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ABSTRACT

Innovative technologies necessitate extra energy, which can be captured from environmentally sustainable, renewable solar energy. Here, heat and
mass transfer through stirring nanofluids in solar collectors for direct absorption of sunlight are pronounced. The similarity transformation served to
turn mathematically regulated partial differential equations into sets of nonlinear higher-order ordinary differential equations. These equations have
been resolved by the homotopy analysis method manipulating, BVPh2.0 package in Mathematica 12.1. Validations are justified through comparison.
Afterward, stronger magnetic field interactions delay the nanofluids mobility. Temperature increases with thermal radiation and Biot numbers.
Entropy formation and nanoparticle concentration dwindle when Schmidt’s number surges.
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1. INTRODUCTION

The ultimate need of people in the world mostly accomplished by con-
suming energy and thus, the role of energy has been uncountable in our
day to days activities. Based on the Central Statistics Office report (Statis-
tics, 2016), the usage of non-renewable energy like coal, fossil fuel in
many industries, convey system, residential, agricultural and educational
sectors are increasing from month to months. In these kind of utilization,
there have been a bulky amount of carbon dioxide released which leads
to alter the existing climate and cause global warming (Szulejko et al.,
2017). As a result of uprising the importance of energy, it is a crucial
work to find viable, clean and unlimited energy source called renewable
energy. Dincer (2000) suggested that the renewable energy is preferable
since it has no consequence effect to the environment which abolishes
the disadvantage of non-renewable energy. Henceforth, operating renew-
able energy on our work, nullify the environmental challenge inline with
the high demand of energy and rapid economical growth as Lei et al.
(2022) stated. Some sources of renewable energy are biomass, geother-
mal, wave, tidal, nuclear energy, solar energy, wind energy and water en-
ergy (Tiwari and Mishra, 2012; Panwar et al., 2011; Everett et al., 2012).
However, they have some demerits on practical implementations, such as
high initial cost, hard to produce large amount, need wide area on earth,
and consistence on supplement (Bhalla and Tyagi, 2018). But, for the
merits of renewable energy, academics are now hypnotized by it to lessen
the world’s economic and climatic crises. As well, the sustainability and
adequacy of energy assured by renewable energy. For example, solar en-
ergy is suitable for the environment, acceptable and obtained everyplace
in abundant (Bayrak et al., 2017). Recently, Flilihi et al. (2022) declared
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that, it is used for sundry industrial operations, like indirect solar dryer,
plus warming homes and generating local hot water. Sathyamurthy et al.
(2014) also underlined the financial benefits of solar stills.

In general, to make our life easy using the modern technology, en-
ergy is required at any time and in large amount. For these, solar en-
ergy is recommended which is naturally replaceable and environmentally
friendly. As an example, consider smart mobile phones which is impor-
tant to read, talk and attend videos, write on it, and play game, operate
with enough amount of energy daily. Therefore, collecting solar radia-
tion adequately, satisfy the demand of energy. As a matter of fact, many
scientists focused their attention towards upgrading the effective collec-
tion and using solar energy (Sabiha et al., 2015; Pandey and Chaurasiya,
2017; Rasih et al., 2019; Flilihi et al., 2022). Bhalla and Tyagi (2018)
stated that there are two mechanisms of gathering solar energy.

1. Solar photovoltaic cells: Using semiconductor cell, these mech-
anism alter energy from sun into electric power directly by solar
panels and produce electricity (Al-Waeli et al., 2017; Sathe and
Dhoble, 2017).

2. Solar thermal collectors: In these, the solar energy induce electric-
ity after bringing it into mechanical energy. They can be applied
for different purposes such as heating/cooling process, steam gen-
eration, electric power production etc (Gorji and Ranjbar, 2017).

Bhalla and Tyagi (2018) noted that practically the solar thermal collec-
tors have greater potential of harvesting sun’s radiation than solar photo-
voltaic cell. The solar thermal collector can be classified as concentrated
which gives energy from the solar radiation via transport medium and
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non-concentrated solar collector where we use energy directly for indus-
try, endemic water heating, solar space heating, and equipment for wash-
ing air and controlling humidity (Gorji and Ranjbar, 2017; Rasih et al.,
2019). As Rasih et al. (2019) deliberated, the sun’s radiation collected
and transpose into heat via absorber. Then using working fluid, the heat
energy converted into another form of energy called indirect absorption
solar collector (IASC). However, the failure of IASC is to sustain high
temperature which is very important to collect more solar radiation. The
idea of direct absorption solar collector (DASC) began by Minardi and
Chuang (1975) which nullify the complain on IASC. In DASC, there is a
straight relation between the sun’s radiation and transport medium with-
out any interface which detracts the loss of solar energy due to convection
and conduction (Dugaria et al., 2018).

