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ABSTRACT

In this paper, we introduce modified degenerate polyexponential Cauchy (or poly-Cauchy) polynomials and
numbers of the second kind and investigate some identities of these polynomials. We derive recurrence relations
and the relationship between special polynomials and numbers. Also, we introduce modified degenerate unipoly-
Cauchy polynomials of the second kind and derive some fruitful properties of these polynomials. In addition,
positive associated beautiful zeros and graphical representations are displayed with the help of Mathematica.
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1 Introduction

Recently, many mathematicians, specifically Carlitz [1,2], Kim et al. [3-5], Kim et al. [6,7],
Sharma et al. [8,9], Khan et al. [10-13], and Muhiuddin et al. [14-17] have studied and added
diverse degenerate versions of many special polynomials and numbers (like as degenerate Bernoulli
polynomials, degenerate Euler polynomials, degenerate Daehee polynomials, degenerate Fubini
polynomials, degenerate Stirling numbers of the first and second kind, and so on). In this paper,
we focus on modified degenerate polyexponential Cauchy (or poly-Cauchy) polynomials and the
numbers of the second type. The purpose of this paper is to introduce a degenerate model of the
poly-Cauchy polynomials and numbers of the second type, the so-called degenerate poly-Cauchy
polynomials, and numbers of the second type, constructed from the degenerate polyexponential
feature. We derive some express expressions and identities for the one’s numbers and polynomials.
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Let C;j(§) be the Cauchy polynomials which are given by the following generating function

(see [18-22])

1
/(Hz)“’?dn— (1 +2)° —ZC@—
0

g(l+2)

In the case when £ =0, C; = C;(0) are the Cauchy numbers.
The Bernoulli polynomials of order « are given by

(5) & =287 @ 5 e 120,

j=0

For &£ =0, B](a) :B;“)(O) are the Bernoulli numbers of order «.
We note that
Ci(&) = BY (& + 1), = 0), (see [23]).

For X € R, the degenerate exponential functions are defined as
ei(z) =(1 +)\z)§,ek(z) = ei(z) =(1 +Az)%,(see [1-17]).

By (4) and binomial theorem, we have

0

&E@ =Y Eoaz,
6=0 ’

where (§)o, =1,(8)op =§E —1)(E —24)---(E— (@ —DA), O =1).

The degenerate Bernoulli polynomials are defined by (see [1,2])

e(z) ——— ()= Zﬁ,m)—

On putting x=0, B = B;,.(0) are called the degenerate Bernoulli numbers.

The degenerate Cauchy polynomials C;; (§) are defined by Kim [25] as follows:

1 (log(1 +12))
log(1 + Llog(1 +22))

1
/ (1 +log(1 + A2) e = (1+log(1 + A2) %)
0

o0 . Zj
=2 Gy
J=0 ‘

Letting £ =0, Cj 5 = C;,.(0) are the degenerate Cauchy numbers.
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In the year 2017, Kim [24] introduced and studied the new class of degenerate Cauchy
polynomials Cj;(§) of the second kind are given by

z

log(1 + 1 log(1 + Az))

g :
(1 + % log(1 + ,\z)) = ]; Cj,x@);, (see [16,25,27]). ®)

At the point when & =0, C;;, = C;4(0) are the degenerate Cauchy numbers of the second kind.
The degenerate Daehee polynomials D; ), (x) are defined by (see [6])

log, (1 ad J
M“ 4 o)t =2$Dj,x(s>%. ©)
]=

On setting £ =0, D;, = D;;(0) are the degenerate Dachee numbers.
The degenerate Bernoulli polynomials of the second kind are defined by (see [0])

z ad Zj
T +2)f = Zb,-,m].—!. (10)

log, (1 =

Letting £ =0, bj, =b;,(0) are the degenerate Bernoulli numbers of the second kind.
For i > 0, the degenerate first kind Stirling numbers are defined by (see [28])

1 . J
oz, (142 = 37 51,0, z‘)]i!. (11)
j:l

Note that lim,_,oS1(j,7) = S1(j,7) are the first kind Stirling numbers given by

log(l+2)1 =3 816,05, (7> 0),(see [4,26)). (12)
i! J!

