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ABSTRACT

In this paper the effect of the magnetic field and Seebeck parameter was investigated. Modified Ohm's law that includes effects of the temperature
gradient (Seebeck effect k) and charge density, as well as generalized Fourier's law with current density, the problem of conveyance of thermal stresses
and temperature in a generalized Magneto—Thermo-Viscoelastic spherical region. The formulation is applied to the generalized thermo visco elasticity
dependent on the Green-Naghdi (G-N II) hypothesis, where there is an underlying magnetic field corresponding to the plane limit , because of the
utilization of the magnetic field, it results an actuated magnetic and electric fields in the medium. The Laplace change system is utilized to solve the
problem. The State Space investigation is applied to acquire the temperature, displacement, stresses, induced electric field, instigated magnetic field
and current density. Application is utilized to our concern to get the arrangement in the total structure. The considered variables are introduced

graphically and discussions are made.

Keywords: Thermal stress; Generalized Magneto—Thermo-Viscoelastic, Spherical Cavity,; Seebeck coefficient; Green- Naghdi theory, Thermal shock.

1. INTRODUCTION

The traditional uncoupled hypothesis of thermoelasticity predicts two
marvels not good with physical perceptions. In the first place, the
condition of heat conduction of this hypothesis doesn't contain any elastic
terms; second, the heat condition is of a parabolic kind, anticipating
unending paces of spread for heat waves. Biot (1956) presented the
hypothesis of coupled thermoelasticity to conquer the principal
weakness. The overseeing conditions for this hypothesis are coupled,
dispensing with the main oddity of the old style hypothesis. In any case,
the two hypotheses share the second inadequacy since the heat equation
for the coupled hypothesis is likewise parabolic.

Two generalizations to the coupled hypothesis were presented. The
first is because of Lord and Shulman (1976), who acquired a wave-type
heat equation by proposing another law of heat equation to supplant the
old style Fourier's law. Since the heat equation of this hypothesis is of
the wave type, it consequently guarantees limited velocities of spread for
heat and elastic waves. The staying administering equations for this
hypothesis, to be specific, the equations of motion and constitutive
relations, continue as before as those for the coupled and the uncoupled
speculations. The second speculation to the coupled hypothesis of
elasticity is what is known as the hypothesis of thermo elasticity with two
relaxation times or the hypothesis of temperature-rate-dependent thermo
elasticity. Miiller (1976), in a survey of the thermodynamics of thermo
elasticity solids, proposed an entropy creation imbalance, with the
assistance of which he thought about limitations on a class of constitutive
equations. A generalization of this imbalance was proposed by Green and
Laws (1972). Green and Lindsay got an express form of the constitutive
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equations in (1972). These equations were additionally gotten
autonomously by Suhubi (1957) has acquired the fundamental solution
for this hypothesis. This hypothesis contains two constants that go about
as relaxation times and alter all the equation of the coupled hypothesis,
not just the heat equation. The old style Fourier's law of heat equation
isn't disregarded if the medium viable has a focal point of balance.

Later Green and Naghdi (1991), (1992) and (1993) proposed three
hypotheses of generalized thermo elasticity. The primary model (G-N I)
is actually equivalent to Biot's hypothesis (1956). The second and third
models are named as G-N I and G-N III model. In G-N II and G-N III
models, the thermal wave engenders with limited rates which concur with
physical circumstances. A significant component of G-N II hypothesis is
that this hypothesis doesn't suits dissipation of thermal energy though G-
N III hypothesis obliges dissemination of dissipation of thermal energy.
With the quick advancement of polymer science and plastic industry, just
as the wide utilization of materials under high temperature in present day
innovation and use of science and topography in designing, the
hypothetical examination and applications in viscoelastic material has
become a significant errand for strong mechanics.

The hypothesis of thermo-viscoelasticity and the solutions of some
boundary value problems of thermo-viscoelasticity were researched by
Illyushin's and Pobedria (1970). Crafted by Biot (1954) and (1955),
Morland and Lee (1960) and Tanner (1988) mate extraordinary walks in
the most recent decade in discovering answers for limit esteem issues for
linear viscoelasticity materials including temperature varieties for both
semi static and dynamic issues. Drozdov (1996) inferred a constitutive
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model in thermo-viscoelasticity which represents changes in elastic
moduli and relaxation times. Bland (1960) connected the arrangement of
linear viscoelasticity issues to comparing linear elastic solutions.
Remarkable works right now crafted by Gurtin and Sternberg (1962).
Consequence of significant examinations deciding the mechanical
properties of viscoelastic material were included by Koltunov's (1976).

