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ABSTRACT

As current calculation models for inter-well connectivity in oilfields can only account for vertical wells, an
updated model is elaborated here that can predict the future production performance and evaluate the connec-
tivity of horizontal wells (or horizontal and vertical wells). In this model, the injection-production system of the
considered reservoir is simplified and represented with many connected units. Moreover, the horizontal well is
modeled with multiple connected wells without considering the pressure loss in the horizontal direction. With
this approach, the production performance for both injection and production wells can be obtained by calculating
the bottom-hole flowing pressure and oil/water saturation according to the material balance equation and a
saturation front-tracking equation. Some effort is also provided to optimize (to fit known historical production
performances) the two characteristic problem parameters, namely, the interwell conductivity and connected
volume by means of a SPSA gradient-free algorithm. In order to verify the validity of the model, considering a
heterogenous reservoir, three conceptual examples are constructed, where the number ratio between injection
and production wells are 1/4, 4/1 and 4/5, respectively. It is shown that there is a high consistency between simu-
lation results and field data.
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1 Introduction

Currently, most mature oilfields have entered into the middle or late stages of water-flooding
development with high water cut, and some of them are developed by horizontal wells. However, many
of those horizontal wells are now facing the problems of high water cut, low oil recovery, serious water
channeling, and prominent injection-production contradiction. Therefore, it is urgent to establish an
efficient connectivity analysis method to clarify the connectivity between horizontal injection and
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production wells, and to guide the subsequent injection and production system adjustment, profile control
and water shut off operations [1–4].

The traditional methods to study interwell connectivity mainly include well test, tracer test, numerical
simulation, interwell microseismic method and mathematical methods. In 1966, Blasingame et al. [5] put
forward the pulse well test analysis theory to study reservoir connectivity and gave the interpretation
method of tangent method, but only solved the interpretation problem under isochronous conditions.
Therefore, Blasingame et al. [6] improved the theory in 1975. In 2006, Zhang et al. [7] tried to combine
the tracer detection technology with the reservoir numerical simulation technology to evaluate the
connectivity between oil and water wells in fractured low permeability reservoir. However, the accuracy
and reliability of the tracer detection method are greatly affected by the mutual interference between
tracers, the compatibility between tracers and reservoir conditions, the detection sensitivity, etc.
Moreover, the cost is usually very high. In 2013, according to the derived connectivity through the
systematic analysis on the production data, Xu et al. [8] established a fine geological model to determine
the type of flow unit in a single channel sand body. However, the numerical simulation method generally
requires very accurate dynamic and static data, so the amount of work is large. In 2007, Du et al. [9]
applied the microseismic monitoring technology to analyze the production dynamics and to evaluate the
fracturing operation. However, interwell microseismic is generally used in the early stage of development,
and the procedure is complex. In 2016, Xia et al. [10] used local empirical mode decomposition (LMD)
to denoise the production data, and applied Gaussian estimation to solve the multiple linear regression
model that considers the time lag. Nevertheless, the calculation is complicated and multiple cycles are
required.

To resolve the shortcomings of the above-mentioned methods. New models such as correlation analysis
model, multiple regression model, capacitance model and system analysis model are proposed based on field
injection and production data to study the interwell connectivity. These simulation methods are easier to learn
and less time-consuming, therefore, are widely used in the oilfield. For example, in 1996, Refunjol [11]
proposed a technique to characterize reservoir connectivity by integrating reservoir geology, tracer data
with Spearman rank correlation coefficient. In 1995, according to the interwell interaction characterized
by the Spearman rank correlation coefficient of flux between paired well, Heffer et al. [12] put forward a
new method to determine the flow directivity index. However, they overlooked the time lag-effect. In
1997, according to a specific characteristic property that is very similar to the injection-production
interwell connectivity, Jansen et al. [13] also proposed an analysis method to deal with the reservoir
properties with the interpolation method. In 1998, Panda et al. [14] also applied the artificial neural
network model to study the connectivity between injection and production wells, and the obtained
interwell relationships can be used to verify geological features, such as sealing faults and pinch-out
points. In 1999, Soeriawinata et al. [15] established a correlation analysis model that considers the
superposition principle of multiple injection wells, and the effects of superposition and destructive
interferences are also considered in this model. In 2003, Albertoni et al. [16] established a multiple linear
regression model (MLR) based on dynamic data and multiple linear regression method. In 2008, Dinh
et al. [17] proposed a new model that uses well bottom-hole flowing pressure as input and output
variables based on the MLR model. Subsequently, Dinh et al. [18] proposed an improved model, which
included the concept of more stable interwell permeability as a model inversion parameter. In 2006,
Yousef et al. [19,20] proposed a quantity calculation method named as capacitance resistance model
(CRM) for the vertical interwell connectivity based on the production and injection rates. The capacitance
model is an improved model that considers the delay of injection velocity and can offer a better way to
demonstrate interwell connectivity. In 2007, Lake et al. [21] used a power-law relationship model to
predict the oil production rate and carried out production history fitting and production optimization
research. In 2009, Sayarpour et al. [22] extended the studies for CRM models, and established three
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different improved forms, such as CRMT, CRMP, and CRMIP, which have been applied in diverse block
examples. In 2018, Naudomsup et al. [23] applied the CRM model to simulate the movement of tracers.
In 2011, by regressing the velocity, initial reservoir pressure and bottomhole pressure data with multiple
linear regression method, Nguyen et al. [24] proposed a new method to obtain the unique estimates of
interwell connectivity, pore volume and productivity indexes of primary and secondary oil production.
The problem was solved by analyzing the simplified integral equation of continuous material balance.
Their method successfully quantified the flow resistance between capacitance, productivity index (PI) and
well pairs. In 2021, Yousefi et al. [25] modified capacitance-resistance model (or M-CRM as a physical
approach) through the combination of least square support vector machine and multiple linear regression
(as a statistical approach) which are utilized for two immiscible gas injection cases. In these cases, the
interwell connectivity is predicted and producer total rate is estimate.