Nanofluids can be defined as a microscopic particle that exist in the
base fluid such as water, ethanol, oil whose size measured by nano me-
ter. The idea of nanofluids first fired by Choi and Eastman (1995) and
presented on the their thermophysical features such as thermal conduc-
tivity, thermal diffusivity, viscosity, and convective heat-transfer coeffi-
cients. They concluded that, adding nanofluids to base fluid amended the
thermophysical characters due to the motion of nano-sized particles in the
conventional basic fluids. These advancements could assist heat and mass
transfer, the building of energy-efficient structures, the usage of solar col-
lectors, biomedical applications, and other engineering uses (Wakif et al.,
2018). Thus, most scientists aspired towards the application of nanoflu-
ids, particularly with respect to heat transfer in solar collectors and they
remarked that, the effectiveness of solar collector upgraded using nanoflu-
ids (Subramani et al., 2018; Bhalla and Tyagi, 2017; Maouassi et al.,
2018). Beside, numerous researchers have illuminated the transmission
of heat from non polluting renewable solar energy through nanofluids
flow. For instance, Azam et al., 2019 revised time dependent convec-
tive flow of magnetohydrodynamic (MHD) cross nanofuid with respect
to solar energy numerically. The cause of heat exploration from renew-
able sun’s radiation in a parabolic trough solar collector (PTSC) upon
Maxwell nanofluid was examined by Jamshed et al. (2021). Numerically,
using Keller box technique they compared the heat transfer of the two
different types of nanofluids. Alkathiri et al. (2022) also elaborated this
idea using Galerkin finite element method and tested the heat expansion
on renewable solar energy within the binary nanofluid in PTSC.

Entropy can be defined as the approximation of disorder change
from order. It is the hottest issue relating to the analysis of heat trans-
fer and designing the minimum production based on second law of ther-
modynamics. Bejan (1996) was the beginner on concepts of entropy.
Total entropy affected by fluid viscosity, mass and heat exchange irre-
versibilities. As Tyagi et al. (2007) stated, the production of irreversibil-
ity leads to decrease the existing work. Thus, intentionally an add on
energy from sun’s radiation lowers the work done. Achievement of col-
lecting energy from solar collector needs enhancement by adopting the
second law analysis-based scheme (Smit and Kessels, 2015). Different
studies explained the generation of entropy based on heat irreversibility
or conduction impact, friction flow of fluid, hydromagnetic effect, mass,
porosity irreversibility, dissipation irreversibility and Joule heat on var-
ious kinds of nanofluids Aziz et al. (2018); Daniel et al. (2017); Hayat
et al. (2019); Loganathan et al. (2021). From these inquiries, the total
entropy increase with respect to parameter like temperature difference,
Brinkman number, porosity, radiation and magnetic parameters.

Based on the latest research work, there is a limited information on
the mathematical analysis of convective heat exchanger from liable plen-
teous solar energy through nanofluids in DASC with entropy procreation
using semi-analytic approach called homotopy analysis method (HAM).
HAM capable of achieving a series solutions for boundary value prob-
lem of nonlinear higher-order systems of ordinary differential equations
nicely. As far as the information we have, such problem has not yet noted.
Thus, the researchers aspired to overlook the transfer of sun’s radiation
directly to nanofluids as a transporting medium and analyzing the entropy

generation by considering the flow, temperature and concentration of the
nano-sized particle. By including these points, the obtained equations
are solved by an extensively recognized analytic approach called HAM,
coded by BVPh2.0 package on Mathematica 12.1 software.

2. MATHEMATICAL FORMULATION

In this problem, the rectangular coordinate system has been supposed and
the surface begin stretching at t > 0 like Hussain et al. (2015). Then, the
plate elongated horizontally with non uniform velocity, temperature and
concentration having the following formulae at the sheet wall.

Uw =
Bx

1− ςt
, T̄w = T̄∞ +

T̄0Bx
2

ν(1− ςt)
and C̄w = C̄∞ +

C̄0Bx
2

ν(1− ςt)
(1)

Thus, T̄0 and C̄0 are constants, Uw, T̄w and C̄w denote the plate veloc-
ity, temperature, and nanoparticle concentration at the wall, in that order;

B and
B

1− ςt
are the starting and effective extending rates of the plate,

respectively where B and ς are non negative constants having (time)−1

unit. The flow of this model set out on Fig. 1 to give an imaginative im-
age about the contemplated problem.

Fig. 1 The physical schematic flow diagram

The basic assumptions for the flow model are listed as follows.

• Two dimensional incompresssible unsteady flows.

• Applying Boundary-layer approximations.

• Mixing nano-sized particle on base fluid.

• Considering Buongiorno model (Buongiorno, 2006) where the im-
pact of Brownian motion and thermophoresis are weighed.

• Effect of solar radiation directly on flow of nanofluid.

• Flow having viscous dissipation properties and energy loss.

• Induced magnetic field is insignificant due to the low magnetic
Reynolds number.
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2.1. The Basic Governing Equations

The fundamental governing equations on the conservation of mass, mo-
mentum, energy, and nanoparticle volume fraction can be derived as Hus-
sain et al. (2015); Kebede et al. (2020); Hussain (2022).

∂u1

∂x
+
∂u2

∂y
= 0 (2)

∂u1

∂t
+ u1

∂u1

∂x
+ u2

∂u1

∂y
= ν

∂2u1

∂y2
− σeB

2
0u1

ρ(1− ςt)
(3)

∂T̄

∂t
+ u1

∂T̄

∂x
+ u2

∂T̄

∂y
=

k

ρcp

∂2T̄

∂y2
+

µ

ρcp
(
∂u1

∂y
)2 − 1

ρcp

∂qr
∂y

+ τ

(
DB

∂C̄

∂y

∂T̄

∂y
+
DT

T∞
(
∂T̄

∂y
)2
) (4)

∂C̄

∂t
+ u1

∂C̄

∂x
+ u2

∂C̄

∂y
= DB

∂2C̄

∂y2
+
DT

T∞

∂2T̄

∂y2
(5)

The related boundary condition for this model from Aziz et al. (2021)
and Ullah et al. (2017) work, we have

