having the sequence “Yt” is normal. Also, let

the 0≤ λi ≤ 1 for i= 1, 2 is a known constant. Now consider a new sequence HEWt as

HEWt = λ1Wt+ (1−λ1)HEWt−1 (1)

where

Wt = λ2μ̂t+ (1−λ2)Wt−1 (2)

where HEW0 = W0 = μ and HEWt is a plotting statistics. By placing (2) in (1), we get the
following:

HEWt = λ1λ2

t−1∑
i=0

(1−λ1)
i
t−i−1∑
j=0

(
1−λ1

1−λ2

)j
Yi+λ1

t−1∑
i=0

(1−λ1)
i(1−λ2)

t−iμ+ (1−λ1)
tμ

The mean and variance of HEWt are given below:

E (HEWt)=μ

V (HEWt)=
(

λ1λ2

(λ1−λ2)

)2
[ 2∑
i=1

(1−λ1)
2
(
1− (1−λi)

2t /1− (1−λi)
2
)

−2 (1−λ1) (1−λ2)
{
1− (1−λ1)

t (1−λ2)
t}

1− (1−λ1) (1−λ2)

]
σ 2

The control limits for the HEWMA control chart is explained as

UCLHEWt =μ+L ∗
√
V(HEWt)

LCLHEWt =μ−L ∗
√
V(HEWt)

3 Power Function Distribution and Estimation of Its Shape Parameters

The PFD is a flexible model for offering a suitable fit for the data related to the failure
of components. Dallas [19] introduces it as an inverse of Pareto distribution. Further, Meniconi
et al. [20] show that PFD is a better fit for the failure time data over Exponential, Lognormal
and Weibull distribution.

The probability density function (pdf) and cumulative density function (cdf) for the PFD are
given respectively by

f (y)= γ yγ−1

βγ
; 0< y< β

and

F (y)=
(
y
β

)γ

, where “β” and “γ ” are the scale and shape parameters.

Highly precise estimation of parameters for the distribution of a process is of immense
importance as biased estimation may lead to misleading conclusions. In this section, our focus is
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to estimate the parameters of a PFD using such an estimation method which is more simple and
efficient to replace some existing comparatively complex and tedious estimation methods. Zaka
et al. [22,23] have shown percentile estimator (P.E), maximum likelihood estimator (MLE), and
modified maximum likelihood estimators (MMLE) are more efficient classical estimators for PFD.

3.1 Percentile Estimator (P.E) for the Shape Parameter of PFD
The percentile method is assumed to be first introduced by Dubey [24] for Weibull distribution

to estimate the parameters of distribution and proved a better alternative to the MLE. Marks [25]
and Zaka et al. [22] have extended the use of P.E to estimate the parameters of a different
probability distribution. Zaka et al. [23] derived the P.E for the PFD and observed P.E as equally
efficient as MLE, but the difference is the reduction in required constraints for estimating the
unknown parameters. However, as the sample size is increased, both methods provide closer
estimates of parameters of PFD. It is interesting to mention that P.E uses the two percentile points
to estimate the parameters and no recursive equations are required to solve.

The P.E due to Zaka et al. [23] for the shape parameter (γ ) is given by

γ̂P.E =
ln
(
H
L

)
ln
(
PH
PL

) (3)

where “H” and “L” are the maximum and minimum percentile points, different pairs of H and
L are used, as 25th, and 75th percentile, 10th and 90th percentile or any other pair of percentile
can be used to calculate the shape parameter of PFD. We consider P.E as an unbiased estimator
to construct the EWMA control chart. The variance of the “γ̂P.E” is defined by

Var
(
γ̂P.E

)=E(γ̂P.E − γ )2 (4)

3.2 MLE for the Shape Parameter of PFD
The MLE due to Zaka et al. [23] for the shape parameter “γ ” is given by

γ̂MLE =
(

n
n ln (max (yi))−

∑n
i=1 ln yi

)
, (5)

where max(yi) is the maximum observation in the data, ln(yi) is the natural logarithm of “yi” and
“n” is the sample size.

The variance of the γ̂MLE is given by

Var
(
γ̂MLE

)=E(γ̂MLE − γ )2. (6)

3.3 MMLE for the Shape Parameter of PFD
Zaka et al. [23] proposed the MMLE for the shape parameter of the PFD. The MMLE due

to the Zaka et al. [23] for the shape parameter (γ ) is given by

γ̂MMLE =−1+
√

(1+ (y2/S2), (7)

where y and S2 are the sample mean and sample variance, respectively.

The variance of the γ̂MMLE is given by

Var
(
γ̂MMLE

)=E(γ̂MMLE − γ )2. (8)
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4 Proposed Process Monitoring For a Power Function Distribution

In the following section, P.E, MLE and MMLE due to Zaka et al. [23] are used to construct
memory less and memory-based control charts to monitor the shape parameter of a process
follows a PFD.

4.1 Proposed Monitoring of Shape Parameter of PFD Using P.E
Let y1, y2, . . . , yn be a sequence of independent and identical random variable generated from

a process which follows a PFD with shape parameter “γ ”. It is important to note that we use
the estimator of the shape parameter of the process instead of average of observations or single
observations by assuming that E

(
γ̂
)= γ .

4.1.1 Shewhart Type Control Chart Using P.E of PFD
The control limits for Shewhart-type control chart using P.E are given by

LCLγ̂P.E = γ −L ∗
√
var(γ̂P.E) (9)

CLγ̂P.E = γ (10)

UCLγ̂P.E = γ +L ∗
√
var(γ̂P.E). (11)

4.1.2 EWMA Control Chart Based on the P.E of PFD
We use the P.E of the shape parameter of the process instead of average of observations or

single observations by assuming that E
(
γ̂P.E

)= γ.

The EWMA statistic based on P.E of the PFD is given by

PEWt = λγ̂P.E+ (1−λ)PEWt−1, (12)

where γ̂P.E is a P.E as given by (1) for a PFD and PEWt−1 is the statistic on previous time. Also
λ is a smoothing constant. The mean and variance are derived as

For t= 1 we get, PEW1 = λγ̂P.E(1) + (1−λ)PEW0,

For t= 2 we get, PEW2 = λγ̂P.E(2) + (1−λ)PEW1,

PEW2 = λγ̂P.E(2) + (1−λ)λγ̂P.E(1) + (1−λ)2PEW0.

