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ABSTRACT 

The classical heat transfer theory is established on the empirical models of Fourier’s heat conduction law and Newton’s cooling law. Although the 
classical theory has been successfully used in a wide range of industrial engineering applications, it lacks deep understanding of the physical 
mechanisms for energy transport and analytical methodology based on solid mathematical and mechanical principles. The rapid development of modern 
science and technology challenges the traditional heat transfer theory in two aspects: (1) Fourier’s law of heat conduction is no longer valid under the 
ultra-fast laser heating or nanoscale conditions; (2) The optimization principle minimizing entropy generation is not suitable for heat transfer problems 
without heat to work conversion. In order to solve the first challenge, we re-examined the nature of heat and introduced new physical quantities, such 
as thermomass, thermomass velocity, thermomass energy. Then the heat transfer problems can be analyzed in the framework of vectorial fluid 
mechanics, and the thermomass momentum conservation equation has been established and known as a general law of heat transfer. For the second 
challenge, we introduced new physical quantities, entransy and entransy dissipation, by analogy between the heat conduction process and the electric 
conduction process. Unlike entropy as the core physical quantity in thermodynamics dealing with energy conversion, entransy is the quantity to 
represent the ability of heat transfer in an incompressible system. The entransy dissipation represents the irreversibility of heat transfer process. On this 
basis, the least action principle to minimize entransy dissipation can be used to optimize the heat transfer process and enhance energy efficiency. 
Because the physical essence of entransy is the thermomass potential energy, the entransy-based variational method is actually the energy method in 
heat transfer. All the new physical quantities, principles and methods form a new and independent knowledge system in heat transfer, which may be 
named “Physical heat transfer”. 

Keywords: Thermomass, general heat conduction law, entransy, energy efficiency. 

 

1. INTRODUCTION 

The classical heat transfer theory describes the rule of diffusive transport 
of thermal energy and sets the foundation for a wide range of industrial 
applications related to power engineering, thermal management, energy 
harvesting and conservation, etc (Lienhard, 2019). However, when we 
re-consider the theoretical foundation of classical heat transfer, it is 
known that except for the heat radiation theory, most principles and 
models in heat transfer are built on the empirical formulas like Fourier’s 
heat conduction law and Newton’s cooling law (Lienhard, 2019). The 
strict physical and mathematical analysis methods are lacking in the 
classical principles of heat transfer. This problem originates from the 
unique feature of heat transfer phenomena, as Fourier’s statement in 1822 
of that the effects of heat make up a special order of phenomena, which 
cannot be explained by the principles of motion and equilibrium … … 
connected with dynamical theories (Kroes and Bakker, 2013). In 1980s 
some monographs were published in the field of thermal science, such as 
“Thermofluid mechanics”, “Thermofluid dynamics”, “Dynamics of heat” 
(Look Jr. et al., 1988; Reynolds, 1972; Fuchs, 2010), etc. They do have 
the terms “mechanics” or “dynamics” in the title, however, they are not 
using real mechanical or dynamical principles of heat in the analysis. 
Thermofluid mechanics or thermofluid dynamics is a theory that simply 
combines the disciplines of thermodynamics and fluid mechanics, each 
of them has principles on its own. This theory has been used in 
formulating and solving problems in reacting flows, plasma dynamics, 
compressible gas dynamics, etc., where the solution of fluid is coupled 
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with complex heat and mass transfer problems. “Dynamics of heat” is 
developed in continuum thermodynamics to combine the classical theory 
of thermodynamics and the theory of heat transfer into one piece (Fuchs, 
2010), but apparently, it doesn’t bring up any new principles. In 
conclusion, the existed theories of thermofluid mechanics and dynamics 
of heat still follow the traditional analysis methods and the basic laws of 
thermodynamics and heat transfer. They are not built on real mechanical 
or dynamical principles of heat. 

