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ABSTRACT

The Laplace transformation is a very important integral transform, and it is extensively used in solving ordinary
differential equations, partial differential equations, and several types of integro-differential equations. Our purpose
in this study is to introduce the notion of fuzzy double Laplace transform, fuzzy conformable double Laplace
transform (FCDLT). We discuss some basic properties of FCDLT. We obtain the solutions of fuzzy partial
differential equations (both one-dimensional and two-dimensional cases) through the double Laplace approach.
We demonstrate through numerical examples that our proposed method is very successful and convenient for
resolving partial differential equations.
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1 Introduction

1.1 Research Background

A natural way to model uncertainty is through fuzzy differential equations [!,2], and [3]. Having
these models and solutions requires an understanding of the dynamics of design [4]. The entire story
of humanity relies on this goal, to understand nature. Nowadays, because of various applications of
the theory of fuzzy differential equations, many researchers are working on fuzzy partial differential
equations. Several researchers emphasized studying the precise/numerical solutions of fuzzy differen-
tial equations [5-7].
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Various analytical and computational methods can solve fuzzy partial differential equations,
see for example [8—12]. Integral transform is a very useful technique for solving PDEs and has
extensively been used by researchers to solve differential [13]. Fuzzy Laplace transform was defined
by [14] and then further developed and used by several authors to solve fuzzy ordinary and fuzzy
partial differential equations, see for example [15-18]. Allahviranloo [19], introduced the conformable
Laplace transform, and then developed by several researchers to solve conformable differential
equations [20,21].

Recently, Younus et al. [22] generalized two predefined concepts under the name fuzzy con-
formable differential equations, and got the fuzzy conformable ordinary differential equations under
the strongly generalized conformable derivative. For the order W, they used two methods. The first
technique is to resolve a fuzzy conformable differential equation into two systems of differential
equations according to the two types of derivatives. The second method solves fuzzy conformable
differential equations of order W by a variation of the constant formula.

In this article, we introduce the double fuzzy Laplace transform in the conformable setting, which
is more general than the single fuzzy Laplace transform and we extensively used it in the qualitative
theory of fuzzy partial differential equations.

1.2 Research Question
In this paper, we discussed the following questions:

1. In [23] Debnath, provided the solutions of PDEs and Integral and functional equations with
double Laplace transform, and Ozkan et al. [24], generalized double Laplace transform in
the conformable setting. What is the conformable double Laplace transform in the fuzzy
environment?

2. What are the forms of fuzzy partial differential equations (both in 1D and 2D) in conformable
cases?

3. What are the effects of fuzzy conformable Laplace transformation on the solutions of fuzzy
conformable PDEs?

4. What is the application of fuzzy conformable double Laplace transform? Is this transformation
providing better results for this application?

1.3 Objective of the Work

A very broad literature including books and papers on the single Laplace transform, its features,
and applications are available. However, very few results are available on the double Laplace transform.
We generalized the notions of the double Laplace transform in the fuzzy conformable sense. We
obtained some basic properties of fuzzy conformable double Laplace. To solve fuzzy conformable
partial differential equations, we adopt the fuzzy conformable double Laplace transform.

1.4 Structure of the Study

The organization of this paper is as follows: We present basic principles in Section 2 to use in the
main part of the paper. In Section 3, we define the fuzzy double Laplace transform (FDLT), and fuzzy
conformable double Laplace transform (FCDLT). Some basic properties of FDLT and FCDLT are
also part of Section 3. In Section 4, solutions of the fuzzy conformable partial differential equations
are obtained with FCDLT. Concluding remarks are given in Section 5.
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2 Basic Concepts
In this section, we recall the basic concepts which we have to use in the major part of the article [14].

A fuzzy set is a map y:R — [0, 1] which generalizes classical sets from {0, 1} to [0, 1]. A fuzzy
number » is a fuzzy set that satisfies some additional properties of convexity, normality, upper-
semicontinuity, and compact support. We use R, to denote the space of all real fuzzy numbers [25].
For 0 < y < 1, y-cuts for a fuzzy number 7 is defined as (y,y) = {v € R : (v) > p}. In y-cuts form,
the fuzzy number 5 is represented in the form (n,y) = [(n,,»), (9", ¥)]. A triangular fuzzy number
n, denoted by an ordered triple (a, b, ¢), with the condition ¢ < b < c¢. The y-cuts associated with
triangular fuzzy number 5 are [a + (b — a)y,c — (¢ — b)y].

If »,v € R,, then addition on the space of fuzzy numbers by y-cuts is defined as [(n + v), y] =
[(n,.,y)+ (v.,py), (@, y) + (v, p)]. The H-difference for two fuzzy numbers # and v denoted by nSv
and defined as a fuzzy number w such that ® = 5 4+ v. In y-cuts form, H-difference for two fuzzy
numbers # and v has the form [(y©ov),y] = [(y,,y) — (v, ), ", y) — (v,,y)]. A fuzzy-valued
function with two variables v and t assigns an ordered pair (v, 7) to a fuzzy number ® (v, 7). In p-
cuts form, @ (v, 7) is represented in the form ® (v, t.y) = [®.(v, T, y), P*(v, T, ¥)] ([10]).

A fuzzy-valued function @ (v, t) is continuous at any point (v,, 7o) if [|(v, T) — (v, To) || < &, then

we have @ (v, 7) — L < €. Mathematically, we can write as liEn ) d(v,7)=L.
,71)— (0,70

Before defining fuzzy double Laplace transform, we state the fuzzy single Laplace transform and
some relevant properties for the fuzzy-valued function of two variables.

Fuzzy single Laplace transform for & (v, t) with respect to v is defined as

e t)]=¢0,1) = /OC e OO (v,T)dv.

Fuzzy single Laplace transform for ® (v, t) with respect to 7 is defined as [20]

CLO D] = ¢ (1) = / e 0@ vy dr.

When fuzzy Laplace transform with respect to t is applied to a strongly generalized partial
derivative with respect to v, then we have the result

0P (v, 7) _i
¢ [—av }_av[@(v,m)l.

Let us state the translation theorems for fuzzy Laplace transformation:

Theorem 2.1. [14] (First translation theorem.) If ® is fuzzy Laplace transformable, then
(e D) =9¢(.n+a).

Theorem 2.2. [14] (Second translation theorem.) If ® is fuzzy Laplace transformable, then
CUGT-—a)0P(n1—a)=e"20¢ (),

where U is the Heaviside function.

Theorem 2.3. For a fuzzy-valued function ® (v, ), we have

(/oo e o % v, 1) dv) =rQo¢@r,1)ed0,1).
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Proof. The proof can easily be done using the integration of parts for fuzzy valued function [10].

The following table shows the conformable double Laplace transform for certain functions:

Function @ (v, 7)

Conformable double laplace transform ¢ (r,, ;)

o
of = —ﬂ
1 1
ve = shwd )
8
vl _ 1
v S P
yY g p'q!
w s - P
Ll !
Ut _ 1
€ CEICEDR
14!
evrT I e N = Pa .
vo§ q (Vl _ 1)p+|(r2 _ 1)q+l
y¥ 70 I,
cos{A— )cos{A— = .
v b (+r) (R2+n)
Tad Tl A2
sin{A— )sin{A— = .
( ‘11) ( 5) (A2 +1) (A2 +1)
\ § 1
e%+§ sinh r sinh T = .
v ) rn=2r =2
W0 (=10 -1
ev TS

\\) §
cosh (V—) cosh (T—)
VY )

T =) (-1

2.1 Strongly Generalized Conformable Partial Derivatives
In this subsection, we define strongly generalized conformable partial derivative to solve fuzzy
conformable partial differential equations.

