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ABSTRACT

Based on the discrete element method and hydrostatics theory, an improved Archimedes principle is proposed to
study the rules pertaining to resistance changes during the penetration process of an intruder into the particulate
materials. The results illustrate the fact that the lateral contribution to the resistance is very small, while the
tangential force of the lateral resistance originates from friction effects. Conversely, the resistance of particulate
materials on the intrudermainly occurs at the bottom part of the intruding object. Correspondingly, the factors that
determine the resistance of the bottom part of the intruding object and the rules pertaining to resistance changes
are analyzed. It is found that when the volume density and friction coefficient of the particles and the radius of the
bottom surface of the cylindrical intruder are varied, the resistance–depth curve consists of a nonlinear segment
and a linear region. The intersection of the two stages occurs at the same location h/R̃= 0.15± 0.055. The slope
of the linear stage is determined by the friction coefficient of the particles. Accordingly, the relationship between
the slope and the friction coefficient is quantified. Finally, it is shown that the slope is independent of the geometry
of the intruder.
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1 Introduction

Granular media exist in natural environments and are extensively used in industrial produc-
tions. These types of media include natural particles like grain, and artificial particles like glass
beads [1]. Despite extensive studies conducted during the last decade [2–4], neither the statics
nor the dynamics of particulate materials are sufficiently understood [5]. One of the typical
problems is the quasistatic penetration problem that plays a significant role in the static properties
of particulate materials [6] and in the perturbation responses, such as the formation of shear
bands [7,8], settlement effects [9], and the jamming transition [10–12]. Hence, this study aims to
achieve an in-depth understanding of the resistance of particulate materials to intruders during
the impact process, and to build a bridge between the static resistance and dynamic fluidity of
particles.
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To study the resistance of particulate materials to intruders, that reflects the complex phys-
ical properties of particulate materials in the process at which intruders impact dry particulate
beds [13,14], it is necessary to build an interaction model involving the intruder and the particulate
materials. In current research efforts, limited attention is being paid to quasistatic penetration
processes [5,15]. Penetration dynamics depends on the intruder’s velocity and the microphysical
characteristics of the impact system, such as the particle type, initial filling fraction, and the
existence of interstitial fluid. Therefore, scholars a) considered the static or quasistatic effects,
based on which the initial intruder velocity was found to be much lower than the sound velocity,
and b) described the “slow” dynamics based on the macro force law when the intruder impacted
the dry particles [16,17]. Scholars have established an empirical law to describe this process [18,19]:
the resistance of the particulate materials with respect to the intruding object is mainly composed
of the static resistance Fz, which is related to depth, and the inertial resistance Fv, which is related
to velocity [20]. The static resistance Fz is a hydrostatic-like force and is mainly related to the
frictional plasticity of particles. The inertial resistance Fv is mainly the viscous force between
particles, and is generated by the momentum transfer among them [5,21,22]. The aforementioned
studies suggest methods for the analysis of the resistance to the penetration of intruding objects
in particulate materials in the presence of quasistatic conditions. These methods are effective in
the dynamic modeling of slow motion [19,23,24].

In addition, the quasistatic resistance reflects the macroscopic properties of particulate mate-
rials, and there is a close relationship between the macroscopic performance of this type of media
and the microscopic mechanism [25]. However, uncertainties lead to various difficulties in the
study of the microscopic mechanisms. The phenomenological stages of the research focuses on
the characterization of the law of motion of particulate materials [26]. The quasistatic problems
are studied based on experiments, such as the distribution of the force chain measured based on
photoelastic experiments [5,27] or the tracking of particle positions by a high-frequency camera
to obtain the dynamic response of particles [13]. However, owing to the limitations of the current
test and measurement methods, the accuracy of the results cannot be guaranteed [28]. Different
numerical methods and models can be used in numerical simulations [29,30]. Specifically, the
discrete element method (DEM) is the main tool used to simulate particulate materials [31–33].
The continuum-based model is suitable for simulating large asteroid impacts that can form large
craters on planet surfaces. This study focuses on the influence of objects on particulate materials
at the centimeter scale, where the continuum-based model is not applicable. DEM has been
acknowledged to be one of the most effective numerical methods for simulations of particle
dynamic behavior, and has been applied in a variety of research fields, such as in landslides,
sandstorms, and in grain research [34–36]. Moreover, research studies have shown that the DEM
is feasible for the study of particulate materials.