In order to better reflect the dynamic changes of flow field and characteristics of inter-well connectivity
parameters for water flooding reservoirs, Zhao et al. [26,27] proposed a novel data-driven model named as
INSIM. In their model, the injection-production system is discretized into several interwell connected units
and each unit is characterized by two characteristic parameters, conductivity and control volume. Material
balance equation and saturation front-tracking equation for single connected unit are applied to calculate
the bottom-hole flowing pressure and oil/water saturation and thereafter to obtain the oil-water production
dynamic at each well point. Moreover, automatic inversion of model parameters is realized by integrating
projection gradient algorithm with dynamic fitting. INSIM is developed with traditional mathematical
model, but the computational method has been changed hugely to increase the calculation on injection-
production dynamics. In 2014, Zhao et al. [26] calculated the oil/water dynamics with this connectivity
model and in 2016, Zhao et al. [27,28] proposed a semi-analytical method which is suitable to calculate
water saturation on the condition of changing flowing direction. In 2017, Guo et al. [29] obtained more
accurate water cut data by using front tracking method to better solve the front saturation distribution
equation with Buckley-Leverett (B-L) theory.

The current INSIM model can quickly and effectively reflect the connectivity relationship between
vertical wells according to the actual injection-production data. But its applications in horizontal wells
have not been reported yet. In 2020, Yao et al. [30] developed a composite model to model the fluid flow
in unconventional reservoirs with MFHWs under various heterogeneity conditions and utilized solutions.
The presented model is employed to analyze two sets of production data from fractured horizontal wells
in heterogeneous conditions. However, the connectivity between horizontal wells is not evaluated yet.
Considering the fact that horizontal wells are used broadly in oilfields to boost the oil production,
establishing a new interwell connectivity model to study the inter-well connectivity between horizontal
wells or between horizontal wells and vertical wells is urgent and meaningful. In this paper, the
horizontal well is equivalently substituted by multiple connected nodes without considering the pressure
loss in the horizontal direction. After the bottom-hole pressure and water/oil saturation are calculated and
the actual dynamics are fitted with optimization algorithm, the formation parameters can be inversely
calculated, and the real time interwell connectivity and production dynamics are reflected. In addition, the
reliability of this model is verified by comparing the resulted water allocator and future production
dynamics with the Eclipse model and the practicability of the model is confirmed by a case study to
guide the development and the adjustment of actual oilfield.

2 Interwell Connectivity Model

In order to reduce the complexity of the model, the reservoir with multiple injection and production
wells is simplified into a series of interwell connected units (Fig. 1). Herein, the vertical well is
equivalent to one node and the horizontal well is equivalent to three nodes (Fig. 2). In Fig. 2, the red and
the blue circles represent the connected units between the two nodes. To distinguish the units for different
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well types, different colors are used. Each connected unit can be characterized by two characteristic
parameters: interwell conductivity and connected volume. The interwell conductivity reflects the seepage
capacity of fluid in the connected unit, while the connected volume represents the effective pore volume
of the interwell connected unit. Firstly, the material balance equation for each separate connected unit is
established. Then, the pressure is obtained and the interwell flow rate is calculated by assuming constant
production rate or constant pressure. After that, oil-water front propulsion theory is combined with the
saturation tracking method to obtain production performance index of each well point.

2.1 Material Balance Equation and Pressure Calculation
The compressibility of fluid and rock is considered and while he capillary force is ignored, the material

balance equation for horizontal well h is:

XNh

m¼1

XN
i¼1

Th;i;mðpi � phÞ þ qh ¼ dph
dt

XNh

m¼1

Ct;h;mVp;h;m (1)

where h,i is the well serial number; m is the node serial number; N is the number of injection/production
wells; Nh is the node number of well h; Th,i,m is the conductivity between node m of well h and well i,
m3/(d⋅MPa); Ct,h,m is the comprehensive compressibility of well h, MPa−1; Vp,h,m is the connected volume
between node m of well h and well i, m3; t is the production time, d; pi is the average pressure in the
drainage area of well i, MPa−1; ph is the average pressure in the drainage area of well h, MPa−1; qh is
flow velocity of well h, and the positive value means inflow while negative value is outflow, m3/d.

Namely:

XNh

m¼1

XN
i¼1

Th;i;mpi � ph
XNh

m¼1

XN
i¼1

Th;i;m þ qh ¼ dph
dt

XNh

m¼1

Ct;h;mVp;h;m (2)

Figure 1: Interwell connected unit

Figure 2: Equivalent nodes of horizontal wells

1444 FDMP, 2022, vol.18, no.5



After implicit difference:

XNh

m¼1

XN
i¼1

Tn
h;i;mp

nþ1
i � pnþ1

h

XNh

m¼1

XN
i¼1

Tn
h;i;m þ qnh ¼

pnþ1
h � pnh
Dtn

XNh

m¼1

Ct;h;mV
n
p;h;m (3)

The conductivity and connected volume can be estimated based on the pressure or saturation of the last
time node according to percolation theory:

Tn
h;i;m¼ 11:57

Ah;i;m

Lh;i;m
¼ T0

h;i;m

kn
h;i;m

k0
h;i;m

(4)

Vn
p;h;m¼ V 0

p;h;m½1þ Ct;h;mðpnh � p0hÞ� (5)

where hh,i,m is the average effective thickness of m node of h well and i well, m; λh,i,m is the fluidity between
the mth node of well h and well i, 10−3μm2/(mPa⋅s).

kn
h;i;m

can be obtained by weighting method after getting the mobility of the upstream well points through
numerical simulation:

kn
h;i;m

¼
kn

h
¼ Kh;i;m

"
KroðSnw;mÞ

lo
þ KrwðSnw;mÞ

lw

#
; pnh � pni

kni¼ Kh;i;m

"
KroðSnw;iÞ

lo
þ KrwðSnw;iÞ

lw

#
; pnh � pni

8>>>><
>>>>:

(6)

where λh is the mobility ofmth node of well h, 10−3 μm2/(mPa⋅s); Kh,i,m is the average permeability of nodem
of well h and well i, 10−3 μm2; Kro and Krw is the relative permeability of oil and water, respectively; μo and
μw are the oil and water viscosity, respectively, mPa⋅s.