The hypothesis of electro-magneto-thermo-viscoelasticity has
stimulated a lot of enthusiasm for some mechanical applications
especially in atomic gadget. Where there exists an essential magnetic
field. Different examinations have been completed by thinking about the
connection between attractive, magnetic, thermal and strain fields.
Examinations of such issue additionally impact different applications in
biomedical building just as in various geometric investigations. Amin et
al. (2018) studied the effect of viscous fractional parameter on
generalized magneto thermo-viscoelastic thin slim strip exposed to
moving heat source. Ismail et al. (2020) discussed the generalized
magneto- thermoelasticity and heat conduction on an infinite medium
with spherical cavity.

2. BASIC GOVERNING EQUATIONS

We shall consider a homogeneous isotropic thermo-viscoelastic medium
occupying the region R < r < oo of a perfect electrically conductivity
permeated by an initial constant magnetic fieldH,, where R is the radius
of the shell.

Due to the effect of this magnetic field there arises in the conducting
medium an induced magnetic field h and induced electric fieldE. Also,
there arises a force F (the Lorentz Force). Due to the effect of this force,
points of the medium undergo a displacement u, which gives rise to a
temperature.

The linearized equations of electromagnetism for slowly moving media
are:

curlh =] +¢,%, (1)
curlE = —p, ‘: (2)
B = u,H, (3)
divB =0, (4)

The above field equations are supplemented by constitutive
equations which consist first of modified ohm's law:
E =ty 2 X Hy + kograd 6 (5)
The second constitutive equation is the one for the Lorenz force
which is
F =] xB. (6)
The third constitutive equation is the stress — displacement —
temperature relation for viscoelastic medium of Kelvin — Voigt type:

O = 2ke (1 + ali) eij + e (1 + a'o%) ed;; —

F}
Ve (1+703;) 08, (7)
The equation of motion is given by:
8%y, a a
p a;i = (Zue (1 + alE) + 2 (1 + aoa))uj'ij = Ye (1 +
Yoz) O + 1o X Ho) (8)

The generalized heat conduction equation is given by

K6+ K6, = pCpt + voT, (147, 5) é +modiv]  (9)
The strain displacement relation is given by

1

ei]- =E(ui,j +uj_i) (10)

Together with the previous equations, constitute a complete system of
generalized -magneto-thermo-viscoelasticity equations for a medium
with a perfect conductivity.
Let (r,1,¢) denote the radial coordinates, the co- latitude, and the
longitude of a spherical coordinates system, respectively. Due to
spherical symmetry, all the considered function will be functions of r and
t only.
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The components of the displacement vector will be taken the form:
U = u(r, t),uy =up =0 an
The strain tensor components are thus given by

[
err =G Cpn = Cop = 71erp = ey = 0 (12)
6 2u _ 19(r*w
Tor v 12 or (13)

From equation (7) we obtain the components of the stress tensor as
3\ du 3 3
=2 (1t ag) 5+ e (1 aog)e—re (1+705,) 0

(14)
a ]
Opp = Oyy = Zye(1+alat) + A (1+a0§)e—ye(1+yoa)6
(15)
0'r¢, = 0'.,«1/, = 01/1¢ =0 (16)

Assume now that the initial magnetic field acts in the ¢— direction and

has the components(0,0, H,).

The induced magnetic field h will have one component h in the ¢—

direction, while the induced electric field E will have one component E

in the ¥ — direction.

Then, equations (1), (2) and (5) yield
ko 06

J=H, Oar o 01’ a7
= —H (P 4¥) k20

he (5 43) - (8)

E zﬂoHoa'l'ko; (19)

From equations (17) and (6), we get that the Lorentz force has only one
component F, in the r direction:

F = uona—e+ koH,

Also, we arrlved at
2

pat2 (Z,ue(l+0(1 )+2/1 (1+ao )+H0H2) ye(1+

Yosz) 2o+ kolo 3 @1
Equatlon (21) is to be supplemented by the constitutive equation (13) and
the heat conduction equation

KV?0 + K*V20 = pCsbi + 7T, (1+ Voo ) é + modiv] | 22)
where V2 is Laplace's operator in spherical coordinates which is given by

(20)

"ar

v2_16(20>+ 1 ( ) 1 92
“rzar\" o) 7 2siny lmp op) " r2sin a2
In case of dependence on r only, this reduce to
77— 10 ( 0 )
r2or\" or
Now, we shall use the following non dimensional variables:
= Cypr, = Cyqu, €= Cint, v, = CEny,, dp = Cina,, dy = Cinay,
,_O'i]',_g },l_h E— E s ]
=l s E s e Y e
Equations (14) — (19), (21) and (22) take the following form (dropping
the primes for convenience).

