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ABSTRACT 

Hydrodynamic lubrication characteristics of asymmetric rollers lubricated by non-Newtonian incompressible Bingham plastic fluid are analyzed in 
this work. It narrates the qualitative research with the rigid system in which the viscosity of the particular non-Newtonian Bingham plastic substance 
is considered to become the function of hydrodynamic pressure. The equations considered in this work like equation of motion along with continuity 
and energy equations are solved numerically using MATLAB after particular analytical steps. Resulting from this particular work, it is identified that 
there is some notable change in temperatures, pressure, load and traction forces with Newtonian and also non-Newtonian fluids both. Moreover, the 
results acquired in this work have attained good agreement with earlier published work.  
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1. INTRODUCTION

The traditional hypothesis of hydrodynamic lubricant certainly expects 
that the fluid acts basically as a Newtonian gooey liquid. Non-
Newtonian conduct is, in any case, perpetually saw in different 
lubricant forms. This might be an outcome of extreme operational 
prerequisites or might be because of the way that liquids, for example, 
liquid plastics, pulps, slurries, emulsions, oils, and so on are being 
created mechanically in expanding amounts and discovering use in 
lubricant streams. Such liquids abuses the Newtonian propose which 
accept a straight connection between shear pressure and pace of shear. 
Different hypotheses have been hypothesized as of late to portray the 
stream conduct of non-Newtonian liquids. (Prawal Sinha and Chandan 
Singh, 1982) Assumptive studies of the fluid using Bingham model 
date back to Milne (Milne, 1954). He examined the very simple one 
dimensional slider and journal bearings, in addition to concluded that 
rigid 'cores' may be attached to be able to one or another surfaces. The 
Bingham plastic type of non-Newtonian fluid stream behavior was 
employed to narrate the lubricants behavior (Christopher and Tichy, 
1992). 

The hydrodynamic bearing is a type of machine segment utilized 
so as to transmit a load between two parts of mechanical approach 
moving in relative action. In this sort of related bearing, lubricating film 
separates the moving bearing surfaces. In many bearing devices, 
lubricants are used which the non-Newtonian actions are reasonably 
model applying Bingham plastic material which generally joins a good 
conduct with shear stress esteems under a basic yield stress, with 
constant viscosity over that yield stress (Stefan, 2020). Vola et al. 
(2003) suggested a method to compute unsteady flow of Bingham 
fluids without regularizing the constitutive law. Mitsoulis and 
Matsoukas (2005) presented some effects with squeeze flow associated 
with the Bingham plastics showing the state of the free surface in semi 

consistent state simulations and its consequences for the yielded and 
un-yielded areas. Gertzos et al. (2008) presented a new full CFD 
method in order to model the Bingham Plastic behavior and also the 
Bingham-Papanastasiou model in the lubricating film. The advantage of 
the technique is that it is furthermore suitable when the thin film 
approximation is not really valid. Kim et al. (2000) demonstrate the 
make use of a bi-viscous materials model implemented in a new CFD 
model to simulate the behavior in the Bingham plastic material in the 
lubricating film. Patel and chhabra, (2015) studied numerically the free 
convection flow from a good isothermal elliptical cylinder within 
Bingham plastic Fluids.  

In modern engineering, many fluids show non -Newtonian 
behavior, therefore many researchers are more interested in those 
industrial non-Newtonian fluids and their dynamics (Banerjee et al., 
2018). In many of the research problems lube is presumed to be 
Newtonian. Considering that the lubricant subject to heavy load, the 
Newtonian fluid properties usually tend not to be found for longer time. 
Therefore, the non-Newtonian qualities have to be offered in various 
lubrication issues. So the effects associated with non-Newtonian 
characteristics involving the lubricant are to be incorporated along with 
the pressure and temperature (Prasad and Subrahmanyam, 2014). Kim 
together with Seireg (2000) developed a new computational method for 
forecasting the dimension of the particular shear zone in thermo 
hydrodynamic lubrication by making use of Bingham model for the 
lubricant which is presumed to behave rheological pressure. Jang and 
Khonsari (2001) provided three dimensional solutions for the slider 
bearing lubes with Bingham grease using full thermo hydrodynamic 
thought. Salehizadeh and Saka  (1991) attempted a problem on thermal 
effects related to pure rolling but not sliding of cylindrical roller 
bearings lubricated by re-eyring non-Newtonian fluids. The temperature 
dispersion over the film was expected so as to be parabolic and 
viscosity to be the function of the mean temperature. Prasad et al. 
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(2012) analyzed thermo hydrodynamic lubrication features involving 
asymmetric rollers lubricated by incompressible power-law fluids 
intended for highly packed rigid line contact system assuming the fluid 
consistency to be changed with pressure and mean film temperature. 
Further, it was concluded that considerable increase was observed in 
mean temperature with flow behavior index and rolling ratio. Sajja and 
Prasad (2015) studied effects of temperature in hydrodynamic 
lubrication of incompressible non-Newtonian power-law fluids 
intended for highly filled rigid system and concluded that a notable 
change was observed in the mean film temperature with flow index and 
rolling ratio. Ravi Datt et al. (2019) presented a critical review of the 
work performed in the area of hydrodynamic and thermal performance 
using twisted tapes. The effect of various twisted tape inserts 
parameters on hydrodynamic and thermal performance are discussed in 
detail. 