For y = 0;u2 = 0, u1 = Uw,−k
∂T̄

∂y
= Hf (T̄w − T̄ ), C̄ = C̄w

and y → ∞;u1 → 0, T̄ → T̄∞, C̄ → C̄∞

(6)

For minor difference in temperature between the sheet and around the
nanofluids, we can apply the Rosseland-approximation to describe radia-
tive term on Eq. (4). Thus by Kebede et al. (2020) and Brewster (1992),
we have

qr = −4σ∗

k∗
∂(T̄ 4)

∂y
≈ −16T̄ 3

∞σ
∗

3k∗
∂T̄

∂y
(7)

Thus, Eq. (4) reduced as

∂T̄

∂t
+ u1

∂T̄

∂x
+ u2

∂T̄

∂y
=

k

ρcp

(
1 +

16T̄ 3
∞σ

∗

3k∗k

)
∂2T̄

∂y2
+

µ

ρcp
(
∂u1

∂y
)2

+ τ

(
DB

∂C̄

∂y

∂T̄

∂y
+
DT

T∞
(
∂T̄

∂y
)2
)

(8)

For mathematical analysis purpose, the partial differential Eqs. (2), (3),
(5) and (8) have been recast into ordinary differential equations (ODEs)
by launching a similarity transformation variable with stream function ψ
and dimensionless independent variable ξ defined as follows.

ξ = y

√
B

ν(1− ςt)
, ψ(x, y, t) =

√
Bν

1− ςt
x𭟋(ξ) (9)

Using Eq. (9), the velocity components u1 and u2, temperature T̄ and
concentration C̄ have been expressed in dimensionless form as follows:

u1(ξ) =
∂ψ

∂y
=

Bx

1− ςt

∂𭟋
∂ξ

, u2(ξ) = −∂ψ
∂x

= −
√

Bν

1− ςt
𭟋(ξ)

Θ(ξ) =
T̄ − T̄∞

T̄w − T̄∞
,Φ(ξ) =

C̄ − C̄∞

C̄w − C̄∞

(10)

Because of the continuous stream function ψ, Eq. (2) has been balanced.
Then, the Eqs. (3), (5) and (8) have been modified in the following way.

𭟋′′′ +𭟋𭟋′′ −A

(
𭟋′ +

ξ

2
𭟋′′

)
− (𭟋′)2 −Ma𭟋′ = 0 (11)

(1 +Rn)

Pr
Θ′′ +NbΘ′Φ′ +Nt(Θ′)2 −A

(
Θ+

ξ

2
Θ′

)
−Θ𭟋′

+𭟋Θ′ + Ec(𭟋′′)2 = 0

(12)

Φ′′ − Sc

[
A

(
Φ+

ξ

2
Φ′

)
−𭟋Φ′ +Φ𭟋′

]
+
Nt

Nb
Θ′′ = 0 (13)

Correspondingly, boundary conditions in Eq. (6) become

𭟋(0) = 0,𭟋′(0) = 1,Θ′(0) = −Υ(1−Θ(0)),Φ(0) = 1

𭟋′(ξ → ∞) = 0,Θ(ξ → ∞) = 0,Φ(ξ → ∞) = 0
(14)

The obtained non dimensional arbitrary constants are A =
ς

B
; unsteadi-

ness parameter, Pr =
νρcp
k

; Prandtl number, Ma =
σeB

2
0

Bρ(1− ςt)
;

magnetic interaction parameter, Rn =
16σ∗T̄ 3

∞

3kk∗
; thermal radiation pa-

rameter, Nb =
DBτ(C̄w − C̄∞)

ν
; Brownian motion parameter, Nt =

DT τ(T̄w − T̄∞)

T̄∞ν
; thermophoresis parameter. Sc =

ν

DB
; Schmidt num-

ber, Ec =
(Uw)

2

(Tw − T∞)cp
; Eckert number and Υ =

Hf

k

√
ν(1− ςt)

B
;

Biot number.
The prime ′ in Eqs. (11-13) pointed the differentiation with respect to ξ.

2.2. Physical Quantities in Engineering Perspective

In this portion, the three valuable physical quantities in the sight of engi-
neering have been clarified depending on the supposed nanofluids.

1. Local skin friction or rate of momentum transfer (Cfx) which in-
terfere the flow of fluid over the surface and based on Rafique et al.
(2019), we have

Cfx =
τw
ρU2

w

, where τw = µ(
∂u1

∂y
)y=0 (15)

In terms of non-dimensional variable, Eq. (15), becomes

Cfx =

µ(
∂u1

∂y
)y=0

ρU2
w

=

µ(
∂2ψ

∂y2
)y=0

ρU2
w

= Re−0.5
x 𭟋′′(0) (16)

Where Rex =
Uwx

ν
represents the local Reynolds number.

2. Local Nusslet number or rate of heat transfer (Nux) measure’s the
rate of heat transfer and defined as Kebede et al. (2020)

Nux =−
xk(

∂T̄

∂y
)y=0

k(T̄ − T̄∞)
+

qrx

k(T̄ − T̄∞)

=

[
−3k ∗ k − 16T̄ 4

∞σ∗
3k ∗ k(T̄ − T̄∞)

]
x
∂T̄

∂y y=0

(17)

Since T̄ − T̄∞ = T̄w − T̄∞ at the surface (y = 0), then Eq. (17)
further simplified in the following manner.