Since there are two internal boundary conditions, constant production rate and constant pressure,
therefore, two cases may occur in the actual simulation.

2.1.1 Constant Production Rate Production
As for constant production rate production, qnh is a constant, so Eq. (3) can be expressed as:

pnþ1
h � pnh ¼ anþ1

h

XN
i¼1

bnþ1
h;i pnþ1

i � pnþ1
h cnþ1

h þ dnþ1
h (7)

where anþ1
h ¼ Dtnþ1PNh

m¼1

Ct;h;mVn
p;h;m

; bnþ1
h;i ¼PN

i¼1
Tn
h;i;m; c

nþ1
h ¼ anþ1

h

PN
i¼1

bnþ1
h;i ; dnþ1

h ¼ anþ1
h qnh.

The pressures of time node n and time node n + 1 is expressed as following:

pn1
pn2
..
.

pnh
..
.

pnN

2
666666664

3
777777775
¼

cnþ1
1 þ 1 �anþ1

1 bnþ1
1;2 � � � �anþ1

1 bnþ1
1;N

�anþ1
2 bnþ1

2;1 cnþ1
2 þ 1 � � � �anþ1

2 bnþ1
2;N

..

. ..
. ..

. ..
.

�anþ1
h bnþ1

h;1 �anþ1
h bnþ1

h;2 cnþ1
h þ 1 �anþ1

h bnþ1
h;N

..

. ..
. ..

. ..
.

�anþ1
N bnþ1

N ;1 �anþ1
N bnþ1

N ;2 � � � cnþ1
N þ 1

2
6666666664

3
7777777775

pnþ1
1
pnþ1
2

..

.

pnþ1
h

..

.

pnþ1
N

2
666666664

3
777777775
�

dnþ1
1

dnþ1
2

..

.

dnþ1
h

..

.

dnþ1
N

2
666666664

3
777777775

(8)
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The pressure of each well point at time node n + 1 can be obtained from Eq. (5), so the flow distribution
in each connected unit is obtained:

Qnþ1
h;i;m ¼ Tnþ1

h;i;mðpnþ1
i � pnþ1

h Þ (9)

where Qh,i,m is the velocity between node m of well h and well i.

2.1.2 Constant Pressure Production
As for constant pressure production, the bottom-hole flowing pressure is constant, and the production

indexes of each well can be obtained by superimposing the production indexes in different connected
direction. The control boundary of well h and well i is shown in Fig. 3, so the production index in this
direction obtained by percolation theory [31] is:

Jnþ1
h;i;m ¼ hh;i;mhh;i;mk

n
h

lnð0:5Lh;i;m=rhÞ þ sh � 0:75
(10)

where Jh,i,m is the production index in the connection direction between the m node of the h well and the i
well, m3/(d⋅MPa); θh,i,m is the sector radian of connected unit, rad; hh,i,m is the average effective thickness of
node m of well h and well i, m; rh is the wellbore radius of well h, m; sh is skin factor of well h.

However, the production index obtained with percolation theory is only reliable for steady-state and
quasi-steady-state seepage. A new production index for unsteady seepage is deduced by the analytical
method. In this part, the pressure difference is regarded as the difference between the average pressure in
the control area and the bottom hole pressure: The new production index is obtained with Laplace
numerical inversion, which includes the time term in the formula. Therefore, this solution method is more
accurate than the approach which assumes the production index has no relationship with time.

Assume that the pressure at the control boundary of well h is pe, then the seepage equation is
expressed as:

K
@2p

@x2
¼ afCtl

@p

@t
(11)

where K is permeability, mD; p is pore pressure, MPa; x is a position variable, m; f is porosity,
dimensionless; Ct is the comprehensive compression coefficient, MPa−1; μ is fluid viscosity, mPa⋅s; t is
the time, d; α is the unit conversion coefficient. The value 11.57 is used in this paper.

Figure 3: Single well control volume diagram
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Constant pressure for outer boundary:

pjx¼L ¼ pe (12)

Constant production for internal boundary:

qi ¼ Aib
K

l
@p

@x
jx¼rh (13)

where qi is the oil production rate, m
3/d; A is the flow cross-sectional area, m2, β is the unit conversion factor,

0.0864. Herein, A ¼ hrhh.

The pseudo pressure is defined as the difference between boundary pressure and pore pressure:

mp ¼ pe � p (14)

And the seepage equations are converted to:

K
@2mp

@x2
¼ afCtl

@mp

@t
mpjx¼L ¼ 0

qi ¼ �bAi
K

l
@mp

@x
jx¼rh

8>>><
>>>:

(15)

Perform Laplace transform on t, then:

mp ¼
Z 1

0
mpe

�stdt (16)

Thus:

@2mp

@x2
¼ a

fCtl
K

smp

mpjx¼L ¼ 0

@mp

@x
jx¼rh ¼ �qi

l
KbAi

1

s

8>>>>><
>>>>>:

(17)

Assume:

e ¼ a
fCtl
K

s (18)

Then the general solution of the seepage equation is:

mp ¼ Ae
ffiffi
e

p ðx�rhÞ þ Be�
ffiffi
e

p ðx�rhÞ (19)