In the light of the above literature, the purpose of the present paper 
is related to study of thermal effects in hydrodynamic lubrication of 
asymmetric rollers by an incompressible Bingham plastic fluid for 
highly supplied rigid system under the operational behavior of line 
contact presuming the fluid viscosity to differ with hydrodynamic 
pressure under isothermal boundaries. The rolling ratio is used to 
investigate the rolling and sliding effects of surfaces on the temperature, 
pressure, load and traction. 
 

2. THEORETICAL MODEL 
 

Lubrication system of asymmetric roller bearings for highly freighted 
rigid system by incompressible non-Newtonian Bingham plastic fluid is 
considered in this paper in such a way that both the surfaces are having 
same radius and moving with different velocities. Further it can be 
noted that the velocity of the lower surface is higher than the upper 
surface. The flow configuration is shown in Fig. 1. 
 

 
     Fig. 1 Lubrication of Asymmetric Rollers 

2.1 Formulation of the Problem 

The equations such as continuity and momentum which govern the flow 
of an in-compressible fluid within the content of a typical lubrication 
problem are considered under usual assumptions (Prasad et al., 1987) 
are as follows: 
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where ‘p’ and ‘ ’ are hydrodynamic pressure and shear stress 
respectively. The constitutive relation for Bingham plastic fluid is given 
by (Tokio Sasaki et al., 1962) 

y

u


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  0
                         (2a) 

where    is the viscosity of the fluid taken by 
pe 0                  (3)

 

and the equation for thickness of the film is to be  
R

x
hh
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0          (4) 

2.2 The boundary conditions 
The boundary conditions for this problem at both upper and lowers 
surfaces are taken as  

hyatUu  1
                                                 (5) 

hyatUu  2
                                                              (6) 

 xatp 0 ;
20)(0 xxatxpandp                                   (7) 

where  
21 UandU  are velocities of the rolling cylinders as shown in 

Fig.(1). The expression for the velocity of the fluid can be obtained by 
solving the equation (2) using the boundary conditions mentioned 
above as given below 
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And the volume flux at the point of maximum pressure is  
    1211 hUUxQ                                                         (10) 

Where the film thickness 
11 at  xxh   is regarded to be 2

11 1 xh                          
2.3 Reynolds equation 
Integrating equation (2) using the boundary conditions (eqn. 5-7) gives 
the pressure Reynolds equation which is presented below  
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2.4 Dimensionless scheme 
The following dimensionless scheme for roller bearings is applied 
throughout this paper 
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The velocity expression and pressure Reynolds equation are written in 
dimensionless form using the above mentioned dimensionless scheme. 
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2.5 Heat Equation: 
Let us assume the following heat equation for the line contact 
lubrication problem (Sajja and Prasad, 2015)  
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y
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y

T
k                                                             (14) 

where the shear stress   for Bingham plastic fluid is taken from 
equation (2a).  
The following are the boundary conditions for the above heat equation 

hyatTT U   and hyatTT L                                            (15) 
Where UT

 
and LT

 
are the temperatures of the top and lower surfaces 

respectively. Integration of equation (14) gives the temperature of the 
lubricant as given below: 
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(16) 

Thus, the temperature T is analytically known function of x and y 
explicitly. Now, the temperature mT in average form is given by 


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Now the dimensionless temperature and mean temperatures are 
obtained as follows 
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2.6 Load and Traction: 
The load capacity is one of the important characteristics of loaded 
bearings because it provides an overall estimate of the efficiency of the 
bearings. Hence its calculation is very essential. Integration of the 
pressure across the film thickness gives the x-component of the load 

xW per unit length of the cylinder as 
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x dhpW                          (20) 

The non-dimensional load  
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Similarly, the y-component 
yW  of the load is obtained as 
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Further, the load components W is determined by  
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Now, the traction force 

FT  at the surfaces can be acquired by solving 

the shear stress   for the whole length as 
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Dimensionless tractions are 
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3. RESULTS AND DISCUSSION   
Numerical computations are performed with the following values in this 
problem: 
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3.1 Pressure profile 
The pressure p  distributions are depicted in Fig. 2 and can be 

observed that the lubricant pressure p  increases with rolling ratio U . 