Nux = −Re0.5x [1 +Rn] Θ′(0) (18)

3. Sherwood number or mass transfer rate (Shx) is non-dimensional
quantity applied on the mass transfer. According to Rafique et al.
(2019), the equation of Sherwood number becomes

Shx =
xJm

DB(C̄w − C̄∞)
= −

xDB(
∂C̄

∂y
)y=0

DB(C̄w − C̄∞)
= −Re0.5x Φ′(0)

(19)

Where Jm = −DB(
∂C̄

∂y
)y=0 assign for mass flux at y = 0 of the

plane.
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2.3. Procreation of Entropy

To analyze and apply the solar energy properly, the concept of thermody-
namic first and second law are essential. As Loganathan and Rajan (2020)
stated, entropy is the disturbance of regular system and enclosing it which
measure for not reversibility. With the existence of irreversible, it is tough
to exchange the total solar radiation into heat, which minimizes the entire
work done. Eventually, the researchers in this work accounted for the en-
tropy formation triggered by heat transition, friction between nanofluids,
and mass transmission. Based on Hussain (2022) and Loganathan and
Rajan (2020), the formula of entropy has been modified as:

Epr =

{
k

T̄ 2
∞

[
1 +

16σ∗T̄ 3
∞

3kk∗

](
∂T̄

∂y

)2
}

+

{
µ

T̄∞

(
∂u1

∂y

)2
}

+

{
RD

C̄∞

(
∂C̄

∂y

)2

+
RD

T̄∞

(
∂C̄

∂y

)(
∂T̄

∂y

)} (20)

The non dimension form of local entropy (NG) in Eq. (20) can be done

by multiplying the expression, E0 =
T̄ 2
∞B2

k(T̄w − T̄∞)2
. Thus, the dimen-

sionless entropy (NG = E0Epr) simplified using the Eq. (10) as

NG = Re(1 +Rn)(Θ′)2 +
Re

∆1

[
Br(𭟋′′)2 + λ1∆2

(
∆2(Φ

′)2 +Φ′Θ′)]
(21)

Where Re =
B3

ν(1− ςt)
; global Reynolds number, Br =

µU2
w

k(T̄w − T̄∞)
;

Brinkman number, ∆1 =
T̄w − T̄∞

T̄∞
; temperature difference, λ1 =

RDC̄∞

k
, diffusive variable and ∆2 =

C̄w − C̄∞

C̄∞
concentration differ-

ence.
We have also Bejan number (Be) which is the ratio of entropy acquired by
heat and mass transfer to the total entropy (Loganathan and Rajan, 2020).
Mathematically, it can be stated as

Be =
Re∆1(1 +Rn)(Θ′)2 +Reλ1∆2

(
∆2(Φ

′)2 +Φ′Θ′)
∆1NG

(22)

3. HOMOTOPY ANALYSIS METHOD

Currently, homotopy analysis method (HAM) is the best strategy to solve
the boundary value problems in nonlinear higher-order system of ODEs.
It was first forwarded by Liao in his PhD thesis (Liao, 1992). The se-
ries solutions using HAM are highly close to the exact one, which is
why we call it a semi-analytic approach and most scholars put it into ac-
tion. Some of the authors that apply HAM are Saeed et al. (2022); Hayat
et al. (2021); Loganathan et al. (2021); Kebede et al. (2020); Bano et al.
(2018). HAM have a great freedom to select convergence control param-
eters (ℏ𭟋, ℏΘ and ℏΦ), initial guess (𭟋0,Θ0 and Φ0), auxiliary linear
operators (L𭟋, LΘ and LΦ) and auxiliary functions (H𭟋(ξ), HΘ(ξ), and
HΦ(ξ)) to obtain an acceptable convergent solutions.

3.1. Electing Initial Guess, Linear Operators and Auxiliary
Functions

The solution of Eqs. (11-13) likely to the exact answer by applying HAM.

• Initially, the solution of this problem approximated as

𭟋0 = 1− e−ξ, Θ0 =
Υe−ξ

1 + Υ
, and Φ0 = e−ξ (23)

• The appropriate auxiliary linear operators have been given below.

L𭟋 = 𭟋′′′ −𭟋′, LΘ = Θ′′ −Θ, and LΦ = Φ′′ − Φ (24)

In this the linear operators meet the following relations.

L𭟋(C1 + C2e
ξ + C3e

−ξ) = 0,

LΘ(C4e
ξ + C5e

−ξ) = 0

LΦ(C6e
ξ + C7e

−ξ) = 0

whereC1−C7 are constants to be determined based on the bound-
ary conditions. Hence, C2 = C4 = C6 = 0.

• Constant auxiliary functions have been picked for the dimension-
less velocity, energy and nanoparticle concentrations which is:

H𭟋(ξ) = HΘ(ξ) = HΦ(ξ) = 1 (25)

3.2. Zeroth and mth order Deformation

For the non zero auxiliary parameter, ℏ𭟋, ℏΘ and ℏΦ, the zeros order
deformation defined as Kebede et al. (2020)

(1− p)L𭟋[𭟋(ξ; p)−𭟋0(ξ)] = pℏ𭟋H𭟋(ξ)ℵ𭟋[𭟋(ξ; p)]

(1− p)LΘ[Θ(ξ; p)−Θ0(ξ)] = pℏΘHΘ(ξ)ℵΘ [𭟋(ξ; p),Θ(ξ; p),Φ(ξ; p)]

(1− p)LΦ[Φ(ξ; p)− Φ0(ξ)] = pℏΦHΦ(ξ)ℵΦ [𭟋(ξ; p),Θ(ξ; p),Φ(ξ; p)]

(26)

Where p ∈ [0, 1] is the homotopy embedding parameter without notice-
able effect in this sense,H𭟋,HΘ andHΦ are auxiliary functions given in
Eq. (25), and the nonlinear operators ℵ𭟋, ℵΘ and ℵΦ are defined in Eqs.
(27), (28) and (29) below.

