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ABSTRACT

A specific model is elaborated for stick-slip and bit-bounce vibrations, which are dangerous dynamic phenomena
typically encountered in the context of rotary drilling applications. Such a model takes into account two coupled
degrees of freedom of drill-string vibrations. Moreover, it assumes a state-dependent time delay and a viscous
damping for both the axial and torsional vibrations and relies on a sawtooth function to account for the cutting
force fluctuation. In the frame of this theoretical approach, the influence of rock brittleness on the stability of the
drill string is calculated via direct integration of the model equations. The results show that the rock brittleness
has a great influence on the rotational speed and bit depth.
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1 Introduction

During drilling, the vibration of drill string in borehole mainly includes axial vibration, torsional
vibration, and lateral vibration. The axial vibration is the bit-bounce, torsional vibration shows stick-slip
vibration, lateral vibration is the collision between the bit and wellbore [1–5]. Because the contact force
between bit and bottom hole is coupled to the friction between drill string and borehole, the interaction
between drill string and borehole is highly nonlinear. So, it is difficult to study them in a same model [6].

The contact force between bit and rock is consist of cutting force and friction force. One of the factors
affecting stick-slip vibration of drill string is the velocity nonlinearity of contact force [7–9]. Regardless of
the uniform speed of the surface unit, the downhole drill string is bound to be unstable. It also affects the
magnitude of the vibration. However, the coupling of axial vibration and torsional vibration is not
considered in the above studies. The cutting force has both axial and tangential components, and its
magnitude depend on the cutting depth. The cutting depth is determined by the axial vibration that
produces the regenerative effect. The tangential components of the cutting force are combined to form the
cutting torque, which becomes the lower boundary of the torsional vibration model of the drill string.
Therefore, torsional vibration and axial vibration are coupled [9]. Compared with previous studies,
Richard et al. [10] established a coupling model of axial and torsional vibration with constant friction
coefficient. However, the model lacked axial stiffness, axial damping, and torsional damping, making
steady-state drilling unstable under all conditions [11–13]. Besselink et al. [14] and Nandakumar et al. [12]
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added damping and axial stiffness to the above model to achieve stable under certain conditions.
Nandakumar et al. [15] and Gupta et al. [9] studied a fully coupled two-degree-of-freedom model to
analyze the stability of the system, in which the model assumes that both axial and torsional motions
have state-dependent time delay and viscous damping.

Since rock brittleness has significant influence on the fluctuation of torque and the stability of drill string,
saw teeth wave function is introduced into cutting force function to simulate rock brittleness. The influence of
rock brittleness on the stability of drill string system is studied numerically.

2 A Two Degree-of-Freedom Axial-Torsional Model

Fig. 1 is the principal diagram of the 2 degree-of-freedom axial-torsional vibration model of drill string
[9,15]. The torsional vibration model is simplified as a torsional pendulum, while the axial vibration model is
simplified as a elastic-mass model. The moment of inertia of the drill pipe is combined with that of the
Bottom Hole Assembly (BHA), represented by the lumped parameter I. The torsional stiffness of drill
pipe is simplified as a linear elastic torsional stiffness Kt. The rotation speed of the top of drill string is
assumed to be uniform rotation speed Ω0, and the rotation speed of the bit is represented by Ω. Torque T
is generated by the tangential component of the bit-rock contact force acting on the moment of inertia I.
Ca, Ct are the axial and torsional damping of the drill string, respectively.

The model ignores the axial yield of drill string and simplifies the BHA and drill string mass into lumped
massm. The axial stiffness of drill string is simplified as linear elastic stiffness Ka; the displacement at the top
of the drill string is assumed to be uniform velocity U0, the displacement of bit is U. Weight on Bit (WOB) is
the axial componentW of the bit-rock contact force, which is applied to the axial lumped mass m. WOB and
torque can be decomposed into cutting force and friction and are distinguished by their respective subscripts

Figure 1: Schematic of the drill-string model with a lumped mass
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c and f. The cutting and friction components of W and T are derived from the single-tooth rock cutting
experiment [16,17].