The rapid development of modern science and technology poses two 
challenges to the traditional theory of heat transfer, such as: (1) the 
classical Fourier’s heat conduction law is no longer valid under the ultra-
fast laser heating and nanoscale conditions (Wang et al., 2012; Bishri, 
1999; Herwig and Beckert, 2000; Zhou et al., 2008; Mohajer et al., 2016; 
Guo and Xu, 1992; Shiomi and Maruyama, 2006; Zhang et al., 2006); (2) 
thermodynamic optimization method based on minimum entropy 
generation principle is not suitable for heat transfer problems without 
heat to work conversion (Bertola and Cafaro, 2008; Kjelstrup et al., 2000; 
Prigogine, 1967; Bejan, 1977; Bejan, 1979; Bejan, 1982; Bejan, 1996; 
Bejan, 1996; Bejan, 2002; Hesselgreaves, 2000; Pandey and Nema, 2011; 
Sekulic, 1986). In order to solve the first challenge, unlike the existing 
approaches to meet the first challenge, they all revise the existing 
Fourier's law of heat conduction (Tzou, 1996; Rukolaine, 2014; Chen et 
al., 2006; Cattaneo, 1948; Vernotte, 1958). We take a re-examination of 
the nature of heat as a starting point, and then introduce new physical 
quantities such as thermomass, thermomass velocity and thermomass 
energy, so that the heat transfer process can be described by means of 
hydrodynamics and a general law of heat conduction has been 
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established (Wang, 2014; Wang et al., 2010; Cao and Guo, 2007; Guo 
and Hou, 2010; Dong and Guo, 2011; Dong et al., 2017; Dong et al., 
2012; Gupta and Mukhopadhyay, 2019; Freitas et al., 2016; Wang et al., 
2014; Jou et al., 2011; Cimmelli et al., 2016; Dong, 2016). For the second 
challenge, the fundamental reason why the principle of minimum entropy 
generation is not applicable to the optimization of heat transfer without 
energy conversion is that entropy is the core physical quantity in 
thermodynamics, whose research object is the conversion law between 
heat and other forms of energy, rather than in heat transfer, whose 
research object is the transfer law of heat. Therefore, it is necessary to 
introduce some new physical quantities to describe the heat transfer 
process and its irreversibility. New physical quantities, such as entransy, 
entransy dissipation and entransy dissipation-based thermal resistance 
are introduced by analogy between the heat conduction process and the 
electric conduction process. On this basis, the principle of least action in 
heat transfer and the principle of minimum entransy dissipation-based 
thermal resistance for the optimization of heat transfer process are 
proposed (Chen et al., 2013; Cheng et al., 2012; Wang et al., 2017; Guo 
et al., 2003; Meng et al., 2005; Chen et al., 2008; Chen et al., 2011; Chen 
and Guo, 2010; Chen et al., 2009; Li and Chen, 2012; Song and Guo, 
2011; Chen et al., 2007; Chen and Ren, 2008, Yuan and Chen, 2011; Jia 
et al., 2012; Cheng and Liang, 2011; Cheng et al., 2011; Liu et al., 2009). 
Finally, an energy method (similar to that in analytical mechanics) in heat 
transfer is established for energy efficiency optimization of thermal 
systems (Cheng and Liang, 2011; Xia et al., 2017). Since the new 
physical quantity, entransy, in fact is the simplification of thermomass 
potential energy, so the entransy dissipation is essentially the dissipation 
of thermomass potential energy in the process of heat transfer (Guo, 
2018). 

Based on the existing heat transfer theory, a series of new physical 
quantities are introduced, some new principles and laws are put forward 
by means of physical and mechanical principles, and new analytical 
methods are established, thus forming a new and independent knowledge 
system. Since the emphasis of the discussion is on the analysis of heat 
transfer law and its physical mechanism, rather than on their detailed 
mathematical processing, this knowledge system may be named as 
“physical heat transfer”. 