Definition 2.1. For a fuzzy-valued function ® (v, ), the strongly generalized conformable partial
90'® (v, 1)
v

derivative with respect to v is of order W is defined as a fuzzy number such that

1. (V) 0 > 0, H-differences ® (v, + 0v'~*, 1) ©P (v, 7) and @ (v,, 7) OP (v, — v'~*, 7) exist and
we have
) (vo +6v'~Y, ‘L') od (v, T) . D (v, T)OD (vo — v, r)
bim ) = lim 0 :
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2. (¥) 0 > 0, there exist H-differences ® (v, 1) ©P (v, +0v'~*,7) and ® (v, — 6v'~*, 1) ©P (v, T)
and we have
. D (v, T)OD" (vo + 0y, r) . P (vo — 6, ‘L') od (v, 1)
lim = lim .

6—0 -0 00 -0

Proposition 2.1. The fuzzy-valued function ® (v, 7) is said to be differential of type (W—1) if
® is differentiable in the first form of the above definition, and differential of type (¥ —2) if ® is
differentiable in the second form.

Definition 2.2. For a fuzzy-valued function ® (v, t), the strongly generalized conformable partial

P
derivative of order § with respect to t is defined as a fuzzy number % such that
T

1. (V) 0 > 0, H-differences ® (v, 7, + 07'~") P (v, 1)) and ® (v, 7)) ©P (v, 7, — §7'~*) exist, and
we have
. (v, T, + 071“3) od (v, 1)) . D (v, 1) ©P (v, T, — 071“‘)
lim = lim .
90 (/] 00 0

2. (V) 0 > 0, H-differences ® (v, 7)0® (v,7, +07'~*) and ® (v, 7, — 07'~*) ©P (v, 1) exist, and
we have
. X (V, TO) e(l) (Va To + 0‘[176) . o (V, To — 0‘[176) eq) (Va TO)
fim 9 = lim 9 :

Proposition 2.2. ® is said to be differential of type (§—1) if @ is differentiable in the first form, and
differential of type (6—2) if ® is differentiable in the second form.

For a fuzzy-valued function ®, the fuzzy conformable integral of order W is defined as

I (v) = / @ (),

where integration is in the sense of fuzzy Riemann integral.

Lemma 2.1. If a continuous fuzzy-valued function ® (v, t) is strongly generalized conformable
partial differentiable with respect to 7, we have

" 35 P
/ #r“dr —d(,b)od (n.a).
a T

Lemma 2.2. For a continuous fuzzy-valued function ® (v, t) which is strongly generalized con-
formable partial differentiable, we have

b a\lqu
/ Mvw’ldv = (. 1)0P (a,7).
. avY

Proof. If ® (v, 7) is differentiable of type (¥ —1), then we have

/b a\pq) (V’f: )’)VquV — /b |:8WCD* (V’ f, }’), 8Wq)* (V, T, y)]vwldv,

av¥ av¥ av¥
= [q)* (bafay) - CI)* (a,f, }’) ,CI)* (b,T, }’) - ¢ (aaray)]:
=0, 1)6d(a,1).

This completes the proof.
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3 Double Laplace Transform

Now, we move towards our main results on double Laplace transform.

3.1 Fuzzy Double Laplace Transform
For this, we first define fuzzy double Laplace transform and some related properties.

Fuzzy double Laplace transform of a fuzzy-valued function @ (v, t) is

e, )]=9(r,n) = /°° /°° e Qe O (v, 1) dvdr, (1)

where the integral in the definition should converge.

We can write the above definition in the form

e v, ] =[P, (v, T, )], 0[P (v, T, »)]].

Definition 3.1. Fuzzy double inverse Laplace transform is defined as

1 a+100 B+i00
B ()] =@ (1) = o / / e e © ¢ (ry,1,) drdr,.

Fuzzy double Laplace transform is linear, i.e., If £¢7 [® (v, T)] = ¢ (|, 7,) , then for any constants
o, B and fuzzy-valued functions ® and v, we have

0P, 0)+BOY(,0)]=a0 [P, D)]+BOLLE[Y (v,1)].

Similarly, the fuzzy inverse double Laplace transform is also linear.

While studying the theory of fuzzy Laplace transform, we have to study the absolute value of the
fuzzy-valued function.

Definition 3.2. For the fuzzy-valued funcion ®, the absolute value of the fuzzy-valued function in
the y-cuts form as
[® (v, T, ] =[P, (v, T, ¥, [P (v, T, )]

Definition 3.3. A fuzzy-valued function & is called of exponential order in the fuzzy sense if
(v, 7) < M, (V) a, B, M € R™.

Remark 3.1. Fuzzy double Laplace transform does not exist for all fuzzy-valued functions. For
example, ® (v, 7) = vt O or vV*+ 2 @7 is not the fuzzy double Laplace transform of any fuzzy-valued
function @ (v, ) because ® (v, 7) does not converge to zero whenever v — 00,7 — 00. Also, fuzzy
double Laplace transform for @ (v, 7) = exp (ocv2 + ﬂrz) ® 5 with &, B > 0 does not exist since it is
not of exponential order because

lim exp (e’ + Bt — v’ — 1,T°) O = 0.

Here we give the condition for the existence of fuzzy double Laplace transform.
Theorem 3.1. If a fuzzy-valued function @ satisfies two conditions:
1. @ is of fuzzy exponential order.

2. ® is bounded and piecewise continuous, then fuzzy double Laplace transform exists and also
converges absolutely.
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Proof. Given is ® is bounded, so we have |® (v, 7)| < M,. Also, ® has exponential order, so by
definition of exponential order in the fuzzy sense, we have

|<I) (V’ T)| S MzeoerﬂT’ (V) M23“5 ﬂ € RJr.

Put M = max{M,, M,}, we obtain
|® (v, 7)| < Me***", (V) a, B, M € R*.

This yields
¥ [t O (v, T) dvdr < M [T [T e (1) () dydr.
j;) j;) 0 0

Thus we have
: M
)‘Hil.rlgﬂooqb (r,r) = ) ﬁ),for o>, > B
Theorem 3.2. Fuzzy double Laplace transform for a fuzzy-valued function @ differentiable of the
first-order is
Case 1: When & is strongly generalized partial differentiable with respect to v, we have
1. If & is differentiable of type (1), then

-0 -
e 3y VT | =r0¢@r,rn)oe0,r).

2. If @ is differentiable of type (2), then

m 9D -
A A W(V’T) =9[¢(0,r2)—}’1®¢(7’1,72)]-

Case 2: When & is strongly generalized partial differentiable with respect to t, we have
1. If & is differentiable of type (1), then
ad
2. Z\’Er [8_-[ (V, f)} == Vz @¢(71,72) e¢ (7'],0) .
3. If @ is differentiable of type (2), then

Tod
VAV A [E (v,-[)] =6[¢#,0) —r ¢ (r,nrn)].