The derivative is:

m0
p ¼ A

ffiffi
e

p
e
ffiffi
e

p ðx�rhÞ � B
ffiffi
e

p
e�
ffiffi
e

p ðx�rhÞ (20)

Substitute Eqs. (19) and (20) into the boundary conditions in Eq. (17):

Ae
ffiffi
e

p ðL�rhÞ þ Be�
ffiffi
e

p ðL�rhÞ ¼ 0

A
ffiffi
e

p � B
ffiffi
e

p ¼ �qi
l

KbAi

1

s

8<
: (21)
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Then, A and B can be obtained:

A ¼ �
qil

KbAis
ffiffi
e

p
e2
ffiffi
e

p ðL�rhÞ þ 1
(22)

B ¼
qil

KbAis
ffiffi
e

p
e2
ffiffi
e

p ðL�rhÞ þ 1
e2
ffiffi
e

p ðL�rhÞ (23)

The pseudo pressure at any point can be expressed as:

mp ¼ qil

KbAis
ffiffi
e

p
e2
ffiffi
e

p ðL�rhÞ þ 1
� � e

ffiffi
e

p ðx�rhÞ � e2
ffiffi
e

p ðL�rhÞe�
ffiffi
e

p ðx�rhÞ
� �

(24)

The pseudo pressure at the well point is:

mpwf ¼
qil

KbAis
ffiffi
e

p
e2
ffiffi
e

p ðL�rhÞ þ 1
�

qil

KbAis
ffiffi
e

p
e2
ffiffi
e

p ðL�rhÞ þ 1
e2
ffiffi
e

p ðL�rhÞ (25)

The simplified form is:

mpwf ¼ qil

KbAis
ffiffi
e

p 1� e2
ffiffi
e

p ðL�rhÞ

e2
ffiffi
e

p ðL�rhÞ þ 1
¼ qil

KbAis
ffiffi
e

p tanh
ffiffi
e

p ðL� rhÞ
� �

(26)

Apply Stehfest numerical inversion, then:

mpwf ¼ ln 2

t

XNk

k¼1

Vk
qil

kbAis
ffiffi
e

p tanh
ffiffi
e

p ðL� rhÞ
� �� �

(27)

mp ¼ ln 2

t

XNk

k¼1

Vk
qil

kbAis
ffiffi
e

p
e2
ffiffi
e

p ðL�rhÞ þ 1
� � e

ffiffi
e

p ðx�rhÞ � e2
ffiffi
e

p ðL�rhÞe�
ffiffi
e

p ðx�rhÞ
� � !

(28)

where:

Vk ¼ ð�1ÞðN2þkÞ Xminðk;N2Þ

k¼½kþ1
2 �

n
N
2ð2nÞ!�

N

2
� n

�
!n!ðn� 1Þ!ðk � nÞ!ð2n� kÞ!

(29)

k = 1, 2, ……, N (N = 8).

Further simplify the equation:

mpwf ¼ qi
bAi

l
K

ln 2

t

XNk

k¼1

Vk
tanh

ffiffi
e

p ðL� rhÞð Þ
s
ffiffi
e

p
� �

(30)

The bottom hole pressure is:

pwf ¼ pe � qi
bAi

l
K

ln 2

t

XNk

k¼1

Vk
tanh

ffiffi
e

p ðL� rhÞð Þ
s
ffiffi
e

p
� �
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pðx; tÞ ¼ pe � qil
kbAi

ln 2

t

XNk

k¼1

Vk
e
ffiffi
e

p ðx�rhÞ � e2
ffiffi
e

p ðL�rhÞe�
ffiffi
e

p ðx�rhÞ

s
ffiffi
e

p
e2
ffiffi
e

p ðL�rhÞ þ 1
� �

 !
(31)

According to Eq. (28), the average pressure in the control unit is:

p ¼
R L
rh
pðx; tÞdx
L

(32)

Thus:

p ¼

R L
rh
pe � qil

kbAi

ln 2

t

XNk

k¼1

Vk
e
ffiffi
e

p ðx�rhÞ � e2
ffiffi
e

p ðL�rhÞe�
ffiffi
e

p ðx�rhÞ

s
ffiffi
e

p
e2
ffiffi
e

p ðL�rhÞ þ 1
� �

 !
dx

L
(33)

The Production index can be defined as:

J2 ¼ q

p� pwf
(34)

Substitute Eq. (33) into Eq. (34):

J2 ¼ L
l

KbAi

ln 2

t

1

PNk

k¼1
Vk

tanh
ffiffi
e

p ðL� rhÞð Þ
s
ffiffi
e

p
� �

L�
Z L

rh

XNk

k¼1

Vk
e
ffiffi
e

p ðx�rhÞ � e2
ffiffi
e

p ðL�rhÞe�
ffiffi
e

p ðx�rhÞ

s
ffiffi
e

p
e2
ffiffi
e

p ðL�rhÞ þ 1
� �

 ! !
dx

(35)

According to the definitions, conductivity (interwell conductivity) and connected volume (single well
control volume) are expressed as:

T ¼ bKA
2lL

(36)

V ¼ fAL (37)

Hence:

e ¼ a
fCtl
K

s¼ a
Ctl
KAL

Vs¼ a
bCt

bKA
2lL

L2
Vs¼ a

bCt

TL2
Vs (38)

The production index is:

J2 ¼ 2TL
1

ln 2

t

XNk

k¼1

Vk
tanh

ffiffi
e

p ðL� rhÞð Þ
s
ffiffi
e

p
� �

� 1

L

Z L

rh

XNk

k¼1

Vk
e
ffiffi
e

p ðx�rhÞ � e2
ffiffi
e

p ðL�rhÞe�
ffiffi
e

p ðx�rhÞ

s
ffiffi
e

p
e2
ffiffi
e

p ðL�rhÞ þ 1
� �

 ! !
dx

(39)