Similarly, on generalizing, we get

PEWt = λγ̂P.E(t) + (1−λ)λγ̂P.E(t−1) + (1−λ)2 γ̂P.E(t−2) + . . .+ (1−λ)t−1 λγ̂P.E(1) + (1−λ)t PEW0,

(13)

where PEW0 = γ , Taking expectation on, we get

E (PEWt)= λE
(
γ̂P.E(t)

)+ (1−λ)λE
(
γ̂P.E(t−1)

)+λ (1−λ)2E
(
γ̂P.E(t−2)

)+ . . .

+λ (1−λ)t−1 λE
(
γ̂P.E(1)

)+ (1−λ)t PEW0.

We have E
(
γ̂P.E(t)

)= γ , and PEW0 = γ , so the above may be written as

E (PEWt)= λγ + (1−λ)λγ +λ (1−λ)2 γ + . . . .+λ (1−λ)t−1 λγ + (1−λ)t γ ,
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E (PEWt)= γ
[
λ
{
1+ (1−λ)+ (1−λ)2+ . . .+ (1−λ)t−1

}
+ (1−λ)t

]
.

After solving the geometric series, we get

E (PEWt)= γ

[
λ

[
1− (1−λ)t

1− (1−λ)

]
+ (1−λ)t

]
,

Finally, we get

E (PEWt)= γ . (14)

To get the variance, apply variance on the

Var (PEWt)= λVar
(
γ̂P.E(t)

)+ (1−λ)λVar
(
γ̂P.E(t−1)

)+λ (1−λ)2Var
(
γ̂P.E(t−2)

)+ . . .

+λ (1−λ)t−1 λVar
(
γ̂P.E(1)

)+ (1−λ)t PEW0.

Let Var
(
γ̂P.E(t)

)= υ =E
(
γ̂P.E− γ

)2, we get

Var (PEWt)= λ2υ
(
1+ (1−λ)2+ (1−λ)4 + . . .+ (1−λ)2(t−1)

)
.

After simplification of a geometric series, we get

Var (PEWt)= λ2υ

(
1− (1−λ)2t

1− (1−λ)2

)
.

Alternatively, we get

Var (PEWt)= υ
(
1− (1−λ)2t

)( λ

2−λ

)
. (15)

Hence the control limits of an EWMA based on P.E are given by

LCLPEWt = γ −L ∗
√
var

(
γ̂P.E

) ∗ λ

(2−λ)

(
1− (1−λ)2t

)

CLPEWt = γ

UCLPEWt = γ +L ∗
√
var

(
γ̂P.E

) ∗ λ

(2−λ)

(
1− (1−λ)2t

)
.

where 1− (1−λ)2t approaches to unity as “t” get large so after ignoring it, the control limits for
EWMA takes the form as given by

LCLPEWt = γ −L ∗
√
var

(
γ̂P.E

) ∗ λ

(2−λ)
(16)

CLPEWt = γ (17)
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UCLPEWt = γ +L ∗
√
var

(
γ̂P.E

) ∗ λ

(2−λ)
. (18)

4.1.3 HEWMA Control Chart Based on P.E of the Shape Parameter of PFD
The HEWMA statistic using P.E of the shape parameter of the PFD is stated by

PHEWt = λ1PEWt+ (1−λ1)PHEWt−1 (19)

where PEWt is a usual EWMA statistic based on P.E given as

PEWt = λ2γ̂P.E+ (1−λ2)PEWt−1 (20)

and PHEWt−1 is the statistics on previous time. Also λ1 and λ2 are smoothing constant here. The
control limits are given for HEMMA control chart using P.E for the shape parameter of the PFD
and using (13) we get

PHEWt = λ1

⎛
⎝λ2γ̂P.E + (1−λ2)

1∑
j=0

(
(1−λ1)

(1−λ2)

)j
γ̂P.E(t−1) + (1−λ2)

2
2∑
j=0

(
(1−λ1)

(1−λ2)

)j
γ̂P.E(t−2)

+ (1−λ2)
3

3∑
j=0

(
(1−λ1)

(1−λ2)

)j
γ̂P.E(t−3) + . . .+ (1−λ2)

t−1
t−1∑
j=0

(
(1−λ1)

(1−λ2)

)j
γ̂P.E(1)

⎞
⎠

+λ1 (1−λ2)
t

t∑
j=0

(
(1−λ1)

(1−λ2)

)j
γ̂P.E(0) + (1−λ2)

t PHEt

LCLPHEWt

= γ −L

∗ λ1λ2

(λ1−λ2)

√√√√√
⎛
⎝ 2∑
i=1

(1−λi)
2
(
1− (1−λi)

2t
)

1− (1−λi)
2 − 2 (1−λ1) (1−λ2)

{
1− (1−λ1)

t (1−λ2)
t}

1− (1−λ1) (1−λ2)

⎞
⎠ var

(
γ̂P.E

)

CLPHEWt = γ

UCLPHEWt

= γ +L

∗ λ1λ2

(λ1−λ2)

√√√√√
⎛
⎝ 2∑
i=1

(1−λi)
2
(
1− (1−λi)

2t
)

1− (1−λi)
2 − 2 (1−λ1) (1−λ2)

{
1− (1−λ1)

t (1−λ2)
t}

1− (1−λ1) (1−λ2)

⎞
⎠ var

(
γ̂P.E

)

4.2 Proposed Monitoring of the Shape Parameter of PFD Using MLE
Let y1, y2, . . . , yn be a sequence of independent and identical random variable generated from

a process which follows a PFD with shape parameter “γ ”. It is important to note that we use
the estimator of shape parameter of the process instead of average of observations or single
observations by assuming that E

(
γ̂
)= γ .
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4.2.1 Shewhart-Type Control Chart for MLE of PFD
The control limits for Shewhart-type control charts under MLE may be given as

LCLγ̂MLE = γ −L ∗
√
var

(
γ̂MLE

)
(21)

CLγ̂MLE = γ (22)

UCLγ̂MLE = γ +L ∗
√
var(γ̂MLE) (23)

4.2.2 EWMA Control Chart for the MLE of PFD
The EWMA statistic by using MLE of PFD may be written as

PEWt = λ2γ̂MLE+ (1−λ2)PEWt−1

where γ̂MLE is MLE for PFD and PEWt−1 is the statistic on previous time. Also λ2 is smoothing
constant. Using the mean and variance for the EWMA statistics given in (14) and (15). The
control limits given below may be obtained PFD as shown below:

LCLPEWt = γ −L ∗
√
Var(γ̂MLE)

(
λ

2−λ

)
(24)

CLPEWt = γ (25)

UCLPEWt = γ +L ∗
√
Var(γ̂MLE)

(
λ

2−λ

)
(26)