2. NEW PHYSICAL QUANTITIES IN HEAT 
TRANSFER 

2.1 Thermomass 

Einstein’s theory of special relativity is well known for giving the 
formula between mass and energy as (Einstein, 1988): 

,   if  (1) 

where E, M and c are the total energy, relativistic mass and speed of light, 
respectively. M0 and u are the rest mass and velocity of the object, 
respectively. The total energy of an object equals to the sum of its energy 
of rest mass, M0c2, and its kinetic energy, 1/2M0u2, when the velocity is 
much smaller than the speed of light. Considering an object of rest mass 
M0 at a certain temperature, the thermal energy of the object due to 
thermal vibration of all the atoms is ED0. If the velocity of object is zero, 
its kinetic energy is zero too, but the thermal energy cannot be neglected. 
Hence, the mass of a hot object is always larger than the mass when it is 
cold. The increased mass due to thermal vibration can be expressed as: 

 (2) 

where the relativistic mass Mh is named as “thermomass”, i.e. the 
equivalent mass of thermal vibration of atoms (or phonon gas), proposed 
by Guo et al (Jia et al., 2012; Guo, 2018; Dong et al., 2011; Dong, 2015). 
It is clear that the total mass of an object equals to the sum of its rest mass 
and thermomass, and the absolute value of thermomass is usually very 
small comparing with the rest mass. However, as it will be discussed later, 
the inertia effect caused by the thermomass cannot be neglected under 

the extreme conditions of heat conduction, such as ultra-high heat flux 
and ultra-fast laser heating. Also, the concept of thermomass is the core 
of physical heat transfer theory, based on which, a series of new heat 
transfer quantities and some new laws or principles can be established. It 
is worth noting that the concept of thermomass is different from the 
concept of “caloric” in the 18th century (Mares et al., 2008; Fox, 1971). 
The caloric theory was an obsolete theory that heat consists of an 
imaginary, massless caloric fluid that flows from hotter bodies to colder 
bodies, while the thermomass of an object is the equivalent mass of its 
thermal energy based on Einstein’s theory of relativity. 

2.2 Pressure, velocity of thermomass gas and thermomass 
energy 

A normal gas consists of a large number of randomly moving molecules. 
Following the same definition of thermomass, a particle that only has 
moving mass, that is, the relativistic mass of each molecule can be 
defined as “Thermon”, while its rest mass equals zero (Wang and Guo, 
2010). It is natural to think of a thermomass gas consisting of a large 
number of thermons. The following microscale picture of heat transfer 
can be understood as the directional flow of thermomass gas from high 
temperature to low temperature. 

 
Fig. 1 Illustration of moving thermons at uniform temperature (a) or 

under temperature gradient (b). 
 

Figure 1 shows the illustration of moving thermons in solid. Fig. 1(a) 
is the case of uniform temperature, the thermons attached to the 
molecules are randomly moving and the net flow is zero. Fig. 1(b) is the 
case under temperature gradient, the thermons are driven to flow from 
high temperature to low temperature and form a heat flow. The pressure 
gradient of thermomass gas is the driving force of thermons. In dielectric 
solids, the thermomass gas is actually phonon gas, since phonons are the 
energy carriers with relativistic masses. The state equation of phonon gas 
can be derived from the Debye state equation of solids, written as: 

 (3) 

where P is the pressure, V is the volume,  is the Grüneisen constant. The 
first term states the interactions between atoms in solids, and the second 
term states the contribution of lattice vibration at non-zero temperature. 
The pressure of phonon gas due to thermal vibration is the pressure of 
thermomass gas, defined as Ph written as: 

 (4) 

where ρh = ρCT/c2 is the density of thermomass gas, C, ρ and T are the 
capacity, density and temperature of solid, respectively. Equation (4) is 
the state equation of the thermomass gas. It is seen that the pressure of 
thermomass gas is proportional to the square of temperature, different 
from the ideal gas, in which the pressure is proportional to temperature 
at constant volume. The pressure of thermomass gas in solid is usually 
very small. For example, Ph is only 5×10-3 Pa in silicon at room 
temperature. Even though, the pressure gradient of Ph is the driving force 
of thermomass gas, i.e. the driving force of heat flow in solid. The first-
order derivative of Ph in space is proportional to the temperature gradient, 
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which is consistent with the well-known fact that the temperature 
gradient is the driving force of heat flow. 
In the existing heat transfer theory, there is only physical quantity of heat 
flow or heat flux density, but no physical quantity of heat transfer 
velocity. Based on the concept of thermomass, the quantitative 
relationship between heat transfer velocity and heat flux can be extracted: 

,   (5) 

where uh is the heat transfer velocity, that is, the drift velocity of 
thermomass gas. The mass flow rate of thermomass gas can be calculated 
as ṁh = ρhuh = q/c2. In dielectrics, the velocity of thermomass gas is the 
macroscopic velocity of phonon gas. Therefore, the kinetic and potential 
energy of per unit thermomass is 0.5ρhuh

2 and 0.5ρhCT respectively (Cao 
and Guo, 2007). Here, we would like to note that the thermomass 
potential energy is a new form of energy, that is, the relativistic energy. 