T ¼ Tc þ Tf ;W ¼ Wc þWf (1)

where:

Tc ¼ a2�od=2;Wc ¼ n�oad (2)

where, a is the bit radius, d is the instantaneous depth of PDC teeth, E is the internal specific energy of rock,
and ξ is the inclination of cutting force on the cutting plane. The frictional component of W and T are as
follows:

Wf ¼ ral;Tf ¼ lcaWf =2 (3)

where l is the coefficient of friction at the bit–rock interface, c is related to the direction of the PDC teeth, r is
the maximum contact pressure at the bit-rock interface, and l is the total length of the wear surface on all
blades. Instantaneous cutting depth of each blade is the difference between the axial coordinates of the
current angle and the axial coordinates occupied by the bit 1/n revolution ago, where n is the number of
blades.

Therefore, the instantaneous cutting depth of a single blade (as shown in Fig. 2) is:

dn ¼ U tð Þ � U t � tnð Þ (4)

where tn is the time, it takes for the bit to rotate 2p=n.

The delay time tn tð Þ satisfies the following equation:

� tð Þ � � t � tnð Þ ¼ 2p=n (5)

The total depth of n blades per revolution is:

d ¼ n U tð Þ � U t � tnð Þð Þ (6)
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Figure 2: Schematic of the instantaneous cutting depth
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When the bit rotates at a uniform speed, the speed is a constant value �0, and the time delay
tn ¼ 2p=n�0 is constant. When the drill bit rotates at non-uniform speed, the time delay caused by the bit
vibration is a non-constant value, and the time delay calculation expression (5) is established.

Therefore, the dynamic differential equation of the drill string is shown as follows:

M €U þ Ca _U þ Ka U � V0tð Þ ¼ W0 �WcH _�
� �

H dð Þ �Wf H _U
� �

H dð Þ (7)

I €�þ Ct
_�þ Kt �� �0tð Þ ¼ �TcH dð ÞH _�

� �� Tf sgn _�
� �

H _U
� �

H dð Þ (8)

where:

W0 ¼ CaV0 þWc þWf (9)

W0 represents the effective WOB and is the negative of the bit-rock contact force, which is a drilling
control parameter, and bit-rock contact force is negative of each other.

It should be noted that W0 and V0 are independent parameters. V0 can be expressed as follows:

V0 ¼ W0 �Wf

Ca þ 2pna�o
�0

(10)

where H(.) is Heaviside function,

H _xð Þ ¼ 1 x � 0
0 x, 0

�
(11)

sgn(.) is sgn function,

sgn xð Þ ¼
1 x. 0
0 x ¼ 0
�1 x, 0

8<
: (12)

Since Tc in torsional dynamics model (8) andWc in axial dynamics model (7) both contain instantaneous
cutting depth d, the torsional dynamics model and axial dynamics model are coupled by parameter d. From
the discontinuous equation H(.) and sgn(.). The bit-rock contact force of the bit still has discontinuous
characteristics without considering brittleness.

3 Improvement of PDC Bit-Rock Contact Force Model

Richard et al.’s research [16] shows that the rock failure mode is related to the cutting depth: a ductile
failure mode occurs in a shallow cutting. while a brittle failure mode occurs in a deep. To simplify the model,
we ignore ductile failure cutting. According to the analysis of the model, the drilling model considers not
only the axial and torsional elasticity of the drill string, but also the damping effect of drilling fluid. Due
to the state-dependent-time-delay parameters, the drilling model is transformed into a two degree-of-
freedom time-delay coupled dynamic model. However, the biggest problem of the model is that the
brittleness of rock is not considered, which leads to no essential difference between the model and the
metal cutting model, and the calculation results are greatly deviated from the actual situation.

For the convenience of numerical calculation, the following assumptions will be made in this paper:

① Ignore the clearance between adjacent cutters on the same blade.

② The arrangement of teeth of different blades is exactly the same.
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③ PDC teeth with the same distance from the axis of the bit belong to the same row. The PDC teeth
closest to the axis of the bit are the first row, and the second row and the number as increases the
distance. k is the number of the PDC teeth.

④ The adjacent cutting teeth of the same blade do not affect each other in the cutting process.

⑤ The fluctuation of cutting force is sawtooth.