In this study, a numerical model is constructed to evaluate the penetration of an intruding
object into particulate materials in the quasistatic state based on the use of the DEM. The
variation of the resistance of the particulate materials with respect to the intruder is discussed
based on the hydrostatics theory. The influence of the physical properties of particulate materials
on the penetration process is recognized. Finally, the dependence of the resistance change on the
intruder geometry is also discussed.

2 Discrete Element Method and Setup of Simulation Model

The spherical element and its nonlinear contact model are employed to calculate the interac-
tion between particles to quantify the structural characteristics of particulate materials and their
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dynamic response during penetration. The contact forces of discrete elements can be divided into
the normal contact force Fn and the tangential contact force Fs, which can be represented by a
spring–damper–slider model, as shown in Fig. 1a. Fig. 1b is a contact diagram of the discrete
elements i and j. The symbols Cn and Cs are the normal and tangential damping coefficients
between the particles. Additionally, nij is the vector from the spherical center i to the spherical
center j and is defined as the normal vector of the two particles, whereas sij is the tangential

vector between particles. The normal overlap between the particles xpn can be expressed as,

xpn =Ri+Rj− dij (1)

where dij = |xi–xj| is the distance between the centers of the elements i and j. Ri and Rj are the
radii of the two elements. Additionally, xi and xj are the coordinate vectors of elements i and j
in the global coordinate system.

(a) (b)

Figure 1: Contact model representation used in the discrete element model. (a) Contact model in
normal and tangential directions (b) Contact model in the spherical discrete element

The contact force between particles is mainly composed of elastic and viscous force com-
ponents, and the sliding friction—that is based on Coulomb’s friction—is also considered. The
nonlinear Hertz–Mindlin contact model is used to calculate the elastic force between particles.
In the normal direction, interparticle forces include the Hertzian elastic force and the nonlinear
viscous force [37,38], expressed as,

Fn =Kn(x
p
n)

3/2+ 3
2
AKn(x

p
n)

1/2Δẋpn (2)

where ẋpn represents the relative velocity of the particles, which can be obtained by the velocity
vector difference of the particles. A is the viscous parameter of the particles which is related to
the mechanical parameters—such as the deformation modulus, viscous coefficient, and Poisson’s
ratio—and can be determined by the resilience coefficient of particle collision at a preset velocity.

The normal stiffness coefficient between particles is Kn = 3
4
E∗√R∗, where E∗ = E

2(1− ν2)
, and

R∗ = RiRj
Ri+Rj

, where E and ν are the elastic modulus and Poisson’s ratio of particulate materials,

respectively. Based on Mindlin theory and the Coulomb’s friction law, and by ignoring the effect
of viscous force, the tangential contact force can be expressed as [39,40],

Fs =min(F∗
s , sign(F∗

s )μpFn) (3)
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where F∗
s =Ksx

1/2
n xs, the tangential stiffness coefficients between particles is Ks = 8G∗√R∗, where

G∗ = G
2(1−υ)

and G = E
2(1+υ)

. In this case, G is the shear modulus of particulate materials,

and μp is the friction coefficient between particles. If the particles contact the rigid boundary,
the boundary can be set as a sphere with infinite radius. The contact detection method can refer
the [41,42].

In the nonlinear simplified Hertz–Mindlin (no-slip) contact model, the time step is not larger
than the maximum time of contact of two particles. The time step is defined as,

Δt= αtmax (4)

where α is the coefficient by experience, α = 0.2 when the coordination number is larger than 4,
or α = 0.4. The maximum time of contact of two particles is defined as,

tmax = πRmin
0.163υ + 0.8766

√
ρ

G
(5)

where ρ is the density of the particle, Rmin is the minimum radius of the particle.

The numerical simulation is performed using an in-house C++ code based on the theory
described previous. A numerical simulation model is set up, as shown in Fig. 2. The cylindrical
intruder penetrates the particulate materials at a low but constant velocity. That is to say, velocity-
controlled loading is adopted for the intruder. To obtain effective results, the end point of the
study is defined as the instant at which the entire cylinder penetrates into the particulate materials.
The particles are dense packing in the container with a width w= 440 mm, a length l= 440 mm
and a height h0 = 200 mm. The numerical simulation uses 220,000 dry spherical particles with
diameters in the range of 2.5–4.0 mm. A geometric particle generation algorithm based on the
front advancing method is adopted. The specific theory is detailed in [43].