Proof. By using the definition of fuzzy double Laplace transform, we have

P °° °° P
0| — (v, 1) :/ IEEANO) / e — O, 1)dv)dr. 2)
v 0 0 av
Using Theorem 2.3, we have
°° 0P
(/ e O m v, 1) dv) =rno¢r,1)od0,1). 3)
0

Using Eq. (3) in the Eq. (2), we have

Tod
v [a o, r>] =1 O (r.r) 06 (O.r2).
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This completes our proof.
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Theorem 3.3. For second-order fuzzy partial derivative with respect to v, fuzzy double Laplace

transform is
Case 1: When & is differentiable with respect to v, we have
ad . .
1. If ® and # both are differentiable of type (1), we have
v
8¢ (09 ”2)

°d N
CC | — D) | =r0¢r.nernoe0,rn)e
av v

(v, 7)

09
2. If @ is differentiable of type (1) and 0 is differentiable of type (2), then
v

e [a 2o r)] = PO ) o060
01?2 av

(v, 7)

oD
3. If @ is differentiable of type (2) and SRR is differentiable of type (1), then
v

ad) (O, rZ)
v

20
0er [%vz (v, T):| =-rn0¢0,r)o (_rf OX (”1:”2)) ©

0P
4. If both ® and %T) are differentiable of type (2), we have

v
e |:38_:5 (Vaf)] =V?®¢(”1:"z)9”1 ©¢(0,r,) — %

Case 2: For second-order partial derivative with respect to t, double Laplace transform is

0P .
1. If ® and m (v, ) both are differentiable of type (1), we have
T

a¢ (VI,O)

RLO)
o [F o, r>] =R 0. eno¢(n0) e~

0P C .
2. If & is differentiable of type (1) and F (v, 7) is differentiable of type (2), then
T

e [0°0 a¢ (.0 .
a4 [812 v, r)] = —%e (—r2 ¢ (rl,rz)) orn e (h,O) ]

0
3. If @ is differentiable of type (2) and e (v, 7) is differentiable of type (1), then
T

¢ (71,0)
it

oo [aa 2 w] 1 0¢(n0)E(-R0¢rm)e

09 .
4. If ® and F (v, ) both are differentiable of type (2), we have
T

VAVA [8_q> (v,r)] =rO¢(r,rn)oernoe¢(r,0) — M
0t? -
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Theorem 3.4. For a fuzzy-valued function differentiable with respect to v and t, fuzzy double
Laplace transform is

1

. When @ (v, 1) is differentiable of type (1) with respect to v and 7, we have

| o*® ]
O | (1) [ =11 © ¢ (1.7 ©r1 © 6 (1, 0) 61 © ¢ (0,1) + @ (0,0).
. When ® (v, 7) is differentiable of type (2) with respect to v and 7, we have
e K ]
et Vot )| =20,000r,0¢(0,r) —S[(=r 0O ¢ (r,0) —Orir O ¢ (r,r))].

When @ (v, 1) is differentiable of type (1) with respect to v and differentiable of type (2) with
respect to t, we have

*P
e |:8v8r (v, T)} =[-6rn0¢r,rn) —rnoe¢r,0]6—-—rnoe¢0,rn) - @0,0).

. When @ (v, 1) is differentiable of type (2) with respect to v and differentiable of type (1) with

respect to t, we have

2P
e [;Vat v, T)} =—0[nnO¢(r,rn)ern ¢ r,0]—[rn0¢0,r) —o(@,0)].

Proof. We provide proof for case (2) here. Other cases are similar.

Since @ is differentiable of type (2) with respect to v, then

0P
W{aﬂwﬂ}=—¢®ﬂd—eh®¢0hﬂ- 4
a9
If m is differentiable of type (2) with respect to 7, then
14
U T .| 9 d
e | = =20, 1) -0 -0, 1)|. (5)
| dvaT ] ot at

A

| dvaT

Now, apply the Laplace transform for t, we have

9’

1,0 |=20,000,0¢(0,rn) —0[(=nO ¢ (1,0) —orrn O ¢ (rn,mn)].

This completes the proof.

Theorem 3.5. For a fuzzy-valued function, whose fuzzy double Laplace transform exists, we have

er e od )] =¢ 0 —a,rn—p).

Proof. Using the definition of fuzzy double Laplace transform, we have

YATA [eav+ﬂt 'oX) (V, _L.)] — / / e—r2re—r1veotv+ﬂr od (V, _L.) dvdr.
0 0

This results in

AT [eav+ﬁr 0) b (V, T)] — / / e—(r2—ﬂ)1'e—(r1—t!)v o o (V, T) dVdT.
0 0

Thus, we obtain our required result.
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Theorem 3.6. For a fuzzy-valued function, whose fuzzy double Laplace transform exists, we have

9% (r.r
Crprodmn]=(DH"o M
or,or,
Proof. If we take the strongly generalized partial derivative with respect to r, and r,, we have
9% (r.r R e
L“) = (=D (—1)/ / e O ® (v, 1) dvdr.
ar 0r, o Jo
This can be written as
0% (r.r
M =D o e (,1),
or,0r,
or we can write
0% (r.r
erpvrd (v, )]= D" o —¢ ( L 2).
ar,0r,

In general, we have
" (7’1‘7’2)
orars

Theorem 3.7. (Second translation theorem). For a fuzzy-valued function, whose fuzzy double
Laplace transform exists, the second translation theorem in the fuzzy sense has the form

Ce@-—nt-—wWoOU—nt—-W]=e""0¢[,n),

where U (v, 7) is the Heaviside unit step function defined by

eepyTe (v, = (=D oe

UWv—n,t—u)=1,whenv>py, and t > u,
Uwv—n,t—pn)=0,whenv <pandt < pu.

Proof. Using the definition of fuzzy double Laplace transform, we have
o0 oo
ey -nt-woUm—11 —M)]=/ / e ooy, —-pn)OUW—1y,1— ) dvdr,
0o Jo
o o0
:/ / et O d(v—1n,T— ) dvdr.
n Ju
Putv—n=a,t —u=>b, weget
CPv—nt—wWOUWV—,1—pn]=e"" 2" @/ / e O & (a, b) dadb,
0 0

=e 1" O ().

Definition 3.4. If ® (v, 7) is a fuzzy-valued function and v (v, t) is a real-valued function, then
convolution in fuzzy sense is defined as

(Pooyr) (v,7) = / / (¢, OY (v—q,T —r)dgdr.
0 0
Theorem 3.8. For fuzzy double Laplace transform, the Convolution theorem is given by
8 [(Pooyy) (v, D] = L[ (v, D] O [Y (v, T)].
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3.2 Fuzzy Conformable Double Laplace Transform
Now, we generalized the concept of fuzzy double Laplace transform to fuzzy conformable double
Laplace transform.

Definition 3.5. Fuzzy conformable double Laplace transform for a fuzzy-valued function ® (v, 7)
is
0 0 8 v
1D (1, 7)] = § (11, 1) = / / T e © @ (v, 7) v T dvdr,
0 0

where the integral in the definition should converge.

We can write the above definition in the form
€0 [ (v, T)] = [€,6; [®. (v, )], £,€ [P (v, D)]] .

Fuzzy conformable double Laplace transform is linear. i.e., for constants « and B and fuzzy-
valued functions ® (v, ) and ¥ (v, t), we have

LD, T)+BOY (1, TD]=a 0Ll [P, T)]+BOLL[Y (v,T)].