J=i
For i >0, the degenerate second kind Stirling numbers are given by

Z (see 7). (13)

1 &
F@@=1'=) 0, 05

J=i

We note that limy_,0S2,,(j,7) = S2(j,7) are the second kind Stirling numbers given by

=1 = 82005 12 0), (see [1-29]). (14)
i! — J!
J=i

In this paper, Section 3 incorporates the definition of degenerate poly-Cauchy polynomials of
the second kind and a preliminary study of these polynomials. Section 4 is a consequence of the
definition of the degenerate unipoly-Cauchy polynomials and unipoly polynomials combined with
their properties and special cases. Finally, some computational values of degenerate poly-Cauchy
polynomials of the second kind are given in Section 5.
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2 Degenerate Poly-Cauchy Polynomials and Numbers of the Second Kind

In this segment, we introduce degenerate poly-Cauchy polynomials of the second kind, derived
with the aid of modified degenerate polyexponential functions and some identities of these
polynomials.

Recently, Kim et al. [4] delivered the modified degenerate polyexponential function defined by

o0

_ 15
Elk,ms):Z%,amd,keZ). (15)
J=1 '
Thus, by
Bila©) = ) S =) - 1. (16)
J=1 ’

The modified degenerate polyexponential Genocchi (or poly-Genocchi) polynomials are
defined by Kim et al. to be (see [7])

Ei ;. (log; (1 +2)
ez +1

o J
)ei(z):ZG]{ﬁ)(s)]Z,—',(keZ). (17)
j=0 '

At the point when & =0, Gjﬁ) = G;ﬁ) (0) are the degenerate poly-Genocchi numbers.

By the above definitions, we introduce modified degenerate polyexponential Cauchy (or poly-
Cauchy) polynomials of the second kind as

Eiy.;. (log, (1 +2))
log(1 + 1 log(1 + Az))

1 .- /
<1+X10g(1+kz)> :;c;j)(g);—!,(kezy (18)
]:

When & =0, C;,k) = C]EI;) (0) are the modified degenerate polyexponential Cauchy (or poly-
Cauchy) numbers of the second kind.

Theorem 2.1. Let j be non negative number. Then

J o .
k J (Dy+12810(0 +1L,n+ 1)
=23 (] ) crmon - (19)

-1
== @+ D0+

Proof. Using (11) and (18), we have

v oo ? __ Bika(log,(1+2)
FA 0 log(1 + Llog(1+12))

J=0

o0

_ z lz (1)1 (log, (1+2))"
log(1 + Llog(1 +az2)) z (n—Dink

n=1
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_ z 1i (Dys1.2(log, (1+2)" G+ D!
log(l—i-%log(l—l-)»z))Zn:O n!(n+ Dk (n+1)!
_ z I~ (Myeia
log(1 + %log(l +a2) 277 (n+ DE-1

o Zi
> Suln+ by
i=n+1 ’

o0

: (Dpt1.1
SipG+1n+1
10g(1 + - log(l +Az)) Z < (n+ k-1 Z 1@ n+1)

(& L (Dygria SiaGi+Ln+1) 2
B (]chf ) (ZZ(nJrl)k 1 i+1 F)
_i z’:i(])c (Dyr1aSia@+ L+ ) 7
- - o) 7 e+ D+ P it

Therefore, by (15) and (20), we obtain the result (19).

()!

Corollary 2.1. Let j be non negative number. Then

J o .
Wpr1aS1pc+Ln+1) |

o+1

Theorem 2.2. Let j be non negative number and k € Z. Then

J j-o .
SHGEDIDY (i)Cé?i<s>pv-"-'m—w>-

0=0p=0

Proof. Recall from (18), we have

o

c 7 Eig,(log,(1+2) (1 D ioa(l oo )f
].2(; (S)J' log(l—l—%log(l%-kz)) +)» og(l +42)