4.2.3 HEWMA Control Chart for the MLE of the PFD
The HEWMA statistic by using MLE of PFD may be written as

PHEWt = λ1PEWt+ (1−λ1)PHEWt−1 (27)

where PEWt is a usual EWMA statistic given as

PEWt = λγ̂MLE + (1−λ)PEWt−1 (28)

where γ̂MLE is maximum likelihood estimator for PFD and PEWt−1 is the statistic on previous
time. Also λ is smoothing constant, we get the control limits for HEMMA as

LCLPHEWt

=γ −L

∗ λ1λ2

(λ1−λ2)

√√√√√
⎛
⎝ 2∑
i=1

(1−λi)
2
(
1−(1−λi)

2t
)

1−(1−λi)
2 − 2(1−λ1)(1−λ2)

{
1−(1−λ1)

t(1−λ2)
t}

1−(1−λ1)(1−λ2)

⎞
⎠∗Var(γ̂MLE

)

CLPHEWt = γ
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UCLPHEWt

=γ +L

∗ λ1λ2

(λ1−λ2)

√√√√√
⎛
⎝ 2∑
i=1

(1−λi)
2
(
1−(1−λi)

2t
)

1−(1−λi)
2 − 2(1−λ1)(1−λ2)

{
1−(1−λ1)

t(1−λ2)
t}

1−(1−λ1)(1−λ2)

⎞
⎠∗Var(γ̂MLE

)

4.3 Proposed Monitoring of the Shape Parameter of PFD Using MMLE
Let y1, y2, . . . , yn be a sequence of independent and identical random variable generated from

a process which follows a PFD with shape parameter “γ ”. It is important to note that we use
the estimator of shape parameter of the process instead of average of observations or single
observations by assuming that E

(
γ̂
)= γ .

4.3.1 Shewhart-Type Control Chart for MMLE of PFD
The control limits for Shewhart control charts under modified maximum likelihood estimator

may be given as

LCLγ̂MMLE = γ − (L ∗
√
Var

(
γ̂MMLE

)
) (29)

CLγ̂MMLE = γ (30)

UCLγ̂MMLE = γ + (L ∗
√
Var

(
γ̂MMLE

)
) (31)

4.3.2 EWMA Control Chart for the MMLE of PFD
The EWMA statistic by using MMLE of PFD may be written as

PEWt = λ2γ̂MMLE+ (1−λ2)PEWt−1 (32)

where γ̂MMLE is MMLE for PFD and PEWt−1 is the statistic on previous time. Also λ2 is
smoothing constant. By using the mean and variance for the EWMA statistics given in (14) and
(15), the control limits given below may be obtained PFD as given below:

LCLPEWt = γ −L ∗
√
Var(γ̂MMLE)

(
λ

2−λ

)
(33)

CLPEWt = γ (34)

UCLPEWt = γ +L ∗
√
Var(γ̂MMLE)

(
λ

2−λ

)
(35)

4.3.3 HEWMA Control Chart for the MMLE of the PFD
The HEWMA statistic by using MMLE of PFD may be written as

PHEWt = λ1PEWt+ (1−λ1)PHEWt−1

where PEWt is a usual EWMA statistic given as

PEWt = λ2γ̂MMLE + (1−λ2)PEWt−1
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where γ̂MLE is maximum likelihood estimator for PFD and PEWt−1 is the statistic on previous
time. Also, λ is smoothing constant; we may get the control limits for HEMMA as

LCLPHEWt

=γ −L

∗ λ1λ2

(λ1−λ2)

√√√√√
⎛
⎝ 2∑
i=1

(1−λi)
2
(
1−(1−λi)

2t
)

1−(1−λi)
2 − 2(1−λ1)(1−λ2)

{
1−(1−λ1)

t(1−λ2)
t}

1−(1−λ1)(1−λ2)

⎞
⎠∗Var(γ̂MMLE

)

CLPHEWt=γ

UCLPHEWt

=γ +L

∗ λ1λ2

(λ1−λ2)

√√√√√
⎛
⎝ 2∑
i=1

(1−λi)
2
(
1−(1−λi)

2t
)

1−(1−λi)
2 − 2(1−λ1)(1−λ2)

{
1−(1−λ1)

t(1−λ2)
t}

1−(1−λ1)(1−λ2)

⎞
⎠∗Var(γ̂MMLE

)

5 Simulation Study

To compare the performance of Shewhart-type, EWMA and HEWMA control charts for
monitoring the shape parameter of the PFD, we use the simulation approach to generate Average
Run Length (ARL). We use the following algorithm for simulation.

The Monte Carlo Simulation program for the proposed control charts is executed assuming
a process is following PFD.

1. Generate a random sample of size n= 150 on Yt from the PFD with parameters (β, γ )=
(1, 2).

2. Compute γ̂∗t where ∗= P.E, MLE and MMLE, using (3), (5) and (7).
3. Repeat Steps 1 and 2 for 5000 times and compute E

(
γ̂∗t
)
and V

(
γ̂∗t
)
.

4. Repeat Step 3 for 5000 times and compute the mean of E
(
γ̂∗t
)
and V

(
γ̂∗t
)
.

5. Compute control limits to construct Shewhart-type control chart based on γ̂∗t.
6. Compute ARL value for each Shewhart-type control chart that based on γ̂∗t given that

process is an in-control state.
7. Now fix ARL0 = 350 for the in-control state of the process and search the suitable value

of “L” so that ARL0 for the in-control state of a process is achieved.
8. Now assume if the process parameter γ is shifted by 0.05 from its true value and compute

ARL1. This step is repeated for different shift values 0.10, 0.15, 0.25 & 0.50, and compute
ARL1 in each case of shift values.

9. Plot ARL values against the values of shift that used in Steps 7 & 8.
10. It is to note that the procedure of Shewhart-type control chart based on γ̂∗t observe

whether the process following the PFD is in-control or out of control. If the process is
in-control, go to Step 1. Otherwise, record the Run Length, i.e., the process remained in
control before being declared out-of-control.

11. Repeat this process 5000 times to obtain the ARLs, SDRLs and fractiles.



CMES, 2021, vol.127, no.3 1211

5.1 Computing Control Chart Based on EWMA Statistics Integrated with P.E, MLE and MMLE,
PEW∗t for PFD

12. Repeat Steps 1 and 2 to compute EWMA statistics, PEW∗t taking λ = 0.6 and PEW∗0 as
the target value of the parameter.

13. Repeat Steps 3 and 4 for 5000 times to compute the mean of E (PEW∗t) and V (PEW∗t).
14. Compute control limits for EWMA control charts integrated with PEW∗t statistics subject

to the process with PFD is an in-control state.
15. Repeat from Steps 6 to 11.