de a6
J= P -la- A P N (23)
u u
h=-(G+3)-45 24)
E=2t+42 (25)
__2pe i a_u Ae i Yebo
Orr = Aet2e (1 T 8t) ar + Aet2pe (1 t &% at) e/le+2p.e (1 +
)
Yosr) 6 (26)
Opp = O Zhe (1+ai)u+ 2 (1+a a)e-
‘M’ W T o 1ot Aot2e %ot
A +2u (1 +7 at) o
27
Trp = Ory = Ogyp =0 (28)
9%u 24 Ae@o+2Ueay 0\ 0e  Yebo
atz (1+A+MOH0 pC? Bt) or  pC? (1+A+
2\ 06
Vo) o (29)
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K*C . - CE )\ ..
V6 + X y2g = ne2g + L (149, 2)6. (30)
Where,
n _p_CE C1 — Ae"'zue’A — ko

4 HoHo
Equatlon (23) can be written in the form:

e'= (1+ A+ p HE + 202t 2 ) yze —

e @+A+n )W@

(€2))
3. LAPLACE TRANSFORM DOMAIN

Taking the Laplace transform of equations (23)-(31) by using
homogeneous initial conditions, defined and denoted as

f_(s)fwe_“f(t)dt ,s>0
0

We obtain
- de do

=—+A4A— 32
] ar T ar (32)
= (dm , @ do
““%;+ﬂjA; 33)
= _ d
EF=sutA— (34)

_ _ ar
V20 =L1,0 + L,e 35)
_  _  au _ =
Opr = Q1 ~+ aze —as0, (36)
Opp = Ogg = a, - =+ a,e — a0 (37)
V2e = M0 + M e (38)
Where
L KnCts® YeCi (1 + ¥,5)s?

VT KAA+KnC2s? "2 T K+ A+ KnC?s?
2pte
,a1 = W(1+A+ais) az—m(1+A+aos)
Veeo

=—°°% _(1++4

a3 /19+2,Lle( ++ yoS),
M. = YeOo(1++A4Y,S)Ly
1= ptoHZpC1 +pCZ+Aeao+2peay)s’

Mo = pCEs? +y,0,(1 + +Ay,s)L,
’ 2

UoHZpC2 + pCE + (Ao, + 21eay)s

4. STATE SPACE FORMULATION

Choosing as state variables the temperature of heat conduction §and the
strain components € then equations (35) and (38) can be written in the
matrix form

V2V (r,s) = A(s)V(r,s) (39)
Where
S P

The formal solution of system (39) can be written in the form

P = 4 g (40)
For bounded solution with large 7, we have canceled the exponential
part has positive power. And at 7 = R the value of C is given by

C= RV(R $)eVA®R then equation (40) reduces to

V(r,s) = —V(R s)e VAR >R C3))

We will use the will-known Cayley-Hamiltonian theorem to find the
form of the matrix

exp (/A0 - R))

The characteristic equation of the matrix A(s) can be written as
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k% — (L + M)k + (LM, — L,M;) (42)
4

The roots of this equation namely k; and k, satisfy the relations

kl +k2 =L1+M2 (43)
klkz = L1M2 - Lle (44)

The Tailor's series expansion for the matrix exponential of

exp (—\/A(s) (r— R)) is given by
exp (~A@r - B)) = 5 AL (45)

n!
Using Cayley — Hamiltonian theorem, we can express A% and
higher orders of the matrix A4 in terms of I and A
where [ is the unit matrix of second order.
Thus, the infinite series in equation (42) can be reduced to

exp (—,/A(s) (r— R)) = b,(r,s)I + by (r,5)A (46)
Where b, and b, are some coefficients depending on s and r.