Based on the above assumptions, the cutting torque Tck and cuttingWOBWck are generated by the Eq. (2):

Tck ¼ a2k � a2k�1

� �
�od=2

Wck ¼ n�o ak � ak�1ð Þd (13)

In the process of PDC tooth cutting rock, the bulk cracking caused by rock brittleness is the main factor
of its cutting force fluctuation. To simulate the fluctuation of cutting force [18,19], the cutting torque Tck and
cutting WOB Wck are multiplied by a sawtooth function Sck. The torque Tck and Wck generated by the raw n
tooth are expressed as follows:

Tck ¼ a2k � a2k�1

� �
�odSck=2

Wck ¼ n�o ak � ak�1ð ÞdSck (14)

According to references [20–24], the frequency of the fluctuation of cutting force depends on the
following:

l=d ¼ tan w=2ð Þ (15)

where, l is the crushing interval, d is the current cutting depth of the bit, ψ is the rock crushing angle. For
rotary drilling, if the arc length of PDC teeth moving through the midpoint is taken as the cutting length,
the breaking distance expression of the row k teeth is:

lk ¼ a� a1ð Þ ak þ ak�1ð Þ=4 (16)

The wave function of cutting force of the row k can be expressed as:

Sck ¼ ða� a1Þ ak þ ak�1ð Þ tan w=2ð Þ
4d

(17)

where:

0 � ða� a1Þ � 4d

ak þ ak�1ð Þ tan w=2ð Þ
α1 is the bit rotation angle when the fluctuation of cutting force begins, and α is the current bit rotation

angle. By combining (13) and (14), the cutting force expression of row k cutters can be obtained:

Tck ¼ 2ða�a1Þðak�ak�1Þ�od2
tanðw=2Þ

Wck ¼ 4ða�a1Þnðak � ak�1Þ�od2
ðak þ ak�1Þ tanðw=2Þ

(18)

4 Case Study

There are many ways to solve the vibration system. In this paper, the direct integration method is used to
solve the equation from the physical equation, without solving the inherent characteristics of the equation,
and without decoupling the equation. In general, the direct integration method firstly discretizes the time
with equal interval method, and only satisfies the motion differential equation at time points after
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discretization, and there is no requirement between time points. Secondly, the first discrete point is integrated
according to the discrete incremental equilibrium equation in the time interval, and then the following points
are integrated step by step. In the process of integration, different calculation methods can be obtained
according to different assumptions. These methods have different convergence and stability. The
commonly used methods mainly include linear acceleration method, Wilson-θ method, etc. In this paper,
linear acceleration method is adopted.

Parameters required for calculation are shown in Table 1. According to reference [15], the rock breakage
angle φ ranges from 125° to 142°, and the breakage angle is set as 135° in this paper. The drilling parameters
were dimensionless and divided into stable zone (no stick-slip vibration and axial vibration) and unstable
zone. Three groups of data, point 1 in the stable zone, point 2 and point 3 in the unstable zone, were
selected for numerical simulation.

When t < 0, the initial drilling state is set as uniform drilling. We are going to increase our average
velocity by 10% at t = 0. This initial state is arbitrarily set and represents a velocity disturbance for stable
drilling. The expression of initial conditions is shown in (19)–(22):

U ¼ V0t; _U ¼ V0;8t, 0; (19)

� ¼ �0 þ �0t; _� ¼ �0 8t, 0; (20)

U 0þð Þ ¼ 0; _U 0þð Þ ¼ V0; (21)

� 0þð Þ ¼ �0; _� 0þð Þ ¼ 1:1�0: (22)

Table 1: List of the parameter values utilized for the vibration of BHA

Parameter Symbol Value Unit

Axial stiffness of drill string Ka 7.0 * 105 N/m

Mass of drill string Mdp 2.8 * 104 Kg

Torsional stiffness of drill string Kt 940 Nm/rad

Moment of inertia of drill string Idp 97 Kg.m2

Mass of the BHA Mbha 2.5 * 104 Kg

Moment of inertia of BHA Ibha 83 Kg.m2

Radius of the bit a 0.108 m

Length of wear surface l 0.0012 m

Rock strength ε 60 MPa

Contact pressure σ 60 MPa

The coefficient of friction μ 0.6 �
Tool skew factor ξ 0.6 �
Axial damping coefficient ξ 0.1 �
Torsional damping coefficient κ 0.1 �
Axial torsional frequency ratio β 1.58 �
Blade number n 4 �
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There is a process of entering and exiting stick-slip vibration in the process of numerical calculation.
Assume the current time step is i, then the displacement of bit is Ui, the axial velocity of bit Vi.