(e 0T [ (8 (] g
= ZCMG! ;(p) ()\log(l—l—kz)))

o=0

= ZCW Z(s»MZSl(s,p)x“j—f)
p=0 S=p )

o=0 s=0 p=0
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) J . 2
-y ZZ( )cf,;@)px' Y 22)
j=0 \o=0p=0 J:
Thus by (18) and (22), the proof is completed.
Theorem 2.3. Let j > 0. Then
vy () (L
@=2() = | )
T
=0 r Pl = r+ + -1
brl,}»()h_ 1) brz,)»()h_ 1) brkfl,)»()"_ 1) C:
P L I
Proof. Consider (15), we have
. d <~ (Dja(log; (14§))
—Ei; 1 =— .
7 Blkallog (1+6) =223 DI
j=1 ]
A+ S Mjplog, (1+6Y — A+ !
= : = Ei;_; ;. (log, (1 +&)). 23
(D2 oDy log g ke lon oL 0D
c“‘)S log, (1+£)
= Mt log(1 4 log(1 4 4£) Fik (08, )
1 & (1—{—2))‘_1 z (1—}—2))”_1 Z(l—}—Z))‘_l
= T .- zdz---dz
log(1 + 5 log(1+4§)) Jo log,(1+2) Jo  log;(1+2) Jo log;(1+2)
(k—2)—times
m
10g<1+110g<1+ké>>n;)m1+ ; = <'"1+---+mk—1)
by g (A= 1) by 5 (A — 1) by 0 (A —1) ﬂ
m4+1 m+m+1 mi+---+mp_1+1m!
@250 X (i)
j=0 j=0 r=0 rittr—1=r rite e
brl,k(k_ 1) bl‘z,k()"_ 1) brk_l,?»()‘_ 1) Sj
» ra e (24)
rn+l  r+rmn+l Pt +1 J!

which complete the proof.
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Corollary 2.2. Let j>2. Then

i .
®)) J\ bra(A—1)
0

r=
Theorem 2.4. The following result holds true

Tea(—q) = (=1)1CLY,

k>1and g e NJ{0}, weC.

Proof. Let us define the function 7, (w) as

1 00 Zw—l
T (w) = FEi; ; (log, (1 +2)) dz
kA (%) F(W)/o log(1 + L log(1 +2z)) 2 (log; (1+2)
1 1 Zw—l

B Eix,. (log; (1+2))dz
rw) Jo log(1+ Llog(1+12)) 2 (log, (1+2)

LW 1

1 o
+ / : E
Fw) Ji log(l + 5 log(l + Az))

i1 (log; (1 +2))dz.

For any w € C and absolutely converges, (26) to

Zw—l

1 o0
F(wo,A‘ log(1 + +log(1 +2z))

Eij 1 (log)\(l + z)) dz| <

['(—q)

im
w——q

Eq. (27) can be written as

(k)
1 =G

I'(w) P /!

1
W+l,(5h(W) >0)

In view of (26) and (27), we have

1 w—1

z
7 (—¢) = lim Eix, (log, (1+42))dz
k,)\( q W_)_qr(q) 0 10g(1+%10g(1+)\,2)) k,)n( 258 )
k k
) 1 = CI(A)ZI . 1 & CZ(A) 1
= lim —— | 2" Z— dz= lim —— — —
w—=—q I'(w) Jo /! w——q I'(w) w11
=0 =0
L c®
= 40+---+0+ lim LY P,
w——q F(W) w+q q!
(F(l—w;sinnw) C;];? - C(k)

= lim

I'(1 4 ¢)cos(rq)—L~
w—>—q w-+q q! q!

M =0.

769

(25)

(26)

27)
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=(-D1C. (28)

By (28), we obtain the result.

Theorem 2.5. Let j be non-negative number. Then

NG o Wottn S o 9 o
Z<G>Q_U(S)W:ZM UCJ’;L(E)Sz(/,U)-
o=0 o=0

Proof. By changing z with %e;\(z) — 1 in (18) that

o k) s i (@) =D Eigs(5) ]
g C"’A ()4 il o log(1+2) (1+2)

Eix,.(3)
= & AN
log(l—l-z)( +2) )( z )

_ 1 AT ()iaz!