5.2 Computing Control Chart Based on HEWMA Statistics Integrated with P.E, MLE and MMLE,
PHEW∗t for PFD

16. Repeat Steps 1 and 2 to compute HEWMA statistics, HPEW∗t taking λ1 = 0.30, λ2 = 0.10,
and HPEW∗0 as the target value of the parameter.

17. Repeat Steps 3 and 4 for 5000 times to compute the mean of E (PHEW∗t) and
V (PHEW∗t).

18. Compute control limits for HEWMA control charts integrated with HPEW∗t statistics
subject to the process with PFD is an in-control state.

19. Repeat from Steps 6 to 11.
20. Assume λ1 = 0.30, λ2 = 0.50 and repeat from Steps 17 to 19.
21. Assume λ1 = 0.30, λ2 = 0.75, and repeat from Steps 17 to 19.

6 Results and Discussion

Average Run length is considered for comparison in between the control charts based on
MLE, MMLE and P.E. The timely detection of an outlier in the process is preferred. So the
control chart having a minimum ARL value is considered to be good.

We have constructed three control charts, i.e., Shewhart control chart based on P.E, Shewhart
control chart based on MLE and Shewhart control chart based on MMLE. We compare these
control charts by using the above mentioned simulation steps. We have presented the ARLs by
setting the ARLo= 500.

We observe from Tab. 1 and Fig. 1 that the performance of a Shewhart control chart based
on MLE is better than P.E and MMLE. We see that the MLE early detects the shift in the
process. For instance the control chart based on the estimate of shape parameter using P.E gives
ARL1, i.e., out of control average run length as 419.257 when there is shift of 0.01 in the shape
parameter PFD but MLE gives ARL1 = 392.25 and MMLE gives ARL1 = 430.103. So, MLE
is more efficient to detect the small shift in the process compared to P.E and MMLE if the
underlying distribution of the process is PFD.

We observe from Tab. 2 and Fig. 2 that for λ = 0.10, MLE performs better as compare to
P.E and MMLE. We take a shift of 0.01 in the shape parameter of PFD and see that control
charts under P.E provide ARL1 = 356.138, control charts under MLE gives ARL1 = 287.2285 and
control charts under MMLE gives ARL1 = 307.261. We see that a control chart under MLE is
better than control charts under P.E and MMLE. We take different shifts and observe the same
behaviour. We observe that the ARL1 reduces to 1 more efficiently when we use EWMA control
chart under MLE as compare to the control chart under P.E and control chart under MMLE.
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Table 1: Shewhart control chart based on P.E, MLE and MMLE

Estimation
methods

Shift

0 0.01 0.03 0.06 0.09 0.120 0.150 0.180 0.210 0.240 0.60 1.00 1.5

P.E ARL 500.112 419.257 315.537 226.168 166.375 120.781 88.468 67.769 51.955 42.142 4.435 1.531 1.044
SDRL 494.452 400.9711 323.4627 234.0356 169.7425 123.102 87.3128 62.744 50.452 41.849 3.888 0.9294 0.210
P10 51.0 44.9 33.9 22.9 19.00 14.9 10.0 7.90 5 5 1 1 1
P25 145 111.0 94.0 67.0 54.00 39.0 27 20 16 14 2 1 1
P50 348 262.5 216.0 160.0 113.00 81.5 64 52 38 30 3 1 1
P75 699 535.5 422.5 304.5 220.25 161.0 121 97.25 72 58 6 2 1
P90 1179.5 919.4 752.0 513.1 374.50 277.1 190.2 151.2 112 91 10 3 1

MLE ARL 500.632 392.25 305.756 203.81 134.122 76.206 60.765 42.138 30.57 23.202 2.195 1.066 1.001
SDRL 513.118 410.527 323.470 202.934 133.331 85.404 59.098 39.925 30.320 21.956 1.571 0.2715 0.031
P10 59.00 41.00 30.90 19.0 13.90 9.00 7 5 4 3 1 1 1
P25 150 121.00 86.00 58.0 41.00 27.00 18 13 9 7 1 1 1
P50 341 296.50 211.00 140.0 93.00 65.00 43 30 21 16 2 1 1
P75 713.75 603.25 436.25 280.0 186.25 123.25 85 61 41 33 3 1 1
P90 1188.1 940.10 685.00 472.6 290.10 202.00 134 93 68 53 4 1 1

MMLE ARL 500.937 430.103 306.829 177.613 120.375 88.708 52.426 35.17 24.919 17.74 1.698 1.031 1
SDRL 507.6469 435.8804 299.7871 187.2064 118.554 78.553 54.38719 34.2362 24.7146 17.105 1.1198 0.1845 0
P10 53.00 43.90 33.00 20 14.00 8 5.0 4.0 3 2 1 1 1
P25 145.75 121.75 94 48 34.75 22 16 11 8 6 1 1 1
P50 350.50 303.50 215 123 81 54 35.5 24 18 13 1 1 1
P75 706.25 572.75 425 247 166 100 73 49 33 24 2 1 1
P90 1194.3 1016.40 691 410 287.5 176 116.1 79.2 58 41 3 1 1

Figure 1: ARLs for the shape parameter of PFD under Shewhart control chart

From Tab. 3 and Fig. 3, it is clear that for λ = 0.60, at shift = 0.01, P.E provides ARL1 =
435.08, control charts under MLE give ARL1 = 394.365 and control charts under MMLE gives
ARL1 = 396.261. We conclude that a control chart under MLE is better than control charts under
P.E and MMLE. We also see that if we use different shifts for shape parameter, EWMA under
MLE detects early any shift to shape parameter as compare to EWMA under P.E and MMLE.