ℵ𭟋[𭟋(ξ; p)] =
∂3𭟋(ξ; p)

∂ξ3
−A

(
∂𭟋(ξ; p)

∂ξ
+
ξ

2

∂2𭟋(ξ; p)

∂ξ2

)
+𭟋(ξ; p)

∂2𭟋(ξ; p)

∂ξ2
−

(
∂𭟋(ξ; p)

∂ξ

)2

−Ma
∂𭟋(ξ; p)

∂ξ
(27)

ℵΘ[𭟋(ξ; p),Θ(ξ; p),Φ(ξ; p)] = (
1 +Rn

Pr
)
∂2Θ(ξ; p)

∂ξ2

−A

(
Θ(ξ; p) +

ξ

2

∂Θ(ξ; p)

∂ξ

)
+Nt

(
∂Θ(ξ; p)

∂ξ

)2

+Nb
∂Θ(ξ; p)

∂ξ

∂Φ(ξ; p)

∂ξ
+𭟋(ξ; p)

∂Θ(ξ; p)

∂ξ

−Θ(ξ; p)
∂𭟋(ξ; p)

∂ξ
+ Ec

(
∂2𭟋(ξ; p)

∂ξ2

)2

(28)

ℵΦ[𭟋(ξ; p),Θ(ξ; p),Φ(ξ; p)] =
∂2Φ(ξ; p)

∂ξ2
+
Nt

Nb

∂2Θ(ξ; p)

∂ξ2

+ Sc

(
𭟋(ξ; p)

∂Φ(ξ; p)

∂ξ
− Φ(ξ; p)

∂𭟋(ξ; p)

∂ξ

)
− ScA

(
Φ(ξ; p) +

ξ

2

∂Φ(ξ; p)

∂ξ

) (29)

Next, the boundary conditions have been adjusted to:

𭟋(0; p) = 0,
∂𭟋(ξ; p)

∂ξ
|ξ=0 = 1,

[
∂Θ(ξ; p)

∂ξ

]
ξ=0

= Υ(Θ(0; p)− 1)

Φ(0; p) = 1,
∂𭟋(ξ; p)

∂ξ
|ξ→∞ = Φ(ξ; p)|ξ→∞ = Φ(ξ; p)|ξ→∞ = 0

(30)

It is clear that when p = 0, 𭟋(ξ, 0) = 𭟋0(ξ), Θ(ξ, 0) = Θ0(ξ), and
Φ(ξ, 0) = Φ0(ξ) are solutions for the Eqs. (11-13). Likewise, at p = 1,
the answer for these equations become 𭟋(ξ, 1) = 𭟋(ξ), Θ(ξ, 1) = Θ(ξ),
and Φ(ξ, 1) = Φ(ξ). Thus, when the value of p changes continuously
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from 0 to 1, the homotopy solution also runs from initial guess 𭟋0(ξ),
Θ0(ξ), and Φ0(ξ) to the accurate solution, 𭟋(ξ), Θ(ξ), and Φ(ξ) ac-
cording to Van Gorder (2014). As Rasheed et al. (2021) did, we expand
using Taylor series expansion rule about p = 0, and hence we have:

𭟋(ξ; p) = 𭟋0(ξ) +

∞∑
m=1

𭟋m(ξ)pm,Θ(ξ; p) = Θ0(ξ) +

∞∑
m=1

Θm(ξ)pm

Φ(ξ; p) = Φ0(ξ) +

∞∑
m=1

Φm(ξ)pm,

(31)

In Eq. (31), 𭟋m(ξ),Θm(ξ), and Φm(ξ) can be defined as follows which
are known as mth order homotopy derivative where m ≥ 1.

𭟋m(ξ) =
1

m!

∂m𭟋(ξ; p)

∂pm
|p=0,Θm(ξ) =

1

m!

∂mΘ(ξ; p)

∂pm
|p=0

Φm(ξ) =
1

m!

∂mΦ(ξ; p)

∂pm
|p=0

(32)

The mth order deformation obtained by differentiating the 0th order Eq.
(26) m-times with respect to p and substituting the value of p by zero,
then dividing by m factorial. Thus, the mth order deformation become:

L𭟋[𭟋m(ξ)− χm𭟋m−1(ξ)] = ℏ𭟋H𭟋R
𭟋
m−1,

LΘ[Θm(ξ)− χmΘm−1(ξ)] = ℏΘHΘR
Θ
m−1, and

LΦ[Φm(ξ)− χmΦm−1(ξ)] = ℏΦHΦR
Φ
m−1

(33)

Subject to the boundary conditions

𭟋m(0) = 𭟋′
m(0) =

[
Θ′

m(0) + Υ(1−Θm(0))
]
= Φm(0) = 0

𭟋′
m(ξ → ∞) = Θm(ξ → ∞) = Φm(ξ → ∞) = 0

(34)

Where a step function χm defined as

χm =

{
0, if m ≤ 1

1, if m > 1
(35)

In general R𭟋
m, RΘ

m and RΦ
m defined as

R𭟋
m =𭟋′′′

m +

m∑
l=0

𭟋l𭟋′′
m−l −A

(
𭟋′

m +
ξ

2
𭟋′′

m

)
−

m∑
l=0

𭟋′
l𭟋′

m−l

−Ma𭟋′
m

(36)