- (, 2 /(S)],) Zl—a—mik)
AT (1) 07

(, L9 ) (S )

J ; —o—1 i
J AT Wegia ) 7
2 (Z(G G O )ﬂ. (29)

On the other hand, we see that

Z cop GO Z B ERTS 510 zw

] i

() j . j
=) (Z W Cé’fi(é)sz(f,@) j_, 0

j=0 \o=0

In view of (29) and (30), we obtain the result.
Theorem 2.6. Let n be non-negative number. Then
2’7: (1)9,1.51,(n,0)
k-1
o=1

(o2

-y ()CU‘)M(p DI (=DP" 1A PS (a, p). (31)

o=1p=1
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Proof. Consider the Eq. (18), we have

(e8] n
. (Do S1,4(n,0) \ 27
Eitx(log, (1 +2)=Y_ (Z %) = (32)
n=1 \o=l1 o -
/ s (k) Z’7 1
= ZCM—' (log(l—i—xlog(l%-kz)))
n=0 77-
s (k)Z’7 1
= ZCM—' (1og(1+xlog(1+/\z))>
n=0 T
00 n [ee] 1 p—1
= ZC,(,’})Z—, Z( ) Ap(log(l—i-kz))p)
! o
n=0 p=1
0 (k)Zn /OO . o0 ZO
= | 2 G | | 2= DD ) SiepaT
n=0 p=l1 o=p
o k Zn o0 U
=X Gy Z Z(p—l)'( DP~127 7 S1(0. p)
\n:O ) p=1
00 n o n (k) \ p—lio—p ZN
=2 22, )G o= DI=DP AT S 10, p) | < (33)
n=1 \o=Ip=1 -

The complete of the Proof.

Corollary 2.3. Let n be non-negative number, we have

Za)a 3S12.(1,0) = Z Z ( )C“l, (0= D=1 S (0, p).
o=1p=1
Theorem 2.7. Let j be non-negative number. Then

J . s r
Dgr1aS1pr+1,q+1) ]
C(k): (]> (S) qrl, > C* )\‘] YB(I S

Proof. We observe that

Eir,(log,(14+2) ( Az ) (Eik,x(logk(l +z))) Llog(1+12)
log(1+ % log(1+4z)) \log(1+Az) z log(1 + % log(1+ 12))

DL (D) A(lOg,\(l +Z))‘] e
() () (5o

g=1
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(07 | (1 WDgrralog, A+ g+ D1 (S
- .Z)”B' (=2 gl (q+ DF (q+D)! ZC“Z'

g=0 I=

-(Zs) (1S T e ) >c)

J 4
J=0 g 1=0
(& 07 (Dg+128120r+Lg+ D s 5
— | Y ¥BY= ZZ gt Yons
J j k—1 ] S,)\, |
= M\ +ba+Dh n\&
— iAJBU)ZJ i <)Z(1)q+lkslx(r+1 q+1)c z5
N 7o k—1 R
j=0 J: 1=0 r=0 4=0 (r+ 1)(61-1- 1) s!
- 00 J j S /s (Dgr1aS1pr+1lg+1) i~ gU—0 P "y
p3p3 ! 2 k=1 s=r2® =g | 7 (34)
=\ 5\ & e ne+ i

Therefore, by (15) and (34), we acquire the desired result.

Theorem 2.8. Let j be non-negative number. Then

(k) (k) j .
G =G, i(])Zr:(l)n+1,,\51,x(r+1,77+1)
0

j+1 = (r+ D@+ Dt T

Proof. Consider the following expression:

' Eig, (log; (1 1
Z chnZ = i 10gx( +2) (1 + —log(1 + Az)) : (35)
]! log(1+ 5 log(1+12)) A

_ _Eiulog(+2) Eix; (log; (1 +2)) 1 log(1 +Az2)
log(1 + % log(1 + X12)) log(1 + %log(l + A2))

_ i 7 4 Pk (log, (1+2)) Hog(1 +2)
J z log(1 + +log(1 + Az2))

i (e -] ?_ Bicillog,(1+2)  jlogl+)
ok i ] z log(1 + 1 log(1 +12))

1= Wyalog, (1 +2)" | (o
_(ZnX: (n— DInk )(ZX(;CIA[|>
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N $ Upe1alog,0 27" 411 ($5 . 2
- k ] JA )
0 nt(n+1) (n+D! =
_ iz (Dy+14815. 0+ 1;n1+ DE4 i c;kij
- | il
s SRR NICRED n )\ =
_y i(j)i<1>n+1,xsl,x<r+1,n+1>cfk RE 6
k—1 J—r, 1] :

From Eq. (35), we have

71

[ m-c] T

M3

1

.
Il

(k) (k) ;
:i Cia(W =G, Z
< J+1 I

(37)

Thus, by (36) and (37), we complete the proof.