By Cayley- Hamiltonian theorem, the characteristic roots k; and

k, of the matrix A must satisfy equation (42), thus we have

exp (=i (r = R)) = b, + by 47)
exp (= ko (r — R)) = b, + bik, (48)

Solving the above linear system of equations, we get
_ ke VR0-R)_, o~ /kr-R)

b, = (49)
k=K,
—Jk1(r-R) _g—kz2(r-R)
by = ———— (50)
1~ R2
Hence, we have
ewn (~/AD - R)) = Ly (), i.j = 1.2 (51
Where,
Ly, = PPl B k) (52)
ky—k;y
JE1(r-R) _ —Jkz(r-R)
le — Lye™ Lie 2 (53)
ki—k,
—Jk1(r=R)_ -Jk1(r-R)
L21 M,e M,e (54)
ky—ks
k1 =R (p1, — —Jk2(r=R) (. —
Lzz _¢e 1 (M, k;)"’i 2 (k1 —M,) (55)
1~ 2

5. APPLICATIONS

In order to evaluate the unknown parametersd,(r,s)ande,(r,s), we
shall use the boundary conditions on the internal surface of the shell, r =
R which are given by:

(I) Thermal boundary condition at r = R

O(R,t) =6,
Taking the Laplace transform, this is defined as following:
B, (r,s) =22 (56)

(IT) Mechanical boundary condition
The internal surface r = R has a rigid foundation, which is rigid
enough to prevent any strain

e(Rt)=0
Taking the Laplace transform, this is defined as following:
é(R,s)=¢,=0 67

Using the conditions (49) and (50) into equation (34) and using equations
(44)-(48), we get
RO

0(r,s) = m [(ky = Lp)e VTR 1 (ky — Ly)e =R
(5%)

7) = %[U% L)e 0P 4 (kg — Ly)eVielr=R)]
(59)
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To find the displacement, taking Laplace transform for equation (23) and
using equations (51) and (52), we get

_ RO,

u(r, S) = m(((l + TJ?])(BS(Ll - kz)) -

ByM, ) e VR 1 (14 7/ky) (ByMy + By (s =

1)) ee0R) (60)

To find the stresses, from equations (36), (37) and (58)- (60) we get

RO, —Jk1(r=R) 2
e e L (1\/11(31 + B3)r? + 2B, B,M; (1 +

rylr) = (Ly = k) (Bsr? + 2B,Bs (1 + r\/k_l))) +eVR0-R1 (1)

Opr =

where,

1 Aea, +2u.aq
By=g+t— =7 —
s pCi's

_ Yebo (1 + v,5)
BS == —2 2
pCis

6. NUMERICAL INVERSION OF LAPLACE
TRANSFORMS

In order to invert the Laplace transforms in the above equations we shall
use a numerical technique based on Fourier expansions of functions. Let
g(s) be the Laplace transform of a given functiong(t). The inversion

formula of Laplace transforms states that
1 d+ico

git) = ol P estg(s)ds

Where d is an arbitrary positive constant greater than all the real parts of
the singularities ofg(s). Takings = d + iy, we get

edt o
g = o e™ g(d + iy)dy

—00

This integral can be approximated by
dt )

_¢ iktAy = .
9 =~ et g(d + ikAy)Ay
Taking Ay = tiwe obtain:
1
et 1 o
9O ==—| 35(@ + Re| ) e/t g(d + ikn/t,)
1 k=1

For numerical purposes this is approximated by the function
a1 _ i _ .
gn(® = (25(@) + Re (Sioy 7/ g(d + ik /1))

t
1
(63)
Where N is a sufficiently large integer chosen such that

edt .
t—Re (e”"”t/tlg_(d + iNn/tl)) <7
1

Where 7 is a reselected small positive number that corresponds to the
degree of accuracy to be achieved Formula (49) is the numerical
inversion formula valid for0 < t < t;. In particular, we chooset = t;,
getting

dt

gn(t) =—

N
1
| z9@ + ke Z(—mk §(d + ikm/t;)
k=1
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7. NUMERICAL RESULTS AND DISCUSSIONS

The copper material was chosen for purposes of numerical evaluations
and constants of the problem were taken as following

K =386N/Ks ,a, = 17.8(10)" 5 K~1,Cg = 383.1m?/K

,T, = 293K ,p = 8954 kg /m?

,a, = 6.8831(10)"13 @, = 6.8831(10)"3,R =1,6, = 1
In order to study the effect of time t and study the comparison between
two models on temperature, radial stress, shear stress, displacement and
strain, we now present our results in the form of graphs (Figs. 1-8).

Fig. 1 is plotted to show the variation of temperature 8 against r for
wide range of r (1 < r < 3) at small time (¢t = 0.07) for two theories
(G-N III) and (G-N 1II) It is observed from this figure the magnitude of
the temperature is greater for (G-N III) model than (G-N II). It can be
noted that the speed of propagation of temperature is finite and coincide
with the physical behavior of viscoelastic material. Also, we can see from
this figure that the boundary condition (56) is satisfied.