RΘ
m =(

1 +Rn

Pr
)Θ′′

m −A

(
Θm +

ξ

2
Θ′

m

)
+Nb

m∑
l=0

Θ′
lΦ

′
m−l

+Nt

m∑
l=0

Θ′
lΘ

′
m−l +

m∑
l=0

𭟋lΘ
′
m−l −

m∑
l=0

Θl𭟋′
m−l

+ Ec

m∑
l=0

𭟋′′
l 𭟋′′

m−l

(37)

RΦ
m =Φ′′

m − Sc

[
A

(
Φm +

ξ

2
Φ′

m

)
−

m∑
l=0

𭟋lΦ
′
m−l

]

− Sc

m∑
l=0

Φl𭟋′
m−l +

Nt

Nb
Θ′′

m

(38)

To acquire the solution of Eqs. (11) to (13), we carry on the inverse linear
operator on both sides of mth order deformation in Eq. (33). Thus, we
got the following equations which have a repeating process.

𭟋m(ξ) = χm𭟋m−1(ξ) + ℏ𭟋L−1
𭟋

∑
H𭟋(ξ)R

𭟋
m−1

Θm(ξ) = χmΘm−1(ξ) + ℏΘL−1
Θ

∑
HΘ(ξ)R

Θ
m−1

Φm(ξ) = χmΦm−1(ξ) + ℏΦL−1
Φ

∑
HΦ(ξ)R

Φ
m−1

(39)

In Eq. (39), for distinct individual value of m = 1, 2, 3, ..., we bring in a
recurrence solution. Now we have an initial approximation 𭟋0(ξ), Θ0(ξ)
and Φ0(ξ) from Eq. (23), auxiliary linear operator Eq. (24) and auxiliary
function Eq. (25). Still the convergence control parameters ℏ𭟋, ℏΘ and
ℏΦ are not specified. So, to get a convergent solution, we have the option
of taking suitable convergence control parameters from the hiatus in ℏ-
curves, and this is one benefit of HAM. This aids to achieve convergent
solutions when p = 1 as seen below.

𭟋(ξ; p) = 𭟋0(ξ) +

∞∑
m=1

pm𭟋m(ξ) = 𭟋0(ξ) +

∞∑
m=1

𭟋m(ξ) = 𭟋(ξ)

Θ(ξ; p) = Θ0(ξ) +

∞∑
m=1

pmΘm(ξ) = Θ0(ξ) +

∞∑
m=1

Θm(ξ) = Θ(ξ)

Φ(ξ; p) = Φ0(ξ) +

∞∑
m=1

pmΦm(ξ) = Φ0(ξ) +

∞∑
m=1

Φm(ξ) = Φ(ξ)

(40)

3.3. Analyzing the Convergence

In HAM, the convergence of solutions mostly rely on the convergent con-
trol parameters. As Van Gorder (2014) discussed, the interval in which
ℏ-curves are horizontal indicate the possible values of these convergent
control parameters to gain a successful solution. Here, ℏ-curves have
been drawn in Figs. 2 and 3 by taking ℏ𭟋 = ℏΘ = ℏΦ = ℏ horizontal
axis versus 𭟋′′(0), −Θ′(0) and −Φ′(0). Accordingly, we have chosen
for ℏ𭟋 = −0.866928, ℏΘ = −0.726607 and ℏΦ = −4.31526 by imple-
menting the code from BVPh2.0 package on Mathematica 12.1. Further-
more, from Fig. 4, we can see that, error reduced in a vertical axis as we
roll up the order of approximation. Beside, Table 1 has been a testimony
on successful accomplishment of convergence for Ma = 0.5, Sc =
Rn = 0.7, Nt = Nb = A = 0.3, P r = 0.72, Ec = Υ = 0.1 with
residual error on respective order of approximation. Pictorial representa-
tion of this table has been brought by Figs. 5, 6 and 7 for the value of
−𭟋′′(0), −Θ′(0) and −Φ′(0) in that order against the value of n which
attest getting the convergent values. Therefore, for this issue, HAM has
been a guaranteed convergent solution with acceptable error.

Fig. 2 ℏ-curves for the convergence control parameters, ℏ𭟋 and ℏΘ

4. COMPUTED OUTCOME AND DISCUSSION

The result of semi-analytic computations on this problem offered for
velocity, temperature, nano-particle concentration, entropy and Benjan
number with a brief discussion. These calculations have been done by
HAM, which is running on the Mathematica 12.1 software with the BVPh2.0
package evolved by Zhao and Liao (2014). Graphical enlightenments
have been given for the influence of incipient physical parameters on Eqs.
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Table 1 Order of approximation of HAM with Residual Error

mth Residual Error
n Order −𭟋′′(0) −Θ′(0) −Φ′(0) −𭟋′′(0) −Θ′(0) −Φ′(0)

1 7 1.31076 0.102848 0.802487
2 9 1.31072 0.103012 0.801255
3 10 1.3107 0.103058 0.801021 6.70× 10−11 4.31× 10−7 2.25× 10−8

4 12 1.3107 0.103118 0.800568 4.11× 10−12 1.37× 10−7 5.10× 10−9

5 15 1.3107 0.103159 0.800279
6 18 1.3107 0.103176 0.800192 1.28× 10−15 4.82× 10−9 6.18× 10−11