3 DegenerAte Unipoly-Cauchy Polynomials of the Second Kind

In this section, we introduce degenerate unipoly-Cauchy polynomials of the second kind
by using degenerate unipoly function and derive the relationships between degenerate Daehee
polynomials and degenerate Cauchy polynomials of the second kind.

In [25], Dolgy and Khan introduced degenerate unipoly function given by

wer €)= 3 p() )]’.;35 (38)
J=1
Note that, we have
1 .
U 5. <§ |F> = Ei,.(§) (39)

is the modified degenerate polyexponential function, where I': = I'(j) is well-known as Gamma
function.

It is clear that

> (1)j8/
. _ . . 'Js
lim 1.1, (61p) = ]_Zl lim p() =

> J
=ukElp) =) _p()) f—k (ke) (40)

j=1
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are called the unipoly function attached to polynomials p(x) (see [3]).
From (40), we have

o0

J
€l =3 f—k = Lix(®), (see [26)) (41)

is the ordinary polylogarithm function.

By using (15) and (38), the degenerate unipoly-Cauchy polynomials of the second kind is
given by the following generating function

i (l0g; (1+2)|p) ( ! ) o
14+ —log(1+A , "
log(1 + +log(1 +2z)) + 5 log(l +42) Z np(f) (42)

In the case when & =0 ch — ch

Ciop i p(O) are the degenerate unipoly-Cauchy numbers of the

second kind.
Theorem 3.1. Let j > 0. Then

¢l ©=c®.
Jrt
Proof. On taking p(j) = % Then we have

o0

/s (logy(1+2)|+p) ( 1 )f
E 1+ —log(l+A
oy it I(S)J' log(1 1 Llog(1 +42) \ A oetl 42

_ 1 i (Dm, (log, (1 +2)"
log(1 + % log(l +12)) "= mk(m —1)!

Eiy ;. (log; (1 1 :
_ 1k,x(10gx( +2) (1 + —log(l +kz))
log(1 + 3 log(1 + Az)) A

1 &
<1 + 5 log(1+ kz))

= Z c <s> (43)

j=0

In view of (43), we obtain the result.

Theorem 3.2. Let j be non-negative number. Then

c® ZZ( )P(’?+1)(1)n+lx(’7+1)’Slx(§+1 N+ 1DCi- Y 44)

A k
S for (n+ DX+ 1D

Proof. Consider the Eq. (42), we have
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Z c® 7 uy . (logy (1 +z)|p)
”‘UJ' log(1+ %log(l +A2))

1 p(n)( In.A
log, (1 + 2))"
" log(1+1 i log(1 +1.2)) 2= Z (log, (1 +2))
1 P+ DDy 1+ D!
= >F R > sua+10%
log(1 + 5 log(1 4 12)) =0 m+1 S
o
L p(+ D(Dyq1,.(n+ D! z¢
j=0 n=0¢=0
_i ii (J)P(’H‘1)(1)n+1,x(77+1)151,x(§+ Lo+ DG | 7 )
= - .
j=0 \¢=07=0 ; (77+1) (§+1) ]'
By (42) and (45), we complete the proof.
Corollary 3.1. Let j > 0. Then
c® =C®=§:Z<)SM(}+1 L+ DG
g I ) G+D1@+1)
¢=0n=0
Theorem 3.3. Let j > 0. Then
. J =t .
C/(K)P(s) :ché))»p(é)n)‘s_nsl(f_f,ﬁ)- (46)
¢=0n=0