Figure 2: Schematic showing the penetration process of the cylindrical intruding object into the
particulate materials based on which the numerical simulations were conducted

In the course of the penetration, the existence of the container boundary may generate a
strong impact resistance, especially when the cylindrical intruder moves in a direction parallel
to the container wall. The boundary effect is mainly caused by the interference inside the stress
field of the particulate materials and the side wall [44,45]. To avoid this effect, the size of the
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container is large enough, and the cylindrical intruder penetration is set to occur in the middle of
the container to eliminate the boundary effect [46]. Various particles are simulated by changing
the relevant parameters of the particulate materials. The main simulation parameters are listed in
Tab. 1.

Table 1: Computational parameters used in DEM simulations

Intruder
parameter

Symbol Value (units) Particle parameter Symbol Value (units)

Intruder radius R 20 mm Particle density ρ 1500 kg/m3

Intruder height L 50 mm Poisson ratio υ 0.3
Intruder mass m 12 kg Elastic modulus E 48.8 MPa
Friction coefficient
between particle
and intruder

μp−c 0.5 Friction coefficient
between particles

μp−p 0.5

Penetration
velocity

v 0.003 m/s Rebound
coefficient

e 0.5

3 Analysis of Quasistatic Resistance of Particulate Materials

To ensure that the entire research process is quasistatic, the velocity was chosen to take
values in the range of 0.001–0.5 m/s to allow the penetration of the intruder into the particulate
materials. Accordingly, the change of Fresultant, that is, the resultant resistance of particulate
materials with respect to the intruder for a given penetration velocity is thus obtained, as shown
in Fig. 3. It can be observed that the resistance is almost the same at the same depth when the
velocity was chosen to take values in the range of 0.001–0.004 m/s. The independence of the
velocity with respect to the penetration depth confirms the quasistatic state of the simulation.
Therefore, the penetration velocity was chosen to be 0.003 m/s to match the penetration velocity
used in the subsequent study.

Figure 3: Resistance force data associated with the cylindrical intruder at different velocities
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During the process of penetration, the particulate materials are mainly in contact with the
bottom surface and the sides of the cylindrical intruding object, as shown in Fig. 4. Thus,
interactions also occur on the bottom surface and on the sides. Fig. 5 shows the variations of the
force Fbottom on the bottom surface and the lateral force Flateral on the cylindrical intruder as a
function of the penetration depth. It can be observed that the resistance on the cylindrical intruder
is mainly contributed by the bottom surface. The lateral force is small, and as the penetration
depth increases, the resistance also increases gradually.

Figure 4: Schematic diagram of impact force on the intruding object

Figure 5: Resistance on different surfaces of the intruder as a function of the penetration depth

3.1 Lateral Force Analysis
Even though the lateral force of the intruder is small, it does have an impact on the pene-

tration process. The lateral force can be decomposed into the normal (FLat-normal) and tangential
force (FLat-tangential) components, which is depicted in Fig. 4. As shown in Fig. 6, the normal force
is obviously greater than the tangential force, and both of them increase as a function of the
penetration depth. To study the relationship between them, the results are processed and plotted
on logarithmic coordinates, as shown in Fig. 7, and are fitted to curves expressed mathematically
according to,

lgFLat-tangential =A1 lgh+C1 (6a)

lgFLat-normal =A2 lgh+C2 (6b)
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In this relation, A1,A2,C1,C2 are coefficients. The above equations can be transformed into,

FLat-tangential = 10C1hA1 (7a)

FLat-normal = 10C2hA2 (7b)

The values of the coefficients in Eq. (7) obtained by numerical simulations are A1 =
2.42939, A2 = 2.43019, C1 = −4.42298, C2 = −3.81026. As indicated A1 ≈ A2. Thus,
FLat-tangential/FLat-normal = 10C1−C2 , which means that the ratio of the tangential force to normal
force is constant. It is inferred that the tangential force is the friction force generated by the
normal force as the tangential force is proportional to the normal force. Therefore, to verify the
inference, the relationship between the penetration depth and the tangential force of the lateral
resistance was studied at different friction coefficients (as shown in Fig. 8). It is found that when
the logarithm of the ratio of resistance to the friction coefficient is used as the coordinate, all the
curves almost coincide. This indicates that the tangential resistance denotes the friction attributed
to the normal force.