0.2 . . ‘
—— G-N1II
---GN-II
0.15 1
g
g 041 .
g
=
0.05 :
0 ‘ . . ‘
2 3 4 5 6

Fig. 1 Variation of Temperature 0 with distance r
for two theories

0.2 . ;
—_ A=0.5
- - - A=0.0
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Fig. 2 Variation of Temperature 0 with distance r
for the coefficient of Ohm and Fourier laws
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Fig. 3 Variation of Radial Stress 0,,- with distance r for two theories
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Fig. 4 Variation of Radial Stress o,,- with distance r
for the coefficient of Ohm and Fourier laws
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Fig. 7 Variation of Displacement u with distance r
for two theories
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Fig. 8 Variation of Displacement u with distance r
for different value of time t

Fig. 2 shows variation of temperature 6 for the coefficient of Ohm
and Fourier laws. It is noticed that the modified Fourier and Ohm laws
influence is significant, the temperature in the modified model records
value higher than these in the old model. Fig. 3 is plotted to show the
variation of the radial stress o, against r for wide range of
r (1 <r <10), at small time(t = 0.07), for two theories (G-N III) and
(G-N1I). It is observed from this figure the magnitude of the radial stress
is greater for (G-N III) model than (G-N II). It can be noted that the speed
of propagation of stress is finite and coincide with the physical behavior
of viscoelastic material. Fig.4. shows variation of radial stress for the
coefficient of Ohm and Fourier laws. It is noticed that the modified
Fourier and Ohm model effects on the radial stress by increasing their
values.

Fig. 5 is plotted to show the variation of strain e against r for wide
range of(1 < r < 3), at small time(t = 0.07), for two theories (G-N III)
and (G-N II). It is observed from this figure the magnitude of the strain
is greater for (G-N III) model than (G-N II). It can be noted that the speed
of propagation of strain is finite and coincide with the physical behavior
of viscoelastic material. Also, we can see from this figure that the
boundary condition (57) is satisfied. Fig. 6 shows variation of strain e for
the coefficient of Ohm and Fourier laws. It is noticed that the modified
Fourier and Ohm laws influence is significant, the strain in the modified
model records value higher than these in the old model.

Fig. 7 is plotted to show the variation of displacement u against r for
wide range of(1 < r < 3), at small time(t = 0.07), for two theories (G-
N III) and (G-N II). It is observed from this figure the magnitude of the
displacement is greater for (G-N III) model than (G-N II). It can be noted
that the speed of propagation of displacement is finite and coincide with
the physical behavior of viscoelastic material. Fig. 8 shows the variation
of displacement u against r for wide range ofr (1 < r < 3), for different
values of time(t = 0.0,t = 0.5,t = 0.1). And we have noticed that, the
time t has significant effects on displacementu. The increasing of the
value of tcauses increasing of the value of displacementu, and
displacement u vanishes more rapidly.

8. CONCLUSIONS

From the above discussion, one can reason that the new model of
generalized magneto-thermo-viscoelasticity predicts new qualities for
the temperature, displacement, stresses and strain. The impact of the
temperature gradient at adequately low temperature may cause new sorts
of magneto-thermo-viscoelastic wave with explicit stability properties.
The expansion in the estimations of temperature might be clarified as the
lost heat producing from the development of electric flow; this heat might
be the fundamental motivation behind why the deformation of the
medium will in general be ordinary and the magnetic field records
esteems more prominent than the qualities in the old model. As indicated
by this work, numerous specialists in the field of generalized thermo
elasticity have applied Green-Naghdi hypothesis (III-II) for thermo
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elastic problem and not many of them can effectively applied for
magneto thermo Viscoelastic issue. Right now conclude that the
greatness of the every single physical amount is more noteworthy for (G-
N III) model than (G-N II). It very well may be noticed that the speed of
spread of every single physical amount is limited and match with the
physical conduct of Viscoelastic material.
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NOMENCLATURE

Cg Specific heat at constant strain
e Cubical dilatation

E Electric displacement vector

e;j Components of strain tensor

F; Components of Lorentz body force

h Induced magnetic field vector

H Total magnetic intensity vector

H, Initial uniform magnetic field

J Current density vector

K Thermal conductivity

qi Components of heat flux vector

R Radius of the shell

t Time

T, Reference temperature

u; Components of displacement vector

Greek Letters

Qy, A Viscoelastic relaxation time

a; Coefficient of linear thermal expansion

Ve = (3% + 2u)a;

Yo (Beato + 2pear)ac/Ye

dij Kronicker delta

Ae Ue Lame elastic constants

o Magnetic permittivity

0 Temperature increment

p Density

0ij Components of stress tensor
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