Definition 3.6. Fuzzy conformable inverse double Laplace transform is defined as

1 o+100 B+i00 R .8
6T g (rr)] =@ (v, 7) = F/ / T O T O ¢ (r,r) VT drdr,.
T [ —100

Although the fuzzy conformable double Laplace transform exists for a large variety of fuzzy-
valued functions, it does not always exist. For example, fuzzy conformable double Laplace for

d(v,1) =90 e%*§ does not exist because the integral does not converge.
Here we give the criteria for the existence of fuzzy conformable double Laplace transform.
Definition 3.7. A fuzzy-valued function ® (v, ) is of exponential order, if for some real constants
o, B, we obtain sup,_, |P (v,7)| < Me*v 55|

Theorem 3.9. Let @ (v, 1) be of exponential order and continuous on the interval [0, co), then the
fuzzy conformable double Laplace transform of ® exists.

Proof. Since @ is of exponential order, so we have

W

F)
|® (v,7)] < Me* v,

Now, we have

8 1\

T
00 0o TS TN, o0 o0 v\P 15 .
Jo e e W O|dw D)t ldvdr < M [ e (170) =5 (228) o=t po-1 gy r
Now, after performing fuzzy conformable integration and taking limrl_m’_,,ﬁm, we have

00 [ X .8 M
/ / eMves Q|0 (v, ) v dvdr < forr, >a,r, > B.
) ] (71_“)(r2_ﬂ)

v

So we have

lim ¢(}’1,V2)=0.

'l —o00,. 27>

Thus proved.
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Relation between fuzzy double Laplace transform and fuzzy conformable double Laplace trans-
form is

Lemma 3.1. £, [® (v, 7)] = £'¢° [¢ (vt 60f) o, rz)] .

Proof. From Definition 3.5, we have
L [D (v, 7)) = / / e"'zﬁe’”% OO,V ' dvdr.
0 0

Substitute ? =1,

v

5= u, we have

@@= [C[Cemien o d ((uwﬁ, (za)%) dtdu,
= o [d) (wnt,6n?) (rl,rz)] .
Theorem 3.10. Fuzzy conformable double Laplace transform, when applied to a strongly general-
ized conformable partial differentiable function ® (v, t), we have four cases.
Case 1: With respect to v, we have two cases, which are
1. When @ is differentiable of the type (V' —1), then

ZWT 2 . O, T) =1 Q¢ (r,rn) ¢ 0,r).

2. If dis dlfferentlable of the type (V—2), then

8\IJ

53,5’ - O, T) =0[p0,r) —r©¢(r,r)].

Case 2: With respect to t, we have two cases, which are
1. If @ is differentiable of type (6—1), then
8(5

nyer (V T) =1rn0¢(r,rn) o¢(r,0).

2. If dis dlfferentlable of type (6—2), then

88
Z;ET (7 ) _e[¢<rl,0)_r2®¢(rl,r2)]'

Theorem 3.11. When we apply fuzzy conformable double Laplace on a fuzzy-valued function,
which is a strongly generalized conformable partial differentiable, we have two cases.

Case 1: When we apply fuzzy conformable double Laplace transform on a strongly generalized

conformable partial differentiable of order 2W with respect to v, we have four cases, which are
v

1. If both ® and 0P
avY

are differentiable of type (W —1), then we have

82\llq> 84‘ 0 )
6 [ P f)] =rO¢(r,n)ono ¢, Z)GM.
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v

' P
2. If & is differentiable of type (¥—1) and Y
v

is differentiable of type (¥ —2), then

8 2W aV\P

N’CI) v ,
e [a (v,t)i| = —me(—ﬁeqﬁ(n,m) or,0¢(0,r,).

W

¥ P
3. If & is differentiable of type (W —2) and Py
v

is differentiable of type (W —1), then

"¢ (0,r)

, 82\!/q)
E;E;[ (V T)}__rl@d)(O:rZ)e(_r?@qs(rl’rZ))e BV““

82‘1)
v

4. If both ® and 0P
avY

are differentiable of type (W —2), then we have

"¢ (0,r2)

R
0,0 [ v, r)} =11 0¢ (r,1)0r0¢0,n) — Py

a 20
Case 2: When we apply fuzzy conformable double Laplace transform on a strongly generalized

conformable partial differentiable of order 2W with respect to v, we have four cases, which are
)

°d
1. When both ¢ and — are differentiable of type (—1), we have

ot

R o) 3¢ (r,,0)

2, r|:8 % (v, T)] :V§@¢(71972)9r2®¢(V1:O)e%-
8

P
2. If @ is differentiable of type (§—1) and Py
T

is differentiable of type (§—2), then

28 9% 10
L,l [2 i) QA )] %e (—r§ O, r2)) orn ¢ (rL()) ]

)

9P
3. If @ is differentiable of type (§—2) and Py
T

is differentiable of type (§—1), then

3¢ (r.0)

at?

e [aa f; v, r)] —1n0¢ (n0)e (-0 ¢ (r,1)eS

)

2°P
4. If both ® and P are differentiable of type (6—2), then we have
T

3¢ (r,0)
ors

Vv gt 825q> 2
0.0 = VD) | =r0¢r,rn)ornog¢(ro) —

Theorem 3.12. For a fuzzy-valued function, whose fuzzy conformable double Laplace transform
exists, the first translation theorem in the fuzzy conformable sense has the form

E;Z;[ iy B O P, r)]:qb(rl—a,rz—ﬁ).

Theorem 3.13. For a fuzzy-valued function, whose fuzzy conformable double Laplace transform
exists, the second translation theorem in the fuzzy conformable sense has the form

v F)
CEDE—T—wOUE—n1—wW]=e"" "% 0¢ (r,r),
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where U (v, 7) is the Heaviside unit step function defined by
UWv—n,t—upn)=1,whenv>np,and t > u,
UWv—n,t—pn)=0,whenv<pandt < u.

Now, we define convolution in fuzzy conformable sense and then we will state the convolution
theorem.

Definition 3.8. For a fuzzy-valued function ® and a real-valued function i, convolution in the
fuzzy conformable sense is defined as

(®ooyy) (v,7) = / / O () OV (v—q, T —r)g"dgr’dr.

Remark 3.2. If we substitute w = v — ¢, u = T — r in the above Definition 3.8, we obtain the form
(Pooty) (v, 7) :/ / U (w,u) @ ®(v—w, T —uw)w” 'dwi’du,
0 0
= W= P)(n,1).

Thus the fuzzy conformable convolution possesses the commutative property.

Theorem 3.14. Convolution theorem in the fuzzy conformable sense is given by

GO I@7Y) (0, D] = 6,6 [P (0, D] O L[y (v, T)].

4 Fuzzy Conformable PDEs
4.1 Of Order ¥

First, we solve fuzzy conformable partial differential equations of order ¥ which have the general
form given by

0Yd (v, 7) 3D (v,7)
T+QQT—F(V,T,®(V9T))’ (6)

Q(1,0)=g0,®(0,7)=1h(r),
where & € R, ® (v, 1) is fuzzy-valued function, % () and g (v) are fuzzy numbers and F is a fuzzy-
valued function which is linear with respect to ® (v, 7).
To solve Eq. (6) with fuzzy conformable double Laplace transform, the procedure is as follows:
First, take fuzzy conformable double Laplace transforms on both sides of the Eq. (6), we obtain
8@ (n,1) PO (v, 1)
G [ o T © ot?
Now, we have the following four cases.
Case 1: If @ is differentiable of type (§—1) with respect to t and differentiable of type (W —1) both
with respect to v, then
L[V eL (v, T, y) 3D, (v,T,¥)
Gh [ avv T at?
L [0V (hTy) | PT(nT,Y)
G [ avv T AT’

i| =L L [F (v, T, D)].