CMES, 2021, vol.127, no.3 1213

Table 2: EWMA control chart when λ= 0.10 based on P.E, MLE and MMLE for power function
distribution

Estimation
methods

Shift

0 0.01 0.03 0.06 0.09 0.120 0.150 0.180 0.210 0.240 0.60 1.00 1.5

P.E
L= 4.20

ARL 500.748 356.138 183.057 84.354 47.99 32.016 23.563 17.803 14.64 12.441 4.372 2.73 1.977
SDRL 478.0 336.079 170.97 71.70 35.307 21.079 13.869 9.248 6.7318 5.3947 1.223 0.662 0.3776
P10 64.0 48.00 32.00 19 15.0 12 10 8 7.9 7 3 2 2
P25 162.0 110.00 62.75 34 23 17 14 11 10 8 4 2 2
P50 368.0 254.00 125.00 62 38 26 20 15 13 11 4 3 2
P75 677.0 493.25 247.00 112 62 41 30 22 18 15 5 3 2
P90 1107.1 786.30 410.6 180 97.1 59 42 31 23 19 6 3 2

MLE
L= 4.200

ARL 500.401 299.469 124.776 47.721 26.853 17.838 13.24 10.548 8.742 7.46 5.882 1.979 1.404
SDRL 485.173 287.2285 105.3997 34.2788 16.0943 8.92667 5.631173 4.001 2.984685 2.4042 0.6689 0.3265 0.490
P10 73.9 44.0 27.0 16 11 9 7.0 6 5 5 2 2 1
P25 165.0 94.0 48.0 23 16 12 9.0 8 6 6 3 2 1
P50 338.0 205.0 97.0 38 23 16 12.0 10 8 7 3 2 1
P75 691.0 390.5 169.0 63 34 22 16.0 13 11 9 3 2 2
P90 1187.8 665.0 255.1 93 47 30 20.1 16 13 11 4 2 2

MMLE
L= 4.03

ARL 500.466 307.261 131.812 51.461 29.368 18.964 14.105 11.147 9.021 7.704 2.994 1.947 1.376
SDRL 501.4857 303.2855 115.9346 38.27858 19.01347 11.151 7.079 5.025 3.607 2.805 0.758 0.4175 0.484
P10 69.00 48.9 27.00 15 11 8 7 6 5 5 2 1 1
P25 158.75 100 49 24 16 11 9 8 6 6 3 2 1
P50 356.5 211 97 40 24 16 13 10 8 7 3 2 1
P75 654.00 406 172.25 68 38 23 18 14 11 9 3 2 2
P90 1193.1 688.3 282.10 105 54 33 23 17 14 11 4 2 2

Figure 2: ARLs for the shape parameter of PFD under EWMA control chart at λ= 0.75
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Table 3: EWMA control chart when λ= 0.60 based on P.E, MLE and MMLE for power function
distribution

Estimation
methods

Shift

0 0.01 0.03 0.06 0.09 0.120 0.150 0.180 0.210 0.240 0.60 1.00 1.5

P.E
L= 4.15

ARL 500.137 435.08 321.381 207.639 133.081 86.096 61.456 43.542 31.896 23.98 3.243 1.54 1.079
SDRL 492.2264 422.12 328.01 211.47 132.1367 85.615 58.602 41.924 30.98 23.15 2.015 0.674 0.269
P10 54.90 51.00 34.90 22.00 13.00 10.0 8.0 6.0 5 4 1 1 1
P25 141.00 118.75 92.75 62 38 25 19 14 11 8 2 1 1
P50 341.00 302.5 225.00 142 94 61 46 31 23 16 3 1 1
P75 726.75 623 427.25 279.25 183.25 118 86 59 43 32 4 2 1
P90 1211.20 1019.5 736.10 484.60 300.10 195.1 135.1 94.1 68 53 6 2 1

MLE
L= 4.16

ARL 500.937 394.365 242.607 123.358 68.048 41.33 24.3 16.131 11.529 8.253 1.66 1.057 1.055
SDRL 517.3019 406.1537 236.597 119.5382 68.0906 39.141 23.260 14.578 9.871 6.7942 0.739 0.2319 1
P10 56.0 42.00 29.00 16.00 9.00 6.00 4.00 3.0 3 2 1 1 0
P25 151.5 116.75 73.75 38.00 22.00 14.75 8.00 6.0 4 4 1 1 1
P50 340.0 273.00 175.00 86.00 48.00 29.50 17.00 12.0 9 6 2 1 1
P75 660.5 523.00 334.00 173.25 90.25 57.00 31.25 21.0 15 11 2 1 1
P90 1185.2 921.30 547.00 280.20 149.30 91.10 54.00 34.1 25 17 3 1 1

MMLE
L= 4.34

ARL 500.2 396.518 270.38 139.086 83.52 51.653 32.266 21.861 15.213 11.323 1.875 1.109 1
SDRL 54.0 405.9102 282.9092 138.3694 85.027 49.803 32.612 21.058 14.529 9.906 0.9155 0.311 0
P10 140.5 38.00 23.90 15.00 9.00 7.0 5 4 3 3 1 1 1
P25 240.0 100.00 78.75 38 26 17.0 11 7 6 5 1 1 1
P50 560.5 266.00 186 98.50 58 37.0 21 15 11 8 2 1 1
P75 1085.2 539.25 366.25 189.25 111.25 70.0 41 30 19 15 2 1 1
P90 56.0 956.00 621.10 323.0 191.10 117.1 74 48 33 23 3 2 1

Figure 3: ARLs for the shape parameter of PFD under EWMA control chart at λ= 0.60

We can see in Tab. 4 and Fig. 4 that when λ = 0.75, by using shift = 0.01, EWMA control
charts under P.E provide ARL1 = 444.335, control charts under MLE gives ARL1 = 403.633 and
control charts under MMLE gives ARL1 = 407.456. We conclude that EWMA control chart under
MLE is better than the control charts under P.E and MMLE.

We also observe from Tabs. 1–4 that with an increase in the value of λ, the EWMA control
charts behave like Shewhart control chart showing an increase in ARL1. So EWMA performs
better than Shewhart control chart for all three control charts based on P.E, MLE and MMLE.
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Table 4: EWMA control chart when λ= 0.75 based on P.E, MLE and MMLE for power function
distribution

Estimation
methods

Shift

0 0.01 0.03 0.06 0.09 0.120 0.150 0.180 0.210 0.240 0.60 1.00 1.5

P.E
L= 4.175

ARL 500.663 444.335 330.098 224.091 154.421 105.199 75.218 54.583 40.976 31.366 3.643 1.528 1.064
SDRL 484.7689 432.3127 319.7975 232.1184 156.9695 104.374 70.949 51.22 39.12 30.53 2.71 0.753 0.248
P10 55.90 51.9 38.0 22.0 15.9 11.9 9 6.00 5.0 5 1 1 1
P25 141.75 127.0 95.0 62.0 45 30 22 17 13 10 2 1 1
P50 341.50 312.5 231.0 156.5 105 75 56 42 29 22 3 1 1
P75 707.50 627.0 459.0 306.5 209 147 105 76.25 58 43 5 2 1
P90 1184.10 1023.4 752.2 526.2 359.1 235 165 115.2 93.1 68 7 2 1