Adjust well spacing and represent it with L1, the conductivity and connected volume are:

T ¼ bKA
lL1

(40)

V¼ fAL1 (41)
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The coefficient ε is:

e ¼ a
fCtl
K

s¼ a
Ctl
KAL1

Vs¼ a
bCt

bKA
lL1

L21

Vs¼ a
bCt

TL21
Vs (42)

The production index can be expressed as:

J2¼TL1
1

ln2

t

XNk

k¼1

Vk
tanh

ffiffi
e

p ðL1=2�rhÞð Þ
s
ffiffi
e

p
� �

� 2

L1

Z L1=2

rh

XNk

k¼1

Vk
e
ffiffi
e

p ðx�rhÞ�e2
ffiffi
e

p ðL1=2�rhÞe�
ffiffi
e

p ðx�rhÞ

s
ffiffi
e

p
e2
ffiffi
e

p ðL1=2�rhÞþ1
� �

 ! !
dx

(43)

Therefore:

Jnþ1
h;i;m ¼ Tn

h;i;mLh;i;m
1
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t

XNk
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(44)

where en ¼ a
bCn

t;h;m

Tn
h;i;mL

2
h;i;m

V n
p;h;ms.

The overall production index of Well h is:

Jnþ1
h ¼

XNh

m¼1

XN
i¼1

Jnþ1
h;i;m (45)

Since

qnþ1
h ¼ Jnþ1

h ðpnþ1
h � pnþ1

wf ;hÞ (46)

where pwf,h is the bottom hole flowing pressure of well i, MPa.

Therefore, the implicit difference form of the material balance equation is:

XNh

m¼1

XN
i¼1

Tn
h;i;mp

nþ1
i � pnþ1

h

XNh

m¼1

XN
i¼1

Tn
h;i;m þ Jnþ1

h;i;mðpnþ1
h � pnþ1

wf ;hÞ ¼
pnþ1
h � pnh
Dtn

XNh

m¼1

Ct;h;mV
n
p;h;m (47)

The simplified form is:

pnþ1
h � pnh ¼ anþ1

h

XN
i¼1

bnþ1
h;i pnþ1

i � pnþ1
h ðcnþ1

h þ anþ1
h Jnþ1

h Þ þ Dnþ1
h (48)

where Dnþ1
h ¼ anþ1

h J nþ1
h pnþ1

wf ;h.
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Then the pressures at time node n and time node n + 1 expressed in the matrix form are as following:

pn1
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..

.

pnh

..

.

pnN
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3
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¼
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(49)

The flow rate distribution of each connected unit is obtained from Eq. (6), and the single well injection or
production volume is calculated by Eq. (43).

The injection or production volume of each horizontal well node is:

WLPRm ¼ Jnþ1
m

Jnþ1
h

qnþ1
h (50)

where WLPRm is the injection or production volume of each horizontal well node.

Since negative flowing bottomhole pressure may be obtained under constant production rate mode, a
lower limit of flowing bottomhole pressure should be set. When the flowing bottomhole pressure is
smaller than the limit, the production mode should be changed to constant pressure production mode, and
the lower limit is regarded as the actual flowing bottomhole pressure.

2.2 Water Saturation Front Tracking
The fractional flow of oil and water are obtained by saturation front tracking calculation. For one-

dimensional water flooding case, the saturation front can be tracked by solving the B-L front saturation
distribution equation.

The water saturation of the x point (the distance between the x point and the injection end is x) and the
total flow rate demonstrate the following relationship:

x� x0 ¼ Qin

fA
dfw
dSw

(51)

where x0 is the location of the inflow point, m; Qin is the cumulative injection volume, m3; fw is the water
cut; Sw is the water saturation at the x point.
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Suppose that xs is the upstream node of x, then:

xs � x0 ¼ Qin

fA
dfwðSswÞ
dSw

(52)

Subtract Eq. (51) from Eq. (52), we can get:

dfwðSwÞ
dSw

¼ dfwðSswÞ
dSw

þ 1

Qin
(53)

where Qs ¼ Qin

fAðx�xsÞ is the dimensionless cumulative injection volume; Ssw is water saturation at the x0 point.

The field site, measures such as convert oil well to water injection well and well shut-in may be
implemented, in which case the pressure distribution and flowing direction may change significantly.
Hence, if the upstream node and the downstream node are switched, the value of Qin should be the
dimensionless cumulative injection after pressure change.

In order to ensure the stability of calculation, both forward and reverse flow are considered, and the
minimum saturation values of the current time node and the previous time node for the researched node
are taken (assume that well i is the upstream node of well h).

Therefore, Eq. (50) is corrected as:

f 0wðSnþ1
w;i;mÞ ¼ min½f 0wðSnþ1

w;i Þ þ
1

Qnþ1
s

; f 0wðSnw;mÞ� (54)

where f 0wðSw;i;mÞ is the derivative of water cut at m node of well h tracked by well i; f 0wðSw;iÞ is derivative of
water cut at the corresponding saturation for i well; f 0wðSw;mÞ is the derivative of water cut at the
corresponding saturation for the m node of well h.

After f 0wðSnþ1
w;i;mÞ is calculated, the water cut from the direction of well i can be calculated by interpolation.

When the water cut of all upstream nodes are obtained, the comprehensive water cut of m node for h well is
acquired, namely:

f nþ1
w;m ¼

Pns
i¼1

qnþ1
i;m f nþ1

w;i;m

Pns
i¼1

qnþ1
i;m

(55)

The above-mentioned water saturation tracking method is called upstream weight method, which is
limited to the case when node water saturation is greater than the front water saturation. While when the
node saturation is lower than the front water saturation, the Eq. (51) is no longer applicable. The time-lag
effects of the water front breakthrough would be more obvious, and the increase in water cut after
breakthrough will be faster than the real situation.