] =60 (v, T, D),

] =0, 0[F (v, T,D)].



CMES, 2023, vol.134, no.3 2177

It implies that
rld)* (7’1,”2,)’) +a(r2¢* (r17r25y)) = G* (rl) +aH* (72)+€;‘£§ [F* (V,T,(D)],
ne" (i, y) +a (g™ (1,1, ) = G7 () + aH" () + L6 [F7 (v, T, ).

Case 2: If @ is differentiable of type (¥ —2) with respect to v and differentiable of type (§—1) with
respect to 7, then

8\p¢* b b ad@* b b
Ew;[ (VTV)+“ (v, 7,¥)

vy at?
L[V eL (v, T, ) °0* (v, T,p)
G [ v e atT?
It implies that
r1¢* (rl,rza)’)+“(72¢* (Vl,”za}’)) = G* (rl) +(XH* (r2) +EV\1;£; [lj;k (V,T,q))],
1. (1,1, y) o (g (1,12, ¥) = G (r) +aH™ () + L6 [F . (v, T, D)].

] =L, (v, 7, 9)],

] =L, [F. (v, T, D).

Case 3: If @ is differentiable of type (§—2) with respect to t and differentiable of type (¥ —1) with
respect to v, then

v gt 8qu)* (V,T, }’) aéq)* (V’T’ y)
Gh |: vy e ar’
vV T aLPCD* (V,T, }’) aan* (V’T’ y)
bbs |: v ta att
It implies that
r1¢* (rla r25 }’) + o (’/'Z(pjk (rla r2: }’)) = G* (rl) + (ZH* (r2) + E;gtg [F* (V’ T’ (D)] ?
1" (r,r,y) + o (e, (r,rn,y) =G () +aH, () + RN [F. (v, 7, ®)].

] =660 (0,7, 9)],

] =00 [F.(v,1,P)].

Case 4: If @ is differentiable of type (¥ —2) both with respect to v and 7, then
Lo [oYer(v,T,p) 3P (v, T,p)
G [ v T at?
Lo oY eL (v, T, p) 3D, (v, 7,p)
G [ v T at?
It implies that
ng* (1,1, y) + o (1@ (r,r,p) = G (r) + aH" () + L6 [F (v, T, )],
r1¢* (”1,”25}’) +a(r2¢* (”1,”2,)’)) = G* (rl) +aH* (72) +£ry£; [F* (V,T,CD)].

Solving the above system of equations and taking fuzzy conformable double Laplace inverse, we
obtain the solution in the form ® (v, 7,y) =[P, (v,T,y),P* (v, T, p)].

] =6,6[F (v, 7, @),

] =L, [F.(v,T,P)].

Now, we present an example to demonstrate the feasibility of our method.
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Example 4.1. Consider the fuzzy conformable partial differential equation of order W
3"d (v,7) P (v, 1)

v are
P (V,O) = (1>2> 3) 5 P (Oa T) = (_1909 1) .
Applying fuzzy conformable double Laplace transform, we have the four cases.

Case 1: If @ is differentiable of type (§—1) with respect to  and differentiable of type (¥ —1) both
with respect to v, then

Q@ (r,rn) ¢ (r,0) =r 0 ¢ (r,rn) ¢ (0,r,).

Now, we have

’”2¢*(7’17”z:}’)—¢*(’”1a0a}’) :rld)*(rlarby) _¢*(07r29Y):
r2¢*(r17r2’},)_¢*(r1303y) :rl¢*(r1:r27y)_¢*(09r27)’)'

Now, after solving and using boundary and initial condition, we have

1+ -1
¢*(r19r2ay): ( y) - y )
r(r—r) @ —r)
¢*(7’1a"27}’)= i - 1_y .
rr—r)  r—r)
Case 2: If @ is differentiable of type (6—1) with respect to t and differentiable of type (¥ —2) with

respect to v, then

-0 (1,000 (=r0¢,1) == 0,n)O(—r O (r,1)).

Now, we have Now

g, (1,1, y) — ¢, (1,0,y) =1r¢* (r,r,y) —¢*(0,r,,9),
g (r, 1, y) — ¢ (r,0,y) = 1o, (r,r,y) — 0. (0,1, p) .

After solving and using boundary and initial condition, we have

b (ot y)zrz(lﬂ)_(l—y) G-—»v) nr-D
R e B T I GOk
(,ZS*(V r y)= 1+)’_7’%(1—y) ”2(3—)’)_7’2(}’—1)

o n-rn on@-n) n@E-n) (B-n)

<MTeX 7>
Case 3: When @ (v, 1) is differentiable of type (W —1) with respect to v and differentiable of type

(6—2) with respect to 7, we have
(1,00 (=rn0¢,n) =r0¢(,r) ¢ 0,r).

Now, we have

V2¢*(rlar2a}’)_¢*("1a0,)’) =rl¢*(rlar2a)’)_¢*(09r25}’)>
”2¢*(7’1,”2:}’)_¢* (rlaoay) =rl¢* (r13r2>y)_¢*(09r25}’)‘
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Now, after solving and using boundary and initial condition, we have
B-y) ny-D I+y) [ d=-p)

P—r (=) 1 (B=r) -
nG-y) y-1 1+y nld-p
7 (r% — rf) n—-r - (r§ - rf)’
Case 4: When @ (v, 1) is differentiable of type (V—2) with respect to v and differentiable of type
(6—2) with respect to 7, we have

(1,00 (=0 ¢ (r,1) =—¢ (0,r) S (=r © ¢ (r,1)).

¢*(7’1,r23}’) =

¢*(”1”’2a)’) =

Now, we have
}/.Z(p)k (rlar27y)_¢*(rlaoay) =rl¢*(”1,72=}’)_¢*(0a”2,)’)5
V2¢*(71,725}’)_¢*(V1,0,)’) =’”1¢*(”1,V2,)’)_¢*(017’2,}’)-

Now, after solving the above system of equations and using boundary and initial condition, we
have

1+ -1
¢* (rlarZ’y) = ( y) - Y )
ry(ry—ra) 7’2(17’1_”2)
¢*(rlsr25Y): y - y

ry(ry— 1) ”2(”1—”2)'
Now solving the above systems of equations, and applying the fuzzy conformable double Laplace
inverse, we get the solution.

Example 4.2. Consider the following fuzzy conformable partial differential equation:
3"d (v, T,y) 335(13 (v, 7,¥)
v N AT ’
V2
q’(",oa)’) = 3V[}’ - 171 - y]+ 33
q)(oara}’) :T[y - 191_}’]
We have the four cases.

Case 1: If @ is differentiable of type (§—1) with respect to 7 and differentiable of type (¥ —1) with
respect to v.

Case 2: If @ is differentiable of type (§—1) with respect to t and differentiable of type (¥ —2) with
respect to v.

Case 3: If @ is differentiable of type (¥ —1) with respect to v and differentiable of type (§—2) with
respect to 7.

Case 4: If @ is differentiable of type (¥ —2) with respect to v and differentiable of type (§—2) with
respect to .