MLE
L= 4.186

ARL 500.5 403.633 273.554 145.231 85.901 52.745 34.187 21.88 15.408 10.93 1.625 1.037 1
SDRL 485.9248 395.9084 274.9435 140.1837 85.61952 51.208 33.85111 20.62608 14.71401 9.588 0.830 0.188 0
P10 55.90 42.00 30.0 16.0 10.0 7 5.0 3 3.0 2 1 1 1
P25 152.75 123.75 75 42 24 17 11 7 5 4 1 1 1
P50 344.50 298 190.5 101 58.5 37 23.5 16 11 8 1 1 1
P75 697.00 540.5 376.5 197 119 74 46 29 21 15 2 1 1
P90 1169.10 887.4 632.1 341.1 194.1 115 78 49 33.1 23 3 2 1

MMLE
L= 4.3805

ARL 500.451 407.456 273.466 175.28 102.127 64.157 41.97 28.546 20.36 14.634 1.905 1.104 1
SDRL 495.18 393.7306 277.9532 182.0611 96.39647 62.7544 40.03821 26.91826 18.409 13.255 1.0251 0.327 0
P10 58.00 47.8 26.0 21.0 11.0 7 6 4.00 3 3 1 1 1
P25 155.75 128.0 79.0 49.0 29.0 19 13 9 7 5 1 1 1
P50 353.00 308.0 188.0 120.5 74.5 44 29 20 14 11 2 1 1
P75 702.50 542.5 369.5 241.0 146.0 92 58 38.25 29 20 2 1 1
P90 1109.00 921.1 615.0 402.1 243.0 147 94 66 47 311 3 1 1

Figure 4: ARLs for the shape parameter of PFD under EWMA control chart at λ= 0.10

We have developed HEWMA control chart based on P.E, MLE and MMLE when λ1 = 0.30
and λ2 = 0.10 in Tab. 5 and Fig. 5. We can see from Tab. 5 that MLE performs better as
compare to control charts based on P.E and MMLE when the underlying distribution of the
process is PFD. We see that for a shift of 0.01 in the shape parameter of an underlying process,
the control chart based on P.E gives ARL1 = 328.82, the control chart based on MLE provide
ARL1 = 297.866 and the control chart based on MMLE detects the shift at ARL1 = 311.973. By
further analysis of the results given in Tab. 5, we observe the same behaviour of HEWMA under
MLE as it gives smaller ARL1 as compare to HEWMA under P.E and MMLE.
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Table 5: HEWMA control chart when λ1 = 0.30, λ2 = 0.10 based on P.E, MLE and MMLE for
power function distribution

Estimation
methods

Shift

0 0.01 0.03 0.06 0.09 0.120 0.150 0.180 0.210 0.240 0.60 1.00 1.5

P.E
L= 4.065

ARL 500.661 328.82 171.46 68.485 38.939 23.809 17.697 13.63 11.722 10.049 3.977 2.443 1.748
SDRL 922.781 638.93 298.782 108.08 50.85654 28.718 18.531 12.675 9.607 7.349 1.3705 0.6443 0.478
P10 1.0 1.0 1.00 1.00 1.0 1.0 1 1 1 1 2 2 1
P25 1 1 1 1 1 1 1 1 1 4 3 2 1
P50 1 1 1 15.5 20 16 15 12 11 10 4 2 2
P75 654.5 415 226.25 96.25 58 36 26 21 17 14 5 3 2
P90 1785.8 1039.5 574.5 204 108.1 61.1 43 29 24 19 6 3 2

MLE
L= 4.30

ARL 500.43 297.866 115.949 39.929 21.219 15.007 11.127 8.648 6.634 5.548 1.529 1.048 1.154
SDRL 563.635 574.133 189.941 51.6193 22.1502 12.625 7.9184 5.592251 4.1392 3.223815 0.7097 0.4200 0.36
P10 1.0 1.0 1.00 1 1 1 1 1 1 1.00 2 1 1
P25 1.0 1.0 1.00 1 1 1 5 6 5 5.00 2 2 1
P50 1.0 1.0 13.00 23 17 14 11 9 8 7.00 3 2 1
P75 224.0 381.5 161.25 61 32 22 16 12 10 8.25 3 2 1
P90 245 301.10 115.949 39.929 21.219 15.007 11.127 9 7.764 6.597 2.697 1.819 1.154

MMLE
L= 4.30

ARL 500.62 311.973 117.135 45.747 25.107 15.898 11.513 9 7.764 6.597 2.697 1.819 1
SDRL 504.1815 284.9462 106.4273 36.10785 18.01733 10.273 7.019 5.069 3.815 3.129 0.712 0.213 0
P10 67.90 43.90 21.00 11 7 5 4 3 2 2 1 1 1
P25 156.75 96 43 20 12 9 6 5 4 3 1 1 1
P50 345.50 206 86.50 37 21 14 10 8 6 5 1 1 1
P75 672 403.25 158.25 63 34 15 11 9 7 2 1 1
P90 1181.20 684.10 255.10 92 49 20 15 12 10 3 1 1

Figure 5: ARLs for the shape parameter of PFD under HEWMA control chart at λ1 = 0.30 and
λ2 = 0.60

From Tab. 6 and Fig. 6, we observe that shift of 0.01 in the shape parameter of an underlying
process, the control chart based on P.E detects the shift by giving ARL1 = 388.178), the control
chart based on MLE detects the shift ARL1 = 344.91, and the control chart based on MMLE
detects the shift at ARL1 = 367.847. From Tab. 7 and Fig. 7, at shift = 0.01, the control chart
based on P.E detects the shift and gives ARL1 = 390.57, the control chart based on MLE gives
ARL1 = 358.786, and the control chart based on MMLE detects the shift at ARL1 = 373.21.
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Table 6: HEWMA control chart when λ1 = 0.30, λ2 = 0.60 based on P.E, MLE and MMLE for
power function distribution

Estimation
methods

Shift

0 0.01 0.03 0.06 0.09 0.120 0.150 0.180 0.210 0.240 0.60 1.00 1.5

P.E
L= 3.82

ARL 500.618 388.178 241.246 121.342 67.332 41.656 27.419 18.982 14.392 11.159 2.64 1.477 1.069
SDRL 491.464 373.008 234.365 116.36 60.97 37.25 25.117 15.797 11.90 7.99 1.2435 0.593 0.253
P10 58.00 45.90 27.00 16.00 11.0 8.0 6 5 4 4 1 1 1
P25 152.5 113.75 71 36.75 22.0 15 11 8 7 6 2 1 1
P50 365.5 291.50 161 89.00 50.0 30 19 14 11 9 2 1 1
P75 694.75 528.50 337.25 161.00 94.0 56 36 26 18 14 3 2 1
P90 1137.10 869.10 543.30 279.10 151.1 92.1 56 39 28 22 4 2 1