Enter torsional stick:

If Φi = Φi-1, the bit enters torsional stick. Then Ui = 0, Vi = 0.

Exit torsional stick:

The model will automatically exit torsional stick.

The comparison of calculation results between the original model and the improved model is shown in
Figs. 3 and 4, the drilling parameter is shown in Table 2, and the amplitude of rotation speed and cutting
depth fluctuation is shown in Table 3. For drilling parameter 1 located in the steady-state region of the
original model, the fluctuation amplitude of rotation speed and cutting depth of the improved model is
slightly larger than that of the original model. Drilling parameter 2 was in the stick-slip zone of the
original model, and the improved model increased the amplitude of rotation velocity by 34% and the
amplitude of cutting depth by 600% compared to the original model. The drilling parameter 3 was in the
stick-slip zone of the original model, and the fluctuation amplitude of the rotation velocity was reduced
by 42% and the fluctuation amplitude of the cutting depth was reduced by 95% compared with the
original model.

Figure 3: Comparison of the bit rotation speed
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Figure 4: Comparison of cutting depth

Table 2: Comparison of drilling parameter

Reference [15] Current paper

Parameter ν ω0 V0 Ω0

Unit – – m/s rad/s

Parameter 1
Parameter 2
Parameter 3

0.6416 7.336 0.00063 20.95

1.401 9.17 0.00137 26.18

1.099 2.934 0.001075 8.377

Table 3: Comparison of bit rotation speed and cutting depth

Set number Rotation speed (rad/min) Cutting depth (mm)

Reference [15] Current paper Reference [15] Current paper

Parameter 1 0.50 0.78 0.0036 0.012

Parameter 2 58 78 7 49

Parameter 3 33 19 75 4.1
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In this paper, a lot of numerical simulation is carried out based on the improved model, and the parameter
boundary of stationary drilling in ω0-v plane is determined. The comparison results are shown in Fig. 5. The
stationary region of the model in [15] is mainly the region contained between the blue line and v = 0.
The stationary drilling parameters of the improved model are mainly concentrated in the zone surrounded
by the red line. One of the differences between the two stationary regions is the region close to v = 0. it
is the stationary region in the model of [15], while it is not the stationary region in the improved model.
According to the drilling parameters in the field, it is unstable in the region near v = 0, which shows that
the improved model is more accurate. The improved model’s stationary drilling parameters are zonal and
more like the experimental results.

5 Experimental Verifications

The method in this paper is verified by the experimental equipment in reference [23]. We will verify the
point ω0 = 6 and v = 1 in ω0-v plane. Experimental parameters are V0 = 0.98 mm/s, Ω0 = 17.13 rad/s. The
experimental results are shown in Figs. 6 and 7. Stick-slip vibration and bit-bounce occurred. The model in
this paper predicts stick slip and bit-bounce, while the model in reference [15] does not.

Figure 5: Comparison of the stationary region of drilling parameters
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Figure 6: Bit rotation speed
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6 Conclusion

(1) The analysis of the calculated results show that brittleness leads to the increase of the amplitude of
rotation velocity and cutting depth of parameter 1 and parameter 2; Brittleness results in reduced fluctuation
of rotation speed and cutting depth of parameter 3.

(2) The brittleness of rock affects not only the fluctuation amplitude of rotation speed and cutting depth,
but even the motion state of the bit. The parameter 2 is stick-slip only in the original model, while stick-slip
and bit bouncing are shown in the improved model.

(3) The improved model’s stationary drilling parameters are zonal, and it is much more different from the
original model and more like the field results.

Rock brittleness is an important factor affecting the motion state of drill bit. It can improve the accuracy
of model calculation and provide a reference for the selection of drilling parameters.
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