From fuzzy conformable double Laplace transform, we can get the analytical solutions for all the
above cases, as discuss in last example. Here, we consider the graphical representation of case 1, rest
are the same. For § = ¥ = 1, we obtain
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2
da(v,r,y):V5+3<y—1>v+<y—1>r,
2

.
P (v,7,y) = 5+3(1 —yv+ld-pr.
Then ® (v,7,p) =[P, (v, T,p),P* (v,7,y)]forall 0 < y < 1. For y = 0, we have the following:

e Vv
O (v, t,py) = [5—31)—‘[,3-}-312-}-‘[]

and its graph is given in Fig. 1.

Figure 1: Graph of ® (v, 7,y) = [®, (v, T, p), D" (v, T, p)]withy =0
For y = 0.5, we have the following:
2 2
®(,7,y) = [% +3(=0.5) v+ (—0.5) T, VE +3(0.5) v+ (0.5) z]

and its graph is given in Fig. 2.

Figure 2: Graph of ® (v, 7,y) = [D, (v, T,p),P* (v,7,y)] withy = 0.5
For y = 0.7, we have the following
2 2
®(,1,p) = [% +3(=03) v+ (—0.3) 7, % +3(0.3) v+ (0.3) T]

and its graph is given in Fig. 3.
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Figure 3: Graph of ® (v, 7,y) =[®, (v,T,p),P* (v, T, p)] withy = 0.7

For y = 1, we have the following:

vy
CD(V,TJ’) = [555]

and its graph is given in Fig. 4.

Figure 4: Graph of ® (v, 7,y) =[®, (v,t,p),P* (v, T, p)] withy =1

4.2 Of Order 2¥

In this subsection, we solve fuzzy conformable heat equation and fuzzy conformable wave
equation using fuzzy conformable double Laplace transform.

4.2.1 Heat Equation

Fuzzy conformable heat equation in one dimension has many forms such as
9 (0°D 0P
— =« .
até \ d7? av?

Also, this form has been used by some researchers

9’d 9O
v o
We use the fuzzy conformable heat equation in the form
9°P 0* P
PR © gy

PW,0)=F (»),®0,7)=h(r),P(a,1)=2g(),
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where @ is a temperature of a rod of a constant-cross section and homogeneous material, lying along
the axis, and « is a constant of diffusion. We have taken initial and boundary conditions as fuzzy
numbers. For simplicity, we take o« = 1.

To solve fuzzy conformable heat equation with fuzzy conformable double Laplace transform, the
procedure is as follows:

First, apply fuzzy conformable double Laplace transform on both sides of the fuzzy conformable
heat equation.

, [ D (v, T) Lo [P (v, 1)
E\pﬂg [W] - Ewga [T .
The fuzzy conformable heat equation is changed into the conformable boundary value problem.

1. When @ (v, ) is differentiable of the type (§—1), we have four cases associated with the four

types of derivatives with respect to order 2W.
A . . . .
Case 1: If ® and % are the strongly generalized conformable partial differentiable of

v
the type (—1), then we obtain the following system of equations

8%15*—(\1’0’}’2) :”2¢*(V1,7’2,}’)_¢*(V1’O’y)’

)
a\ll * O’ )
r%¢*(rl:r2)_rl¢*(09r2)_M =g (r,1,y) —¢* (1,0,p).

av¥
Y ® (v, . . . .
Case 2: If ® and # are the strongly generalized conformable partial differentiable of

ro. (r,r) —ne. (0,r,) —

v
the type (¥ —2), then we obtain the following system of equations

8‘11 * 0’ ,
r%¢*(l/]7r2)_rl¢*(0:r2)_% :”2¢*(”177’2a)’)_¢*(”1:0:)’)a

v
3"¢. (0,r)

r?¢*(rlar2)_rl¢*(05r2)_ V‘y =”2¢*(”1,V2’)’)_¢*(”1,O,)’)-
Case 3: If @ is the strongly generalized conformable partial differentiable of the type (¥ —2)
0P o : .
and % is differentiable of the type (¥ -1), then by applying fuzzy conformable double
v
Laplace transform on both sides, we obtain the following system of equations
0¥¢* (0,71,)
(1) =1, (0,1) = =2 =g (1,1, ) = 67 (1,0,9),
0¥, (0,1)
r?d’* (ri,12) — r¢* (0,1,) — % =1, (r,r,y) — ¢.(r,0,p).
Case 4: If @ is the strongly generalized conformable partial differentiable of the type (¥ —1)

v P
and % is differentiable of the type (W —2), then by applying fuzzy conformable double

v

Laplace transform on both sides, we obtain the following system of equations

0%, (0,17)
34

v *V
0%¢* (0,r,)
av¥

rf(b* (rl,rz) _rl¢* (0,}’2) -
1t (r, 1) —r¢*(0,r) —

:V2¢* (’”1,”2,)’)_¢’* (’”1;0;)’)9

:}"2¢* (rl,l’z,)’)_¢*(”1,0a)’)-

2. When @ (v, 7) is strongly generalized conformable partial differentiable of the type (§—2), we
again have four cases associated with the four types of derivatives with respect to order 2W.
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Case 1: If ® and
v
the type (¥ —1), then we obtain the following system of equations

3v¢. (0, r,
”ffﬁ* (ri,ry) =119, (0,r,) — % =1¢" (r,r,y) —¢* (r,0,p),

9v 0,7,
r?¢*(r1>r2)_rl¢*(09r2)_M =Vz¢*(”1,”2a)’)_¢* (71,0,}’)-

a '
9'® (v, 1) . C oy .
——,— are the strongly generalized conformable partial differentiable of

3*D (v,7)
W

are the strongly generalized conformable partial differentiable of

Case 2: If ® and

v
the type (¥ —2), then we obtain the following system of equations
0%¢" (0,r7)
1. (1 m) = 1. (0,1) = ——2= =g (n,1n ) = 67 (1,0,9)
2 * 3%, (0,1,)
e (r, 1) — re 0,r,) — T =1, (r,r,y) — ¢.(r,0,p).
Case 3: If @ is the strongly generalized conformable partial differentiable of the type (¥ —2)

"D (v, 1) .

and is differentiable of the type (¥ —1), then by applying fuzzy conformable double

v
Laplace transform on both sides, we obtain the following system of equations

3v¢* (0, r
r%¢* (}’1,}’2) _rl¢*(0,r2) - % = rzd)*(”l,”z:y) _¢*(71903}’),
2 4k 8W¢* (0’ rZ) * *
r1¢ (r1>r2) _rl¢*(03r2) - T = r2¢ (V1,7’2:)’) _¢ (V],O,y).
Case 4: If @ is the strongly generalized conformable partial differentiable of the type (¥ —1)
)
and # is differentiable of the type (¥ —2), then by applying fuzzy conformable double
A
Laplace transform on both sides, we obtain the following system of equations
0%, (0,r
rfqb* (rl:r2) _r1¢* (0,}"2) - % = r2¢* (rl:rZay) _¢* (V],O,y),
2 ok * a\lfd)* (05 r2) « "
He* (r, 1) — re 0,r;) = ————= =n1d* (11,1, ) —¢*(1,0,p).

av¥
Now, solving the above systems of equations and applying boundary conditions, and then

implementing fuzzy conformable double Laplace inverse transform, we get the solution in the
form @ (v,t,y) =[P, (v, 7,y),P* (v,7,p)].
Now, we interpret the benefits of our method with an example.