MLE
L= 3.98

ARL 500.865 344.915 167.066 69.494 33.419 18.855 12.175 8.664 6.614 5.328 1.616 1.057 1
SDRL 524.0715 378.1097 161.993 65.779 27.91262 15.154 9.3760 5.61468 3.8735 2.860174 0.648 0.2319586 0
P10 68.00 43.0 24.00 11.00 7 5.00 4 3 3 2 1 1 1
P25 159.75 106.0 53.00 23.00 13 8.00 6 5 4 3 1 1 1
P50 369.00 252.0 115.00 51.00 26 14.00 9 7 6 5 2 1 1
P75 725.25 478.5 223.25 94.25 45 25.25 15 11 8 7 2 1 1
P90 1187.70 863.1 394.10 145.00 72 37.00 24 16 12 9 2 1 1

MMLE
L= 4.09

ARL 500.494 367.847 176.29 70.75 35.692 21.44 14.027 9.711 7.326 5.754 1.569 1.051 1
SDRL 479.607 348.9006 169.301 66.00 31.77 18.477 11.858 7.181 4.992 3.7012 0.716 0.22 0
P10 63.8 43.00 25.0 9.9 6 5 4 3 2 2 1 1 1
P25 156.5 96 56 23 13 8 6 5 4 3 1 1 1
P50 382 245 121.5 50 27 16 11 8 6 5 1 1 1
P75 670 486.25 240.5 98 48 29 19 13 9 7 2 1 1
P90 1120.2 771.30 395.1 160.1 78 44 28 19 13 10 3 1 1

Figure 6: ARLs for the shape parameter of PFD under HEWMA control chart at λ1 = 0.30 and
λ2 = 0.10

We also observe that HEWMA control chart performs better as compare to EWMA control
chart and Shewhart control chart under all three estimation methods, i.e., P.E, MLE and MMLE
by giving less ARL1 value, which means early detection of any shift in the process.

6.1 Simulated Data Set
To see the working procedure of the proposed control charts, a simulation study was carried

out. For this purpose, we generated 25 observations from a PFD for an in-control process, and
the next 25 observations were generated from the shifted process with λ = 0.10. The estimated
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values of the proposed EWMA statistic under MLE were computed for the selected levels of
the proposed control charts parameters with λ = 0.10 and L= 4.20. The data and values of the
proposed and existing statistic are listed in Tab. 8, and the plotted values of these statistics are
shown in Fig. 8. Further, the estimated values of the proposed HEWMA statistic under MLE
were computed for the selected levels of the proposed control charts parameters with λ1 = 0.30,
λ2 = 0.10 and L= 4.065. The data and values of the proposed and existing statistic are listed in
Tab. 8, and the plotted values of these statistics are shown in Fig. 9.

Table 7: HEWMA control chart when λ1 = 0.30, λ2 = 0.75 based on P.E, MLE and MMLE for
power function distribution

Estimation
methods

Shift

0 0.01 0.03 0.06 0.09 0.120 0.150 0.180 0.210 0.240 0.60 1.00 1.5

P.E
L= 3.885

ARL 501.246 390.57 243.507 128.215 70.771 44.065 29.609 20.217 15.009 11.855 2.64 1.455 1.063
SDRL 476.8266 365.166 239.856 123.4077 64.88 39.8348 26.728 16.93 12.624 8.9174 1.289 0.5901 0.243
P10 56.90 50.0 27.00 16.00 11 9.0 6 5.0 4 3 1 1 1
P25 150.0 115 72 39 23 16 11 9 7 6 2 1 1
P50 368.0 290.5 162 91.50 53 31.5 21 15 12 10 2 1 1
P75 695.75 544.0 334.25 172.25 96 58 40 27 19 15 3 2 1
P90 1130.0 887.5 572.30 299.10 161 97.1 63 42.1 30 24 4 2 1

MLE
L= 3.98

ARL 358.786 179.849 72.938 35.568 20.248 12.6 8.896 6.733 5.404 1.575 1.045 1
SDRL 506.899 379.3842 178.4702 67.5058 30.464 16.5718 9.5755 6.0970 4.1406 3.0394 0.6471 0.2074 0
P10 65.00 43.90 24.0 11.0 7 5 4 3 2 2 1 1 1
P25 157.00 104.75 56.0 27.0 13 8 6 5 4 3 1 1 1
P50 370.00 256.00 127.0 54.0 27 15 10 7 6 5 1 1 1
P75 705.75 500.25 238.0 99.0 48 27 16 11 9 7 2 1 1
P90 1173.30 857.20 416.1 156.1 77 41 25 17 12 10 2 1 1

MMLE
L= 4.1535

ARL 504.232 373.21 186.184 76.063 38.633 23.069 14.863 10.367 7.576 6.018 1.596 1.054 1
SDRL 475.515 331.5469 187.3311 70.932 34.517 20.40 12.722 7.7945 5.28 4.008 0.733 0.2261 0
P10 60.90 47.00 26.00 10.0 7.0 5 4 3 2 2 1 1 1
P25 147.75 104.75 57 24 13 9 6 5 4 3 1 1 1
P50 379 266 122.50 54.5 29 17 11 8 6 5 1 1 1
P75 707.25 507 254.25 105 53 31 19 14 10 8 2 1 1
P90 1127 812.6 421.10 178 81.2 48 31 20 14 11 3 1 1

Figure 7: ARLs for the shape parameter of PFD under HEWMA control chart at λ1 = 0.30 and
λ2 = 0.75
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Table 8: Simulated data