Figure 6: Relationships between lateral resistance and penetration depth for the normal and
tangential force components

Figure 7: Lateral resistance as a function of the penetration depth
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Figure 8: Effects of friction coefficients between intruder and particle on the tangential resistances

3.2 Determinants and Shape Dependence of the Force on the Bottom Surface of the Intruder
The bottom surface contributes a lot to the resistance of the cylindrical intruder, as shown in

Fig. 5. The resistance–depth curve consists of the initial unstable segment and the linear segment.
However, the initial unstable segment is not apparent, so the logarithm of the coordinate is used
to obtain a better result. Fig. 9 shows the logarithmic change of the base resistance as a function
of depth. The intersection of the two segments is defined as h0. The slope of the linear stage is K.
To understand and explain the interaction between particulate materials and cylindrical intruders
in the penetration process more clearly, it is necessary to clarify the true meaning of these two
intervals and to determine the values of h0 and K.

Figure 9: Resistance on the bottom surface (Fbottom) of the cylindrical intruder as a function of
the penetration depth

The research conducted herein was based on a quasistatic state. Under quasistatic conditions,
nonviscous, dry particulate materials can be regarded as a continuum, with a volume density ρ,
and a friction coefficient μp−p [18]. Based on the heterogeneity of particulate materials, the
resistance on the cylindrical intruders in quasistatic conditions must be related to its penetration
volume V . Therefore, simulations were carried out in three groups as follows: cylindrical intruders
with different radii were adopted for simulations in the first group, the volume density of the par-
ticulate materials was changed in the second group, and the friction coefficient between particulate
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materials was altered in the third group. The determinants of h0 and the significance of the two
intervals were studied based on DEM simulations.

The results are shown in Figs. 10–11. When the coordinate is either the logarithm of the ratio
of resistance to the area of the bottom surface (S), particle density (ρ), or the radius (R) of the
cylindrical intruder, all the curves almost coincide, as shown in Figs. 10b and 11b. Correspond-
ingly, the fluid properties could be characterized owing to the heterogeneity of the particulate
materials. In the presence of a quasistatic fluid, the penetration resistance is mainly attributed to
the buoyancy of the object.

Figure 10: Changes in resistance on the bottom surface as a function of the penetration depth for
different radii of cylindrical intruders. (a) Fbottom as a function of h (b) Fbottom/(SR) as a function
of h/R

Therefore, we propose an improved Archimedes principle, whose normalization formula can
be written as,

lg (Fbottom/ρgSR)= fun (h/R) if h≤ h0

lg (Fbottom/ρgSR)= f0+Kh/R if h> h0 (8)

All simulations have yielded the relationship h0/R= 0.15±0.055, which is more accurate than
the reported value of 0.15±0.06 in [5]. The facts listed above are sufficient to prove the reliability
of the calculation.
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Figure 11: Plots showing the influences of particle densities. (a) Fbottom as a function of h.
(b) Fbottom/ρ as a function of h/R

There is speculation that in the initial stage of the penetration process, the particulate mate-
rials under the penetration cylinder formed an additional mass, and subsequently moved with the
cylinder. This speculation has been confirmed [5]. The publication reports on findings in quasistatic
conditions, and wedge blocks are generated under the circular foundation in which the taper
angle of the wedge is 2α = π/2− ϕ, as shown in Fig. 12a. The simulation also shows the wedge
blocks, as indicated in Fig. 12b. The velocity vectors of the particulate materials were obtained
with numerical simulations. The black dashed area represents the cylindrical impactor. It can be
observed that the particles below the cylinder do form a wedge, and their velocities are almost
the same as the cylinder’s velocity of 0.003 m/s, as shown in the area enclosed by the red dashed
line. This analysis is in good agreement with the observations in [7,47]. Therefore, the unstable
segment of the curve corresponds to the transient initial contact between the cylindrical invader
and particulate materials, namely the compression process. It is through a linear extension process
that the particles under the bottom of the cylinder form a rigid cone. The slope mainly depends on
the physical properties of particulate materials. The mass of the rigid cone below the foundation
can be expressed as [48],

M= πρR3

3 tan(π
4 − ϕ

2 )
(9)



CMES, 2021, vol.128, no.1 155

where ϕ is the internal friction angle of the particulate materials, which is determined by the
particle morphology, dryness, and the friction coefficient between the particles. Based on this
theory, it can be determined that the conical angle of the conical body below the cylindrical
intruder only depends on the properties of the particulate materials.