Example 4.3. Consider fuzzy conformable heat equation

°d _ PR
ats v’
P (V,O) = 09¢(O7 T) = (_1707 l)a
avd (0
J =(1,2,3).
avy

Fuzzy conformable double Laplace transform implies eight cases of the above system. Here, we

consider four nontrivial cases for the solution.
v

0
Case 1: If ® and
of the type (§—1) with respect to 7, then by applying fuzzy conformable double Laplace transform on

are differentiable of the type (¥ —1) with respect to v, and @ is differentiable
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both sides, we obtain

—r 1
d’*(”l,’”za}’): —r2()’_ 1)_(;},)2:
I (r2 — rl) I grz —rl)
6 Fry) = — (- OV
T T, (r2 — rf) T (r2 — r2)
Yo

Case 2: If ® and I are differentiable of the type (¥ —1) with respect to v, and @ is differentiable

of the type (6—2) with respect to 7, then by applying fuzzy conformable double Laplace transform on
both sides, we obtain

—n nd+y) nd-y) G-»)

* b b = N _1 - ! - - >
T P e e I I Gt
5y = " 1) — n(+y) rnd-y) n@G-p)
b r—r v r (”g_”i‘) ry (”%_V?) r (V%_V?).

O
Case 3: When ¢ and 5 &€ differentiable of type (¥ —2) with respect to v, and @ is

differentiable of the type (§—1) with respect to , then by applying fuzzy conformable double Laplace
transform on both sides, we obtain

—n(-y) l+y n-1) nrnG-y)

* r’r’ = - - 2
¢ (1,72, 7) - n—=r nE-r)  (B-r
¢*(rry):—r?(1—y) rnd+y) ny-DH G-vp)

b ¥, (rﬁ—r‘l‘) " (i’2 r4) 1= -

v

Case 4: When @ is differentiable of type (& — 1) with respect to v and

(W — 2) with respect to v and & is differentiable of the type (§—1) with respect to 7, then by applying
fuzzy conformable double Laplace transform on both sides, we obtain

-ny-) rnd+y ny-D 3-y

is differentiable of type

w (P15 72, = - ’
b (a1 ¥) n-r) nE-r) r—r r—r
) —n(l—y) 1+y rnd-py rG-p
¢ (1,1 y) = 2 s 2 R B Nl 2 4\
Fy—r r,—r "2(’”2_”1) ”2(”2_"1>

Fuzzy conformable double Laplace inverse can yield the required solutions.

4.2.2 Wave Equation

Let us consider the following 1D fuzzy conformable wave equation

aZﬁcD , 82\1/@
= ,
8-528 avzw (V 0)
® (1,0) = w(),a——ﬂv),
®(0,7)
®(0,7) =¢g(1), ——h(f).

To solve the fuzzy conformable wave equation with the fuzzy conformable double Laplace
transform, the procedure is as follows:

First, apply fuzzy conformable double Laplace transform on both sides of the fuzzy conformable
wave equation. As a result, we have possible sixteen cases.
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1. First, we take ® (v, ) and
implies four associated cases.

85
Case 1: When & and
T
the type (§—1), then we obtain the form

3" (v, o |
8(V‘VT) as differentiable of the type (W—1) with respect to v. It
v

— are strongly generalized conformable partial differentiable of

3 1,0 8“‘ * 05 2
R, (1, 1) — 1, (r1,0) — % 1. (r,r) —ng, 0,r,) — %

8 1,0 a\lJ * 05 2
g (r, 1) — rg* (r,0) — % ri¢” (r,r2) = 1i¢” (0,r2) — %

Case 2: When @ and ‘ZJBT;D are strongly generalized conformable partial differentiable of the
type (8—2), then we obtain the form

°¢p* (r,,0 3, (0.1,
re. (ri,r) — g, (r,0) — ¢8( : ) =r¢, (r,r) — ng., (0,r,) — %,

85 N 150 a\l/ * 0, :
r%dﬁ* (V1,V2)—7'2¢* (7'1,0)— ¢ai: ) =V%¢* (V1,72)—71¢* (0,7’2)—%-

Case 3: When @ is strongly generalized conformable partial differentiable of the type (§—1)

§
and

)
~ is strongly generalized conformable partial differentiable of the type (§—2), then we

obtain the form

d 1,0 3%¢* (0, r,
g, (11, 1y) — 1, (r1,0) — % 1 (r1,12) —1¢* (0,7) — —¢aiw r),

8 1,0 8\11 * 0: 2
rg* (11, ry) — r¢* (r,,0) — —¢ 1, 0) e, (r,r) —ne. (0,r,) — %

Case 4: When @ is strongly generalized conformable partial differentiable of the type (§—2)

)

)
and — is strongly generalized conformable partial differentiable of the type (§—1), then we

obtain the form

8 1’0 8“’ * 09 2
V%(b* (”1; r2) - 7’2(1)* (rl’o) % Zd) (rl,rz) rl(b* (0’ VZ) - #’
9° 1,0 —3‘1’ - 0,72
26 o) =g (1,0 = LD < g ) — g (0, - S
0"d (v, 1)

2. Now, we take ® (v, t) and = as differentiable of the type (¥ —2), then we have four
associated cases.

Case 1: When ® and 9
the type (§—1), then we obtagn the form

d 1s 9o (0,1,
r%‘p* (r1,12) — 1, (r1,0) — % r%¢*(r1>r2)_r1¢*(0’r2)_%’

v
a 1,0 a‘l‘ * Oa 2
i ) — g (.0 = TL D gy g 0, - PO

8

— are strongly generalized conformable partial differentiable of
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ad
Case 2: When ® and
T
the type (6—2), then we obtain the form

— are strongly generalized conformable partial differentiable of

a 1,0 a\l’ * O’ ,
rid)* (r, 1) — 1@, (r,0) — %) |¢ (ri, 1) — 1, (0,}’2)——¢ E‘D r)’

ad 0 36, (0.1,
r¢* (r1, 1) — ra¢* (11, 0) — % e (r,r) — ne* (0,r,) — ¢8\(1w r).

Case 3: When @ is strongly generalized conformable partial differentiable of the type (§—1)

3
and

— 1s strongly generalized conformable partial differentiable of the type (§—2), then we

obtain the form

9° I v . 0, ,
i, (11, 72) = 1o, (1, 0) — % 76 o) =g (O, = ),

a 1,0 8‘1’ * O’ .
i ) — g (.0 = T2 gy g0,y - TEOT

Case 4: When @ is strongly generalized conformable partial differentiable of the type (§—2)

8

P . . C .
and — is strongly generalized conformable partial differentiable of the type (5—1), then we

obtain the form

85 130 8\p * 03 2
rg(b* (}"l,}’z)—}"2¢* (l"l,O) _¢8(}; ) 2¢ (}’1,}"2) rl¢* (07r2)_ ¢8‘(}\p r)s

a 1’0 8\1} * 09 2
P (riyrs) — 1 (1, 0) — % e R R

3. As a third option, we take @ as strongly generalized conformable partial differentiable of
v

¥ P
the type (W —2) and
oY

(¥ —1), which enables us to have four cases associated with the four types of derivative for ,
which are given by

ad
Case 1: When ® and
T
the type (6—1), then we obtain the form

as strongly generalized conformable partial differentiable of the type

8

— are strongly generalized conformable partial differentiable of

3 1,0 a\IJ * Os 2
r* (1, ry) — r¢* (r,,0) — % 119, (1, 12) — 119, (0,1,) — 079 O.r) \E“’ r)’