This indicates that hydrodynamic pressure is more for sliding case than 
pure rolling. The trend similar to this behavior was observed in Revathi 
et al. (2019); Prasad et al. (2012); Sajja and Prasad (2015); Prasad and 
Sajja (2016); Prasad and Sajja (2016a).  Further, the points of maximum 
pressure with respect to rolling/ sliding ratio U  are presented in the 
Table 1. This gives the information that point of maximum pressure 
shift towards the central point of contact as rolling/ sliding ratio 
increases.  
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Fig. 2 Pressure profile for different Ū 

 
 

Table 1 Points of maximum pressure 
 

U  1x  

1.0 0.47390268209725 

1.1 0.47390264253725 

1.2 0.47390260293489 

1.3 0.47390256331725 

1.4 0.47390252363725 

1.5 0.47390248403725 

 

3.2 Velocity profile 
The fluid velocity u  profiles are numerically computed at different 
locations and presented in Fig. 3, Fig. 4 and Fig. 5 for the zones before, 
after, and also at the point of maximum pressure. They appear in 
parabolic shapes with the vertices in downward and upward directions 
in the zones before and after the point of maximum pressure. The 
vertices below the y  line show there is a back flow near the inlet as 

presented in Fig. 3. The flow in reverse direction was also presented by 
Dong Zhu and Wen, 1984. As the fluid progresses, the back flow is 
over. The same is also shown roughly in Fig. 1, Prasad et al., (1988), 
Prasad et al., (1991).   

Further, the velocity profile, at the point of maximum 
pressure, seems to be linearly decreasing and can be observed in Fig. 5. 
It is because pressure gradient at that point is zero. This shows that 
pressure is maximum there. 
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            Fig. 5 Velocity profile at point of maximum pressure 
3.3 Temperature Profiles 

The dimensionless temperature T  of the lubricant is 
computed numerically and presented in the form of the following 

graphs (Fig. 6- Fig. 7) for various values of rolling ratio U  and 0 . 

The dimensionless temperature profile for pure rolling case 
 1/ 12  UUU  with 00  (Newtonian case) was presented in Fig. 6. 

The dimensionless temperature profile for sliding case  2.1U  with 

10  (Non-Newtonian case) was presented in Fig. 7. The numerical 

computations for other values of the parameters are also done and not 
given here since they are qualitatively very similar to the figures 
presented in Fig. 6 and Fig. 7. 
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Fig. 7 Temperature T   profile 
 

3.3.1 Mean Temperature profiles 
The dimensionless mean temperature mT  of the lubricant is elaborated 
in Fig. 8 - Fig. 11 at various values of rolling ratio U  and 

0 . The 

dimensionless mean temperature profile for pure rolling case U =1 with 
different values of 

0 is presented in Fig. 8 and can be observed that mT  

coincides with different values of 
0 . The mean temperature mT  is 

presented in Fig. 9 for fixed values of sliding parameter U =1.2 and 
different values of 

0 . One can see from this figure that mean 

temperature decreases with increase of 
0 . Fig. 10 and Fig. 11 show 
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that the mean temperature enhances with U  for fixed value of 0  and 

indicates that the mean temperature for sliding case is higher when 
compared to that of pure rolling (Sajja and Prasad, 2015; Prasad and 
Sajja, 2016; Prasad and Sajja , 2016a). Further, in all the Temperature 
profiles, mT  decreases throughout the inlet region up to the point of 
maximum pressure 1xx  , then it increases up to the origin and 

thereafter decreases up to the cavitation point 
2xx  . However, an 

increase or a decrease in mT  beyond the point 1xx   is hardly 

discernible. The reason for the shape of the curves in the Fig. 8- Fig. 11 
is that, the temperature goes down in inlet region because of heat lost 
due to conduction as flow proceeds. It may also be observed that the 
subjective behaviors of mT  versus x  are very indistinguishable to the 
temperature profile obtained by Prasad et al., 1991; Saini et al., 2007 
for the case of Power-law fluids and symmetric case.    
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Fig. 10 Mean Temperature mT  profile 
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Fig. 11 Mean Temperature mT  profile 

3.4 Viscosity ( ) Profile 
The lubricant viscosity    is calculated numerically and shown in Fig. 

12. One can observe from the figure that the lubricant viscosity profile 
is similar to pressure profile. Since the viscosity considered in this 
problem is a function of hydrodynamic pressure, hence, the viscosity 
profile is similar to pressure profile. The same trend was observed when 
Power-law fluid considered by Sajja and Prasad (2015).    
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3.5 Load and Traction 
Numerically computed values of the dimensionless load 

xW  in 

x-direction are presented graphically in Fig. 13 and it can be seen that 

xW  increases with rolling ratio U . Further, normal load carrying 

capacity 
yW   in dimensionless form in y-direction is presented in Fig. 