Figure 12: Wedge block generated under the circular foundation. (a) Schematic diagram of wedge
block (b) Wedge blocks in the simulation result

After the rigid cone is formed, it moves forward in unison with the cylindrical intruder at the
same speed. It separates particulate materials and the cylindrical intruder, that is, the resistance on
the cylindrical intruder is caused by the contact friction between the particles on the surface of
the rigid cone and other particles. It can be concluded that the slope of the linear stage should be
related to the friction coefficient between the particulate materials. The slope of the linear stage
is defined as K = f (tanϕ). This means that the slope of the linear stage K is determined by the
angle of the internal friction of the particulate materials [5]. As the particulate materials consist
of dry spherical particles, the variable parameter that determines the internal friction angle of
particles is only the friction coefficient between the particles. The relationship between resistance
and depth at different friction coefficients between particles is shown in Fig. 13a. To determine the
linear relationship between the friction coefficient and the slope, different friction coefficients are
utilized between the particles to study the dimensionless force–depth curve, as shown in Fig. 13b.

The relationship between the slopes and the friction coefficient is shown in Fig. 14. Accord-
ingly, we can obtain the following relationship as,

K =
⎧⎨
⎩
lg(3.3+ 41.0μp−p) μp−p < 0.5

lg(22.3+ 3.2μp−p) μp−p ≥ 0.5
(10)

This result is significance. It shows that the slope of the linear section is only related to the
physical properties of particulate materials. To verify the correctness of the above results, μp−p =
0.23 is selected for further research. It is found that the slope of the straight line is K = 1.139,
which is indicated on the fitting curve.

To determine whether h0 and K are dependent on the intruder’s geometrical morphology,
prisms with different sections are employed for quasistatic simulations, whereby the equivalent
radius is R̃ = √

S/π. It is found that compared with the cylindrical intruders, the force vari-
ation on the bottom surface with respect to depth is consistent with other intruding object
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cross-sections, as shown in Fig. 15. This indicates that the shape of the intruder’s cross-section
has a minor effect on the penetration process. In addition, in this study, it is not considered that
the dimension of the intruder in a certain direction was equal to or smaller than that of the
particulate materials, because the mechanical mechanism of such intruder was different from the
mechanism of this study.

Figure 13: Dimensionless force–depth curves at different friction coefficients. (a) Fbottom as a
function of h (b) Fbottom/(ρgSR) as a function of h/R

Figure 14: Slope variation at the linear stage obtained by numerical calculations as a function of
the friction coefficient between the particles
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(a)

(b)

Figure 15: Force–depth curve is independent of the intruder’s cross-sectional shape (a) Cross-
sectional shapes of different intruding objects (b) Resistances of the bottom surfaces of the
intruder as a function of the penetration depth

4 Conclusions

In this study, the penetration resistance of particulate materials following the intrusion of
a penetrating object was studied based on DEM simulations and the theory of hydrostatics
in quasistatic conditions. During the penetration process, the intruder’s resistance was primarily
associated with interactions on its bottom surface. The lateral contribution to the resistance
was small. The tangential force of the lateral resistance was the friction effect of the normal
component. These results were consistent with the experimental research premise that the influence
of the friction between the intruder and the particulate materials could be neglected.

The determinants and the rules pertaining to the changes of resistance on the intruder’s
bottom surface were analyzed according to the heterogeneity of particulate materials and based
on an improved Archimedes principle. It was found that when the volume density and the friction
coefficient of the particles were changed, and the radius of the bottom surface of the cylindrical
intruder was altered, the resistance on the cylindrical intruder as a function of the penetration
depth was divided into two sections.

Meanwhile, there were two resistance intervals associated with penetration depth changes, and
the intersection of the two intervals occurred at h/R̃= 0.15±0.055. The second interval was based
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on a linear law, and the slope of the linear stage was not dependent on the geometry of the
intruding section, but was mainly determined by the friction coefficient of the particles.
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