7 21 1.3107 0.103184 0.800156
8 24 1.3107 0.103187 0.800143 5.20× 10−19 1.78× 10−11 8.03× 10−13

9 27 1.3107 0.10319 0.80013
10 30 1.3107 0.10319 0.80013 2.43× 10−22 6.66× 10−12 1.16× 10−14

Fig. 3 ℏ-curves for the convergence control parameters, ℏΦ

(11) to (13) with boundary conditions in Eq. (14). Bearing in mind the
nanofluids mobility as a working fluid, thermal radiation from the sun-
light can be exchanged into heat energy for different purposes like prepar-
ing food, water warming, generating electricity, and so on. The validation
of these computations have been justified by comparing the values of skin
friction depending on A with different previous published articles (Ullah
et al. (2017); Bibi et al. (2018); Kebede et al. (2020)) as seen from Table
2. Additionally, Table 3 also lay out the covenant outcome of the existing
solutions for distinct values of Pr with Ullah et al. (2017), Aziz et al.
(2021) and Anki Reddy et al. (2018).

Table 2 Comparing the values of skin friction for different values of A

Ullah et al. Bibi et al. Kebede et al, Present
A ,2017 ,2018 ,2020 Result
0.1 - - - 1.034137
0.2 - 1.0685 1.06874 1.068027
0.3 - - - 1.101563
0.4 - 1.1349 1.13521 1.134657
0.5 - - - 1.167191
0.6 - 1.1992 1.19930 1.199148
0.7 - - - 1.23045
0.8 1.2610 - 1.26099 1.261102
1 - - - 1.32051

1.2 1.3777 - 1.37755 1.377705

4.1. Parameter’s Repercussion on the Nanofluid Flow

The influence of magnetic field interaction on the movement of nanofluid
alluded on Fig. 8. This outcome admitted with the fact that on stretching

Fig. 4 The order of approximation

Fig. 5 Convergence on the value of −𭟋′′(0)

Table 3 Comparing the heat transfer rate for distinct values of Pr

Ullah et al. Aziz et al, Anki Reddy Present
Pr 2017 2021 et al. 2018 Result
0.72 0.8088 0.8087618 0.80863 0.8086314

1 1 1 1 1.0
3 1.9237 1.923574 1.92368 1.9236826
7 - 3.07314651 - 3.0722474
10 3.7207 3.72055429 3.72060 3.7207112
20 - - - 5.3639140
30 - - - 6.6242008
50 - - - 8.6222647
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Fig. 6 Convergence on the value of −Θ′(0)

Fig. 7 Convergence on the value of −Φ′(0)

surface, the interaction of magnetic field generates Lorentz force which
leads to rise up the drag like forces. As a consequence, the flow of a
nanofluids retarded by this force which is realized pictorial in Fig. 8.

Fig. 8 Impact of magnetic interaction parameter Ma on 𭟋′(ξ)

4.2. Parameters’ Repercussion on the Temperature Field

In energy Eq. (12), the parameters which are highly allied with dimen-
sionless temperature are Ma,Rn, Ec, Pr and Υ. The graphical representa-
tions from 9 to 13 are bespeaking the results obtained by executing HAM.
Figure 9 marked that the temperature profile expands as the value of Ma
roll up. This is due to the production of heat as a byproduct of the vis-
cous formation triggered by the maximum impedance of the nanofluids

flow when the magnetic field mounts. The more heat generated by this
viscous feature, the warmer the nanofluids as they travel. A byproduct of
this circumstance leads to a wider temperature distribution. The impact
of thermal radiationRn on dimensionless temperature field has been out-
lined in Fig. 10. Accordingly, Θ(ξ) grows up in accordance with Rn.
This takes place due to the presence of more heat transfer from the solar
radiations. Like Rn, temperature enlarges when Eckert number Ec ac-
crues according to Fig. 11. A non dimensional number Ec represents the
ratio of kinetic energy to entalpy variation in the boundary layer. From
this point onward, whenever Ec climbs, the kinetic energy also goes up,
elevating the temperature of the nanofluids. Figure 12 flaunts the resultant
of Biot numbr Υ on temperature. Boosting the heat transfer coefficient,
which also elevates the value of Υ, motivates expanding the tempera-
ture distribution. This is demystified by Fig. 12, where higher values
of Υ propagate the temperature field. In another way, the distribution of
temperature deducted as the Prantdl number Pr augments what we have
proved on Fig. 13. Based on the definition of Prantdl number, Pr and
thermal diffusivity are inversely related. This means that as Pr tapers,
the temperature of nanofluids rises.

Fig. 9 Impact of magnetic interaction parameter Ma on Θ(ξ)

Fig. 10 Impact of thermal radiation parameter Rn on Θ(ξ)

4.3. Parameters’ Repercussion on the Concentration

The role of micro-sized solid particle concentrations on the heat and mass
transfer through the flow of nanofluids in DASCs explicated by the promi-
nent parameters such as Nt and Sc using the graph 14 and 15. From Fig.
14, it can be realized that the thermophoresis constant Nt accelerates the
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Fig. 11 Impact of Eckert number Ec on Θ(ξ)

Fig. 12 Impact of Biot number Υ on Θ(ξ)

Fig. 13 Impact of Prandtl number P r on Θ(ξ)

micro-sized solid particle concentration. In this case, raising the values of 
Nt enlarges the amount of (T̄w − T̄∞) which moves the small-sized 
particles from warm to cold. This results in adding the amount of nano-
particles concentration. The constant Schmidt number Sc can be stated 
as the ratio of momentum diffusivity to mass diffusivity. The purpose of 
Sc in convective mass transfer resembles to Prandtl number as in case of 
convective heat transfer. So, for more Schmidt number, the mass diffu-
sivity abates, which causes the dropping of nanoparticle concentration as
we inspected from Fig. 15.