14. The trends of load in both the profiles are increasing with rolling 
ratio and have the same characteristics. It is in conformity with the 
previous findings of Salehizadeh and Saka (1991); Prasad et al. (2012); 
Sajja and Prasad (2015); Prasad et al. (1987) for Power-law case for 
both the symmetric and asymmetric cases. 

  

1 1.05 1.1 1.15 1.2 1.25 1.3 1.35 1.4 1.45 1.5
3.6

3.7

3.8

3.9

4

4.1

4.2

4.3

4.4

4.5

4.6
x 10

-3

Rolling ratio, U2/U1

D
im

en
si

on
le

ss
 lo

ad
, 

W
x

Load profile

 
                              Fig. 13: Load 

xW in x-direction 
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Fig. 14: Load 

yW
 
in y-direction 

The traction forces FhT  have been evaluated and presented in the tables 
1 and 2 at both the surfaces for distinct values of 

0 and U .  Here 00   

represents Newtonian case and 00   represents non-Newtonian case. 

The Traction forces increase at both the surfaces with 
0  for fixed value 

of U . Further, the increase of traction forces with U  at lower surface 
can be observed from table 1 this is because that the lower surface 
moving with more velocity than upper surface and gets more traction 
force. This trend was observed for Power-law fluid case by in Prasad et 
al. (2012); Sajja and Prasad (2015); Prasad and Sajja (2016). Both 
bearings experience the same traction force when 1U .  

 

Table 2 Traction values at lower surface 
 

U  when 00   when 5.00   when 10   

1.0 0.00361232 2.79361232 5.58361232 

1.1 0.00407083 2.79407083 5.58407083 

1.2 0.00452935 2.79452935 5.58452935 

1.3 0.00498789 2.79498789 5.58498789 

1.4 0.00544643 2.79544643 5.58544643 

1.5 0.00590499 2.79590499 5.58590499 

 
Table 3: Traction values at upper surface 

 

U  when 00   when 5.00   when 10   

1.0 0.00361232 2.79361232 5.58361232 

1.1 0.00351528 2.79351528 5.58351528 

1.2 0.00341824 2.79341824 5.58341824 

1.3 0.00332121 2.79332121 5.58332121 

1.4 0.00322420 2.79322420 5.58322420 

1.5 0.00312719 2.79312719 5.58312719 

 
4. CONCLUSIONS 
The problem is devoted to study the thermal lubrication of rolling 
/sliding line contact by an incompressible Bingham plastic fluid under 
the assumption of isothermal boundaries. The pressure and the thermal 
energy equation are solved for pressure and the mean temperature 
simultaneously for various values of 

0 and the sliding parameter U . 

The following facts may be observed from the results of the work here: 
(i) Both the velocity and pressure of the lubricant are independent of  

0  

(ii) There is a notable increase in pressure with respect to rolling ratio 
U . 
(iii) Velocity of the lubricant at point of maximum pressure decreases 
linearly. 
(iv) Load in both x and y directions increases with rolling ratio U . 
(v) The traction at the lower surface is higher than that of the upper 
surface because of the more speed of the lower surface. 
(vi) Traction forces increase at both the surfaces with 

0 for fixed U  

(vii) Mean temperature decreases as 
0  increases. 

(viii) Temperature in sliding case is more than the case of pure rolling. 
(ix) A significant enhancement in mean film temperature is observed 
with respect to U .  
 
NOMENCLATURE 
P Hydrodynamic pressure 
R Radius of the equivalent cylinder 
T Lubricant temperature 
T0 Ambient temperature 
TFh Traction force 
u Velocity of the lubricant in x-direction 
v Velocity of the lubricant in y-direction 
x1 Point of maximum pressure 
x2 Cavitation point 
k Thermal conductivity of the lubricant 
h Film thickness 
h0 Minimum film thickness 
 Pressure coefficient 
U1, U2 Velocities of the surfaces 
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