The movements of the iso-saturation plane in the connected unit are similar to the propagation law of the
wave. Thus, the saturation distribution problem can be transformed to the Riemann problem and be solved
with the shock-wave theory, as shown in Fig. 4.

According to the B-L theory, the moving speed of any iso-saturation surface is equal to the ratio between
water cut and water saturation. For example, in a connected unit, the initial saturations for the upstream well
point i and downstream well point m are greater than the front saturation, as shown in the blue line in Fig. 4.
In the saturation distribution of the connected element, the velocity for any two saturation profiles is f 0wðSw1Þ
and f 0wðSw2Þ, respectively. According to the saturation profile, it can be seen that f 0wðSw1Þ is less than f 0wðSw2Þ,
so the distance between these two iso-saturation surfaces increases gradually, and the movement for this kind
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of saturation profile belongs to the single rarefaction wave. When the water saturation of upstream and
downstream for a connected element is less than the front saturation, as shown in the red line, the
velocity of saturation profile on the discontinuous surface is f 0wðSw3Þ and f 0wðSwcÞ, respectively. It can be
seen that f 0wðSw3Þ is greater than f 0wðSwcÞ. The two saturation surfaces will meet as the increase of time.
The water saturation for swept area is Sw3, and this type of saturation profile is single shock wave. The
composite wave is composed of single shock wave and single rarefaction wave, as shown in black lines.
The upstream saturation is greater than the front saturation, and the downstream is less than the front
saturation. Single rarefaction wave is the direction from upstream well to oil-water front, while single
shock wave is the direction from oil-water front to downstream well, which are different from each other.

Figure 4: Shock wave tracking of water saturation

Figure 5: Technical roadmap of the thesis
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When the saturation of the upstream node i locates between the front saturation and the irreducible water
saturation while the saturation of the downstream node m equals to the irreducible water saturation, the
advancing speed of the saturation surface in the connected element can be expressed as following
according to the shock-wave theory:

mh;i;m ¼ qi;m
Vh;i;m=Lh;i;m

"
fwðSnþ1

w;i Þ � fwðSnþ1
w;m Þ

Snþ1
w;i � Snþ1

w;m

#
(56)

Assume that the flow time required for the movement of saturation surface to upstream node i is ti, the
water saturation of node m would be:

Snþ1
w;i;m ¼ Sw;i; tivh;i;m.Lh;i;m

Sw;m; tivh;i;m, Lh;i;m

	
(57)

When tivh,i,m > Lh,i,m, the movement of saturation surface from the upstream node i to the downstream
nodem, and the water cut of node i can be calculated by the fractional flow equation. When tivh,i,m < Lh,i,m, the
saturation surface will not move from the upstream node i to the downstream node m, and the downstream
node m is still saturated with pure oil.

Thus, the improved node saturation calculation equation based on the shock-wave theory is:

Snþ1
w;i;m ¼

½f 0wðSnþ1
w;i;mÞ��1½f 0wðSnþ1

w;i Þ þ
1

Qnþ1
s

; f 0wðSnw;mÞ�; Sw;i. Swf

Sw;i; tivh;i;m.Lh;i;m
Sw;m; tivh;i;m ,Lh;i;m

8><
>: (58)

After obtaining the water-cut of each node, the oil production, water production and water injection
allocator can be further calculated. The proposed connectivity model has several advantages:
① Horizontal wells are equivalently substituted by several nodes. ② The new production index obtained
by analytical method is more accurate than that obtained by seepage theory. ③ The saturation tracking
equation solved by the shock wave theory can give consideration to saturation distribution both in the
high water-cut period and low water-cut stage. ④ The solution of saturation tracking equation with semi-
analytical method is faster than the traditional reservoir simulation.

2.3 Inversion of Characteristic Simulation Parameters
The dynamic index generated by the connectivity model are mainly determined by the two characteristic

parameters of the interwell connected unit. In order to better fit the modeling results with the actual
production dynamics, it is necessary to optimize the characteristic parameters and to conduct parameter
inversion. The constraints required to ensure the reliability are:

min ZðwÞ ¼ 1

2
½uðwÞ � dobs�TC�1

d ½uðwÞ � dobs�
w ¼ ½� � � ; Th;i;m; Vh;i;m�

(
(59)

which satisfy:

w � 0 (60)

XNh

m¼1

XN
i¼1

Vh;i;m ¼ VT (61)
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where Z(w) is the objective function; u(w) is the vectors of predicted dynamic data; dobs is the vector of actual
dynamic data; Cd is the error covariance matrix; w is the vector of characteristic parameters; VT is the total
reservoir pore volume, m3.

Projection gradient method is used to solve the above equations, and all the solutions iteratively obtained
by this method are feasible solutions:

wlþ1 ¼ wl � c½E � IðIT IÞ�1IT �rZðwlÞ (62)

where l is the iterative step size; E is the unit matrix; I is the matrix of constraint coefficients; rZ is the
approximate gradient for the objective function; γ is the step size in search.

Acknowledging the gradient of objective function is a preliminary to apply the projection gradient
method. Herein, the simultaneous perturbation stochastic approximation (SPSA) method is used to
calculate the gradient of the objective function. In order to improve the level of similarity between the
approximate gradient and the real gradient, the average value of the gradient is used for further calculation.

rZðwlÞ¼ Zðwl þ elDlÞ � Zðwl � elDlÞ
2el

D�1
l (63)

where εl is the perturbation step; Δl is the disturbance vector.

2.4 Technical Flowing Chart
This paper mainly includes two main parts, which is shown in Fig. 5. Firstly, the material balance

equation is established to solve the pressure, and then the shock wave is used to track the saturation;
according to the automatic history dynamics are used as the fitting parameters, and the model parameters
are inverted to ensure that it can correct prediction of the future reservoirs production dynamics.