Fig. 14 Impact of thermophoresis Nt on Φ(ξ)

Fig. 15 Impact of Schmidt number Sc on Φ(ξ)

4.4. Parameters’ Repercussion on the Entropy and Bejan Number

In general, entropy has been generated due to irreversible actions, and
its concept has been illuminated by thermodynamics second law for heat
transfer. Based upon the contrived problem, the prominent parameters of
entropy and also the Bejan number are Υ, Sc and Ma. Their spheres of
influence have been revealed graphically from 16 to 18. Figure 16 pointed
out that an accretion of Υ produces more entropy. The parameter Ma
promotes the production of entropy and also escalates the Bejan number,
which ends up being near one, as we can see from Fig. 17. The findings
on Figs. 16 and 17 are consistent with the published article quoted by
Loganathan et al. (2021). Once the nanofluids discharge from the wall,
the parameters Υ and Ma exchange extra heat. In light of this, the en-
tropy and Bejan numbers have gone up in that order. On the reverse side,
a higher value of the Schmidt number Sc diminutions the Bejan number,
which is proved by Fig. 18. In general, the Bejan number is close to one
at a distance.

4.5. Parameters’ Repercussion on the Physical Quantities

This section explicates the impact of parameters on skin friction Cfx,
Nusselt number Nux and Sherwood number Shx defined in Eqs. (16),
(18) and (19) taking Rex = 1. Accordingly, the graph in Fig. 19 sup-
ported more accumulation of the skin friction coefficient (−𭟋′′(0)) when
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Fig. 16 Impacts of Υ on non-dimensional entropy

Fig. 17 Impacts of Ma on Bejan number

Fig. 18 Impacts of Sc on Bejan number

the value of Ma has been high with a continuously increment of unsteadi-
ness parameter A. Here, that is why these parameters lag the movement 
of nanofluids in D ASCs. The unsteadiness parameter A keeps down the 
Nusselt number, whereas Nt continuously escalates the heat transfer rate, 
as we saw in Fig. 20. This means that, the heat transfer rate grows with 
the thermophoresis constant and decelerates when time passes. By de-
tracting Ma and adding the value of Nb without interruption, we inten-
sify the Sherwood number, as we realized from Fig. 21.

Fig. 19 Impact of A on −𭟋′′(0) with Ma

Fig. 20 Impact of A on −Θ′(0) with Nt

Fig. 21 Impact of Nb on−Φ′(0) with Ma

5. CONCLUSIONS

This work highlights the heat and mass transfer of incompressible, two-
dimensional, time-dependent movable nanofluids across a DASC with the
existence of renewable solar radiation and viscous dissipation. Entropy
reproduction is also addressed in this aspect. Here, the nonlinear cou-
pled higher-order systems of ODEs have been figured out by HAM after
transforming the guiding PDEs into ODEs by similarity transformation.
There upon, among many parameters that are actualized in this process,
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the exceedingly influenced ones on dimensionless velocity, temperature,
concentration of nanoparticle, and entropy have been demystified. The
foremost upshot of this study has been wrapped up in the succeeding
manner as a conclusion.

• Dimensionless velocity recedes as the value Ma climbs.

• Accretion of Ma,Rn,Ec and Υ upswings the temperature distri-
bution while it dwindles as Prandtl number Pr grows.

• The concentration of micro-sized particles proliferate for higher
values of Nt and wane away as Sc becomes larger.

• There is a direct association between the entropy procreation and
the value of Υ. The Bejan number climbs with the ascending Ma
and descending Sc.

• The parameter Ma and A maximize the coefficient of skin friction
in magnitude to which they retard the motion of nanofluids.

• Abating A and picking up Nt, mounts the Nusselt number which,
yields more heat transfer.

• The Sherwood number or mass transfer rate soars as the values of
Nb and Ma elevates and abases, respectively.

ACKNOWLEDGEMENTS

The researchers recognize with gratitude the reviewers insightful feed-
back and the authors of the literature studies cited in this paper for pro-
viding scientific aspects and ideas that supplement this work.

NOMENCLATURE

C̄ concentration (mol)
T̄ temperature (K)
cp specific heat capacity (J/kg · K)
Hf convective heat transfer coefficient (W/K · m2)
k thermal conductivity (kgm/s3 · K)
k∗ mean absorption coefficient (1/m)
B0 applied magnetic field (N/A · m2)
qr the rate of radiant energy emission (kg/s3)
DB Brownian motion coefficient (m2/s)
DT Thermophoretic diffusion coefficient (m2/s)
t time (s)
u1 velocity along x axis (m/s)
u2 velocity along y axis (m/s)
x, y coordinate (m)
Greek Symbols
𭟋 non-dimensional velocity
Θ dimensionless temperature
Φ non-dimensional concentration
ψ stream function m2/s

σ∗ Stefan-Boltzmann constant (kg/s3K4)
ρ density (kg/m3)
µ diynamic viscousity (kg/ms)
ν kinamatic (m2/s)
τ ratio of heat capacity
τw shear wall stress (kg/ms2)
σe electrical conductivity (s3A2/(kg ·m))
Subscripts
w wall
∞ ambient enviroment
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