Proof. Recall from (42), we see that

- e ukk<logk<1+z>|p> (1 1 )s
+ —log(l+ A
jX(; ©7 J! log(1+ Llog(1+22)) \ ' A ogl+42)

g (log, (1+2)|p) > (é) (11 . >n
_log(1+%log(1+xz))n2:(:) 1)\ og(l+22)

- (Z Cé"i,,z,) (Z(&W "Zsms = )
=0
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(Z C "ip%) (Z > ()81 G, n)%)

=0 s=0 n=0

00 J Jj=¢ . o

=Y D> @S 1G = £ i (47)
j=0 \¢=07=0

Thus, by (47), we get the desired result.
Theorem 3.4. Let j > 0. Then

+Dd + 1!
J(];)P ZZZ( )() )j—¢— akCakp(n )((n)_ﬁ])}i(n )Sl,x(é,n-i-l). (48)

¢ =0 a=0 n=0

Proof. Using (42), we have

Z ot 7wy (logi(1+2)1p)
ij| log(1 —i—%log(l 4+ 12))

1
B log(1+ % log(1+4 Az))

Zp(n)n( )n.h (log, (1 +2))"1

1 ip(n + DD pr1a

- (log, (1 +2))7"!
log(1 + % log(1+42)) 1= (n+ DF g

log, (1 +2) ZP(’?+1)(1)n+1,A(77+1)!

log, (1 n+1
10g(1+110g(1+kz)) i+ DrE(p+ 1! (log; (1+2))

_ log, (1+2) z ZP(’?+1)(1)77+1A(77+1)
z log(1 + 1 log(1 +2z)) = (n+ D)k

D oS, n+1>—
¢=n

S P+ (D17 + 1! 2
— (ZDM—> (ZCaA_> (ZZ r]—lril)k S1.(¢, TH—I)E)

¢=0n=0

¢

oo b 0o
b 2 P+ DDy + 1! £
— (ZZ(a)DbW»CaJE) (ZZ (n-iril)k S1,A(§,n+l)a

¢=07n=0

o [ J j¢ N .
+1d +1)! J
3 (z 3 (1) (1) s o R )Sl,x(;“,n-l-l)) % @)

In view of (49), we complete the proof.
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4 Computational Values and Graphical Representation of Degenerate Poly-Cauchy Polynomials of the
Second Kind

In this section, sure numerical computations are carried out to calculate sure contributors
of the degenerate poly-Cauchy polynomials of the second kind and display some graphical

representations. The first six individuals of C](];) (&) are calculated and given as

CooE) =1,

159
CloE) =55 +5

43723  63&

(k) 2
=35 T TF
844553  3661&  99¢2
c® gy = _ 3
3,.5) 18432 T 324 32 d
(&) _ 1953476014259 N 263515¢ N 55549¢2 B 129¢3 4
4. 9720000000 13824 648 8
e gy — 17044747582391 2810995 46995065&2 N 416095¢3 B 1125¢4 e
3. 3888000000 9000000 27648 972 32

To show the behavior of CJ(];) (&), we display the graph of C;ﬁ) (&) for k=7 and A =35, this
graph is presented in Fig. 1.

e
It ”; |
1x10° - H J‘
L | |
U |
|
| |
[
\ 5x10™- “
\ / /
L | V%
| L ! R [AEVA | L ——
100 _— 50 i VY ERE 100
/ i ||
f r
j’ =510 - |
| | b |
/ ‘ F I ‘

Figure 1: Graph of C;ﬁ)(é), j=1,2,..,12

5 Conclusions

In this paper, we have presented the degenerate poly-Cauchy numbers and polynomials of
the second kind and discussed, in particular, some interesting series representations. We have
deduced some relevant properties by using the structure and the relations satisfied by the recently
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degenerate polyexponential functions. Section 3 incorporates the definition of degenerate poly-
Cauchy polynomials of the second kind and a preliminary study of these polynomials. Section 4
is a consequence of the definition of the degenerate unipoly-Cauchy polynomials and unipoly
polynomials combined with their properties and special cases. Finally, some computational values
of degenerate poly-Cauchy polynomials of the second kind are given in Section 5.
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