3 Validation of the Model

A heterogeneous reservoir is constructed, and the three well patterns (1) one injection well and four
production wells (one horizontal well, four vertical wells), (2) one production well and four injection
wells (one horizontal well, four vertical wells), and (3) five production wells and four injection wells (all
are horizontal wells), are used to validate the model. Based on the production performance and allocator
of each well generated by The Eclipse numerical simulator the interwell connectivity model is established
according to the above-mentioned method. The calculated production performance and the allocators are
compared with the actual data to verify the model.

3.1 Example One
The grid of the reservoir is divided into 41 × 41 × 1 grids and the grid size in each direction is 10 m. The

distribution of permeability is presented in Fig. 6, where the permeability unit is mD. The average porosity of
the reservoir is 0.23, the initial irreducible water saturation is 0.28, and the initial formation pressure is
25 MPa. the viscosities of oil phase and water phase are 12.0 and 1.0 mPa⋅s, respectively. The reservoir
well pattern is consisted of four vertical production wells and one horizontal injection well. The liquid
production rate of well P1, P2, P3 and P4 is 25 m3/d, and the injection rate of well W1 is 100 m3/d.
After 300 days of production, the production scheme is changed, the liquid production rates of wells
P2 and P3 are increased to 40 m3/d, while the liquid production rates of wells P1 and P4 are reduced to
10 m3/d. The final water cut of the reservoir is 43.2% after 300 days of production.
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Both Eclipse model and connectivity model are used to match the historical oil production rate of single
well and the cumulative oil production of the block. There are 100 iteration steps in total, and the change in
objective function is shown in Fig. 7. The objective function converges after 10 iteration steps, and the total
time required is 198 s.

The fitting and prediction results are shown in Fig. 8. The block fitting rate reaches 99.5%, the fitting rate
of well P1 reaches 97.0%, and the fitting rate of well P2 reaches 97.3%. The model fits well with the
shistorical production dynamics and the prediction results also matched, which indicates the feasibility of
this model to be applied to predict the future production performance.

Fig. 9 is the distribution of conductivity and connected volume of the inversion model. It can be seen
from the figure that the conductivity between P4 and W1 wells is high, and the permeability around
P4 well is large from the permeability field distribution, which can be corresponded to the above. The
conductivity between P2 and W1 is small. From the distribution of permeability field, it can be seen that
the permeability around P2 is low and the heterogeneity is poor. The inversion results of this model are
basically consistent with the physical properties input in the Eclipse model, which confirms the accuracy
of this model.

The connectivity model can also generate the injection/production allocators at different time intervals.
Fig. 10 compares the water injection splitting values of the Eclipse model with the connectivity model, the
results are very similar except for the allocator from W1 to P1 mainly because of the strong heterogeneity
between the two wells. The physical point is included in this model, while the physical property
distribution of the whole block is not neglected.

Figure 7: Iterative process of objective function

Figure 6: Reservoir permeability distribution
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Figure 8: Production dynamic fitting and prediction results of single well and block

Figure 9: Parameter inversion results of connected elements
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3.2 Example Two
Reservoir grid distribution and size are similar to Example one. But in this case, production wells and

injection wells are switched. The current well pattern is composed of one horizontal production well and four
vertical Injection wells, as shown in Fig. 6. The production rate of well P1 is 80 m3/d, and the injection rate
for wells W1, W2, W3 andW4 are 20 m3/d. After 300 days of production, the production scheme is changed,
the injection rate for wells W1 and W4 increases to 40 m3/d, while the injection rate for wells W2 and
W3 declines to 10 m3/d, and the production rate of well P1 changes to 100 m3/d. The final water cut of
the reservoir is 32.1% after 300 days of production.

Both Eclipse model and connectivity model are used to match the historical oil production rate of single
well and the cumulative oil production of the block. There are 100 iteration steps in total, and the change in
objective function is shown in Fig. 11. The objective function converges after 10 iteration steps, and the total
time required is 209 s.

The fitting and prediction results are shown in Fig. 12. The block fitting rate reaches 99.9%, and the
fitting rate of well P1 reaches 99.2%. The model fits well with the historical production dynamics and the
prediction results also matched.

Fig. 13 is the distribution of conductivity and connected volume of the inversion model. It can be seen
from the figure that the conductivity between P1 and W3 is high, and the permeability around W3 is large
according to the permeability field distribution. The conductivity between P1 and W1 wells is low. From the
permeability field distribution, it can be seen that the permeability around W1 well is small and the
heterogeneity is poor. The inversion results of this model are basically consistent with the physical
properties input in the Eclipse model.

Figure 10: Results of water injection splitting comparison

Figure 11: Iterative process of objective function
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Fig. 14 compares the water inflow coefficients results of the Eclipse model with the connectivity model,
the results are basically the same.

Figure 13: Parameter inversion results of connected elements

Figure 12: Production dynamic fitting and prediction results of single well and block

Figure 14: Comparison of water inflow coefficients
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3.3 Example Three
The grid of the reservoir model is divided into 81 × 41 × 1 grids, and The grid size for in each direction is

10 m. The interwell distances in the x Axis and y Axis directions are 100 and 200 m, respectively. The
distribution of permeability is presented in Fig. 15, where the permeability unit is mD. Other physical
property parameters remain the same with Example one. The reservoir well pattern is made up of five
horizontal production wells and four horizontal injection wells. The liquid production rates of wells P1,
P2, P3, P4 and P5 are 20 m3/d, and the injection rates of wells W1, W2, W3 and W4 are 25 m3/d. After
750 days of production, the production scheme is changed, the liquid production rates of wells P1 and
P5 are increased to 30 m3/d, while the production rates of wells P2 and P4 are lowered to 20 m3/d, and
the production rate of well P3 is maintained at 20 m3/d. The final water cut of the reservoir is 54.4% after
750 days of production.