EWMA HEWMA

λ= 0.10 and L= 4.20 λ1 = 0.30, λ2 = 0.10 and L= 4.065

EWt LCL UCL EWt HEWt LCL UCL

1.999742 1.958025 2.081975 1.999742 1.999922 2.001297 2.038704
2.032648 1.936621 2.103379 2.032648 2.009740 1.984710 2.055290
2.022034 1.922676 2.117324 2.022034 2.013428 1.969518 2.070482
2.0s01997 1.912700 2.127300 2.001997 2.009999 1.956267 2.083733
2.000829 1.905254 2.134746 2.000829 2.007248 1.945017 2.094983
2.026739 1.899560 2.140440 2.026739 2.013095 1.935621 2.104379
2.038168 1.895137 2.144863 2.038168 2.020617 1.927854 2.112146
2.027747 1.891667 2.148333 2.027747 2.022756 1.921479 2.118521
2.034679 1.888923 2.151077 2.034679 2.026333 1.916270 2.123730
2.021543 1.886742 2.153258 2.021543 2.024896 1.912028 2.127972
2.007367 1.885002 2.154998 2.007367 2.019637 1.908582 2.131418
1.991564 1.883608 2.156392 1.991564 2.011215 1.905786 2.134214
1.958908 1.882489 2.157511 1.958908 1.995523 1.903520 2.136480
1.987081 1.881590 2.158410 1.987081 1.992991 1.901684 2.138316
1.974873 1.880866 2.159134 1.974873 1.987555 1.900198 2.139802
1.990290 1.880282 2.159718 1.990290 1.988376 1.898995 2.141005
1.965196 1.879811 2.160189 1.965196 1.981422 1.898022 2.141978
1.987566 1.879430 2.160570 1.987566 1.983265 1.897234 2.142766
1.984756 1.879123 2.160877 1.984756 1.983712 1.896597 2.143403
2.001607 1.878874 2.161126 2.001607 1.989081 1.896081 2.143919
1.993854 1.878673 2.161327 1.993854 1.990513 1.895664 2.144336
2.050537 1.878511 2.161489 2.050537 2.008520 1.895326 2.144674
2.002203 1.878379 2.161621 2.002203 2.006625 1.895052 2.144948
2.018215 1.878273 2.161727 2.018215 2.010102 1.894831 2.145169
2.035307 1.878186 2.161814 2.035307 2.017664 1.894652 2.145348
2.041714 1.878117 2.161883 2.049882 2.027329 1.894507 2.145493
2.081554 1.878060 2.161940 2.097811 2.048474 1.894389 2.145611
2.075656 1.878014 2.161986 2.097980 2.063326 1.894294 2.145706
2.059292 1.877977 2.162023 2.086613 2.070312 1.894217 2.145783
2.062785 1.877947 2.162053 2.095690 2.077926 1.894155 2.145845
2.094064 1.877923 2.162077 2.132933 2.094428 1.894104 2.145896
2.109171 1.877903 2.162097 2.152481 2.111844 1.894063 2.145937
2.100904 1.877888 2.162112 2.147280 2.122475 1.894030 2.145970
2.111034 1.877875 2.162125 2.161188 2.134089 1.894003 2.145997
2.100044 1.877864 2.162136 2.153015 2.139766 1.893981 2.146019
2.087353 1.877856 2.162144 2.142497 2.140586 1.893964 2.146036
2.073221 1.877849 2.162151 2.130599 2.137590 1.893949 2.146051
2.040269 1.877843 2.162157 2.098207 2.125775 1.893938 2.146062
2.072167 1.877839 2.162161 2.133811 2.128186 1.893929 2.146071
2.060706 1.877835 2.162165 2.123595 2.126809 1.893921 2.146079
2.077973 1.877832 2.162168 2.142918 2.131641 1.893915 2.146085
2.052867 1.877830 2.162170 2.118326 2.127647 1.893910 2.146090
2.077280 1.877828 2.162172 2.144852 2.132809 1.893906 2.146094
2.075126 1.877826 2.162174 2.143642 2.136058 1.893903 2.146097
2.093397 1.877825 2.162175 2.163427 2.144269 1.893900 2.146100
2.085676 1.877824 2.162176 2.156065 2.147808 1.893898 2.146102
2.146482 1.877823 2.162177 2.220477 2.169608 1.893896 2.146104
2.096218 1.877822 2.162178 2.168953 2.169412 1.893895 2.146105
2.113459 1.877822 2.162178 2.187411 2.174811 1.893894 2.146106
2.131736 1.877821 2.162179 2.206847 2.184422 1.893893 2.146107
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In Fig. 9, we noted that the proposed HEWMA control chart under MLE detected a shift at
the 32th sample, while in Fig. 8; the EWMA control chart under MLE could not detect the shift.
Hence, this shows that the proposed HEWMA control chart under MLE has a greater ability to
detect smaller shifts earlier than the EWMA control chart.

Figure 8: Graph of simulated data of the proposed EWMA control chart under MLE

Figure 9: Graph of simulated data of the proposed HEWMA control chart under MLE
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6.2 Real Life Application
The data set is reported by Bekker et al. [26], which corresponds to the survival times (in

years) of a group of patients given chemotherapy treatment alone. The data consisting of survival
times (in years) for 46 patients are: 0.047, 0.115, 0.121, 0.132, 0.164, 0.197, 0.203, 0.260, 0.282,
0.296, 0.334, 0.395, 0.458, 0.466, 0.501, 0.507, 0.529, 0.534, 0.540, 0.641, 0.644, 0.696, 0.841, 0.863,
1.099, 1.219, 1.271, 1.326, 1.447, 1.485, 1.553, 1.581, 1.589, 2.178, 2.343, 2.416, 2.444, 2.825, 2.830,
3.578, 3.658, 3.743, 3.978, 4.003, 4.033. The data follows the PFD and plotted for both EWMA
and HEWMA control charts under MLE, as shown in Figs. 10 and 11.

Figure 10: Graph of real data of the EWMA control chart under MLE when L = 4.20 and
λ= 0.10

Figure 11: Graph of real data of the HEWMA control chart under MLE when λ1 = 0.30,
λ2 = 0.10 and L= 4.30
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We have constructed EWMA for λ = 0.10 and HEWMA for λ1 = 0.30, λ2 = 0.10 control
charts under MLE in Figs. 10 and 11. We see that HEWMA detects the process shift early
compared to EWMA, which shows that HEWMA is better to be used in real life when the
distribution of the underlying process is PFD.

7 Conclusion

If the process characteristic follows power function distribution, the construction of the usual
control charts such as Shewhart control chart, EWMA control chart and HEWMA control chart
by assuming the assumption of normality may increase the chances of the use of inappropriate
chart which leads to the wrong detection of real changes in the process, to overcome such issue,
we have constructed the Shewhart, EWMA and HEWMA control charts by assuming that the
distribution of the process is power function distribution. We have used three different estimation
methods for the shape parameter of PFD to construct the said control charts. We have concluded
that the HEWMA control chart under MLE performs better as compared to the other control
charts.

We have used the EWMA and HEWMA control chart under MLE to simulate data and
constructed the control charts; We observe that HEWMA under MLE is better to be used for
monitoring the process shape parameter. We have also provided the real-life application of the
proposed control charts. We observe that when the distribution of process follows PFD, HEWMA
control chart under MLE is preferred to be used.
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