85 150 8‘1’ * 05 2
12, (r1,15) — 1, (r1,0) — % rig* (r,r) —ne* (0,r,) — —d)aiw ! )-

2’ D . . . .
Case 2: When ® and e are strongly generalized conformable partial differentiable of
T

the type (6—2), then we obtain the form

r¢* (r1, 1) — ra¢* (11, 0) — A ¢8(r1,0) 1o, (r, 1) — rig, (0,r,) — 3¢ Or) (S’ rZ),
12, (r,r,) — 1o, (r,0) — M P* (1, 1) — 1 (0,7,) — %9, (0, r2)'

at?t oY
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Case 3: When @ is strongly generalized conformable partial differentiable of the type (§—1)

8
and

)
— 1s strongly generalized conformable partial differentiable of the type (§—2), then we
obtain the form

8 1,0 a\l/ * O’ ,
r%‘ll)* (ry,1y) — 120, (1), 0) — ¢8( ) 2¢ (ry, 1) — 10, 0,r,) — #’

94" (11,0 0.1,
i = rag (.0 = LD gy g 0, - TE)

Case 4: When @ is strongly generalized conformable partial differentiable of the type (§—2)

)

)
and — is strongly generalized conformable partial differentiable of the type (§—1), then we

obtain the form

8 1,0 aw * Oa 2
2. (1 12) — i (11, 0) — "Sai) b () = g (0,m) — =2

8 |,0 8“/ * 03 2
Re* (r,12) = 12¢" (11,0) — M 1@ (o) =g (O = _¢aiw 2.

4. In the fourth case, we take @ as strongly generalized conformable partial differentiable of
v

v d
the type (¥ —1) and
avy

(W —2), which enables us to have four cases associated with the four types of derivative for t,
which are given by

0
Case 1: When @ and
T
the type (§—1), then we obtain the form

as strongly generalized conformable partial differentiable of the type

8

— are strongly generalized conformable partial differentiable of

3°¢* (ry,0 3%, (0,1
re* (r, 1) — re* (r,0) — % 119, (1, 1) — 119, (0,r) — #,

d 0 Y9 (0,1,
r%qﬁ* (r1,15) — ¢, (r,,0) — % 2¢ (r1,12) — ri¢* (0, ”2)_%'

) ) . . )
Case 2: When @ and P are strongly generalized conformable partial differentiable of
T

the type (6—2), then we obtain the form

d 0 3%, (0,1,
159" (r1,13) — 19" (r1,0) — % ¢, (r,1,) — ri¢, (0,r,) — —d)a\f\“ r),
a 1,0 a\ll * 0 ,
1. (r, 1) — 12, (11, 0) — % 11¢* (r1,17) — 1”0, 2)——¢ )

Case 3: When @ is strongly generalized conformable partial dlfferent‘ljable of the type (6—2)

)

P
and — is strongly generalized conformable partial differentiable of the type (§—1), then we

obtain the form

8 1,0 a‘l‘ . O’ ,
V%(l)* (r, 1) — 1, (1,0) — ¢3( ) 2¢ (r1, 1) — 119, (O,Vz)_—¢ 1(1" r),

8 |,0 8‘11 * 0, X
V§¢*(V1,r2)—r2¢*(rl’0) ¢a§;r5 ) r%‘lﬁ*(”l,’”z)_rld’*(o,l’z)_ ¢8(\p 2

Case 4: When @ is strongly generalized conformable partial differentiable of the type (§—1)

8
and
ot?

is strongly generalized conformable partial differentiable of the type (§—2), then we
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obtain the form

9° I v, (0,7,
. (11 72) = 12, (11, 0) — J%i—l 6. (ro) = r, 0, ry — L),

8 1’0 aw * Oa 2
g (1, r2) — r¢* (1, 0) — % Po* (r1,1:) — 1i¢* (0,1,) — —d)ai“’ )

Solving the above systems of equations, and apply the fuzzy conformable double Laplace
inverse, we can get the solution in the form ® (v, z,y) = [®, (v, T, p), P* (v, T, p)].

Now, we present an example of the fuzzy conformable wave equation to demonstrate the validity
of our results.

Example 4.4. Consider fuzzy conformable wave equation in one dimension is

825(1) 82\llq)
9T = 92w’
3"® (0
CID(O,.[) = (0: 152)’% = (13233)a
v
)

pyer »0)=0,0(»0) =0.

Fuzzy conformable double Laplace transform implies sixteen possibilities. We consider here only
nontrivial four cases for the solution.

8
Case 1: When both ® and g

— are strongly generalized conformable partial differentiable of the

T
w

v
type (6—1) and ® (v, t) , —— are differentiable of the type (¥ —1), then we obtain

_ - U+»
¢*(rl,r2a}’)_rl(r%_r2)( ) 7'1(”1_”2)’

—r, G-
@7 (1,1, y) = rl(r%—_r%)( y) - n(—r)

ad v P
Case 2: When ® and is differentiable of type (§—1) with respect to 7 and ® (v,7), —— are
vy
differentiable of the type (\If 2) then we obtain

2 2

l’z }’2 rry 1
¢ (risr, ) =—W)—F—— —0+y)—/——— - C—»+7—70C-»),
r (rl—rz) rl( r)

ry—n ry—n

r 2
3 2

. r T r P
¢ (ri,r, )=y ———U+y) —+— C=y)——F—F——FC-»).
= n=r ot =r) r(rt =)

6 v

'
are differentiable of type (6—2) and ® (v, t) , —— are differentiable of

Case 3: When ¢ and
the type (¥ —1), then we obtam

3 2

rr r 18 r
G, (1,12 y) = — (2 — y)124—6—y)414— = () - ——— U+,
r, rh—n Vl(rl_rz) Vl(’”l_”z)
. r r Firs
(i) ==—Q-y)—F——F —C=V)—FF—— — (1+r) +v).
ry (rl—r2) ry (}" V) l"

1 1
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)

)
Case 4: When @ is differentiable of type (§—1) and

is differentiable of type (§—2) and

att

0" . . :
d (v, 1), P are differentiable of the type (W —1), then we obtain

v

r r i, T
d’*(’”la”z,}’)=_(2_}’)ﬁ_(3_3’) 4 N 4 4(Y)+ 4 4(1+Y)’
71(”1_"2) ”1(1_"2) rn—=n rn—n
TR JEN B L R ) L UL ¥ Sy
R A A B A= Y () R AR ) R

After solving the above system, and applying the fuzzy conformable double Laplace inverse, we
can get the required solution.

5 Conclusion

We have introduced the fuzzy double Laplace transform and fuzzy conformable double Laplace
transform. Also, related properties and theorems for derivatives and integrals of the transform are
presented. We apply the fuzzy conformable double Laplace transform in this manuscript to obtain
the solutions of fuzzy conformable PDEs (both in 1D and 2D). The fuzzy conformable PDEs are
solved using this approach without transforming into conformable partial differential equations,
so it is not important to find a solution to the partial differential equation. This is the greatest
benefit of this system. The double Laplace transformation technique, therefore, is very convenient
and effective. However, explicit solutions for each system require inverse double Laplace transform,
which is complicated to solve. In future work, we will obtain numerical solution methods to overcome
these complications.
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