Both Eclipse model and connectivity model are used to match the historical oil production rate of single
well and the cumulative oil production of the block. There are 100 iteration steps in total, and the change in
objective function is shown in Fig. 16. The objective function converges after 80 iteration steps, and the total
time required is 18459 s.

The fitting and prediction results are shown in Fig. 17. The block fitting rate reaches 99.7%, the fitting
rate of well P1 reaches 94.6%, and the fitting rate of well P2 reaches 94.5%. The model fits well with the
historical production dynamics and the prediction results also matched.

Figure 15: Reservoir permeability distribution

Figure 16: Iterative process of objective function
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Fig. 18 is the distribution of conductivity and connected volume of the inversion model. It can be seen
from the figure that the conductivity between P4 and W2 is high, and the permeability around P4 is large,
which is close to that of W2. The conductivity between P2 and W3 wells is low, and the permeability
around P2 well is low and the heterogeneity is poor. The poor heterogeneity between P3 and W1 leads to
high permeability at the third node of P3 well and high conductivity at the third node of W1 well. The
inversion results of this model are basically consistent with the physical properties input in the Eclipse
model, which verifies the accuracy of the proposed model.

Figure 17: Production dynamic fitting and prediction results of single well and block

Figure 18: Continued
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Fig. 19 compares the water injection splitting values of the Eclipse model with the connectivity model, the
results are basically the same. The main reason for the incomplete coincidence of the results is that the model
considers the physical properties of well points, while Eclipse considers the physical properties of all grid points.

4 Field Case

The model is applied in the Block X of Y Oilfield and the well locations is shown in Fig. 20. The initial
water saturation of this block is 0.376, the oil viscosity is 11.7 mPa⋅s, the water viscosity is 1.0 mPa⋅s, and the
average porosity is 0.28. The distribution of reservoir thickness is shown in Fig. 21. There are 27 wells in

Figure 19: Comparison results of water injection allocator

Figure 18: Parameter inversion results of connected elements
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total, which includes 16 production wells and 11 water injection wells, and 12 of them are horizontal wells
(including production and injection wells). The proved reserves of the block is 8.393 × 108m3. After 11 years
production, the cumulative oil production, the oil recovery and the comprehensive water cut are 2.41 × 108 m3,
28.7% and 88%, respectively with some wells entered into the water flooded stage.

SPSA method is used for production data matching, where the data includes oil production rate of a
single well, water cut of a single well, cumulative oil production of block, and water cut of block. There

Figure 20: Well location distribution map of block X in Y oilfield

Figure 21: Information of reservoir thickness

FDMP, 2022, vol.18, no.5 1463



are 250 iteration steps in total, and the change in objective function is shown in Fig. 22. The objective
function converges after 200 iteration steps.

The fitting results of block cumulative oil production and oil production rates of some vertical well and
horizontal wells are shown in Fig. 23. The inversion results of this model are basically consistent with the
production dynamics, which confirms the accuracy of this model further.

Figure 23: Production dynamic fitting of single well and block

Figure 22: Iterative process of objective function
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Fig. 24 is the distribution of the average conductivity and connected volume of the inversion model for
Block X of Y Oilfield. The results demonstrated that the conductivity between Well A6H and Well A12H,
Well A5H1 andWell A12H, Well A33H andWell B24, Well A21H1 andWell A11H is higher than other well
pairs. And the permeability of these well points is generally greater than the average reservoir permeability.
The characteristic parameters such as interwell conductivity and connected volume can directly reflect the
fluid flow in the reservoir, and can provide reliable data reference for the production dynamic analysis.

Fig. 25 is water injection allocator for different time intervals obtained by inversion model. It can be seen
from the figure that as for A11H well group on the 1260th day, A11H well mainly splits along the A6H well
and A3Hwell directions with water injection allocators of 0.15 and 0.55, respectively. And on the 1290th day,
the A11H well still mainly splits along the A6H well and the A3H well directions. By decreasing the liquid
production rate of A3H and increasing the liquid production rate of A6H, the water injection allocator of
A6H increases from 0.15 to 0.18 while the allocator of A3H decreases from 0.55 to 0.42 drop in the A3H
well and the production of liquid lift in the A6H well, respectively, which indicates the good match
between water injection allocators and actual production/injection dynamics, which is more efficient to
the evaluate the water flooding effect.

Figure 24: The inversion results of connectivity unit parameters in Block X of Y oilfield

Figure 25: Water injection allocator between wells at different times in Block X of Y oilfield
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5 Summary and Conclusions

(1) Horizontal wells are equivalently substituted by multiple connected nodes, and the injection-
production system is equivalent to a connected network that can be characterized by parameters
such as inter-well conductivity and connected volume. An injection-production connectivity
model to study horizontal interwell connectivity in a water flooding reservoir is established, and
a new calculation method to calculate production index is deduced. Based on the material
balance equation and the shock wave tracing method, the saturation distribution of horizontal
wells is calculated and the production dynamic of each well point is obtained. The SPSA
algorithm is used to invert the interwell connectivity parameters and allocators on the basis of
automatic history matching.

(2) The connectivity model is built based on injection/production data. Three typical examples, where
the number ratio between injection and production wells are 1/4, 4/1 and 4/5, respectively, are used
to fit the historical production performance and to make comparison with the results generated by the
Eclipse, which verifies the effectiveness of the model.

(3) The Block X of Y Oilfield is used as an example, according to the injection/production data, the
connectivity model is utilized to fit the historical production data. Meanwhile, the connectivity
conductivity and volume for this model is inversed. The accuracy between the calculated
cumulative oil production and the real values reaches 96.9%. According to the connectivity
characteristics for typical well groups, the specific adjustment strategies are proposed and the
practicability of the model is verified.
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