2.3 Entransy and entransy dissipation 

The analogies among electrical conduction, fluid flow, and heat 
conduction listed in Table 1 were used to introduce a new physical 
quantity, where the temperature, as the thermal potential, corresponds to 
the electrical potential or the gravitation potential, the thermal energy 
stored in an incompressible object corresponds to the electrical charge 
stored in a capacitor or the mass of a fluid in a vessel, and Fourier’s law 
corresponds to Ohm’s law or Darcy’s law. However, there is no quantity 
in heat transfer theory corresponding to the electrical potential energy of 
a capacitor or the gravitation potential energy of a fluid in a vessel. Hence, 
Guo et al. (Chen et al., 2013; Xu, 2011) defined the missing quantity, G, 
with the differential form: 

dG UdT MCT T Vd CdT   (6) 
and its integral form: 

2/ 2 / 2G UT MCT  (7) 
where C is the constant volume specific heat capacity, T is the 
temperature, M is the mass, U is the internal energy of an incompressible 
object and G is a state quantity called entransy, which represents the heat 
transfer ability of an object. Dividing the entransy by the volume gives 
the entransy density: 

2 / 2/g G V CT  (8) 

where ρ is the density and V is the object volume. 
 
Table 1 Analogies among heat conduction, fluid flow and electrical 
conduction (Guo et al., 2007) 

 Non-
dissipative 

quantity 
Potential 

Dissipative 
quantity 

Transport law 

Electro-
nics 

Electric 
charge 

Electric 
potential 

Electric 
potential 
energy 

Ohm’s law 

Qe V Ee = QV/2  

Fluid 
mechan-
ics 

Mass 
Gravitation
al potential 

Gravitation
al potential 

energy 
Darcy’s law 

M Hg 
Em = 

MHg/2 
 

Heat 
transfer 

Heat 
Thermal 
potential 

Thermal 
potential 
energy 

Fourier’s law 

Qh T 
Eh = 

C(MCT2)/2
c2 

 

 

Comparing Eh with G in Eq. (7) shows that these two quantities are 
the same except for a constant C/c2. It is saying that the entransy is 
actually a simplified expression of thermomass potential energy. 
Therefore, the theory of entransy can be unified with the theory of 
thermomass. 
If one multiplies both sides of energy conservation equation without 
internal heat source by temperature, the entransy balance equation can be 
obtained as (Chen et al., 2013; Guo et al., 2007): 

 (9) 

The left side of equal sign is the time variation of entransy density, g = 
ρCT2/2, two terms on the right side of equal sign are the entransy flux 
and local entransy dissipation rate, respectively. Assuming that two 
bodies A and B with different initial temperatures TA and TB are in contact 
with each other and then reach a same temperature. Before contact, the 
entransy of system is MACATA

2/2 + MBCBTB
2/2, after contact, the total 

entransy changes to (MACA+MBCB)/TAB
2/2, where TAB = (MACATA 

+MBCBTB)/(MACA+MBCB). After a simple calculation, it is known that the 
entransy of system is reduced after reaching the equilibrium temperature 
TAB due to the entransy dissipation caused by the heat conduction 
between A and B (Chen et al., 2013). Cheng has proved that the total 
entransy always decreases for an isolated system without internal heat 
generation (Cheng et al., 2011). All these indicate that the entransy 
dissipation is a measure of irreversibility of heat transfer without energy 
conversion. In view of the fact that the entransy is a simplified expression 
of thermomass potential energy, the entransy dissipation is actually the 
thermomass energy dissipation during heat transfer. 
Entropy and entransy are two important parameters in thermal science. 
Thus, the differences between entransy theory and entropy theory for 
heat transfer analysis and optimization are related to the definition and 
physical meaning of the state quantity, heat transfer purpose, the 
optimization objective, the optimization principle and the optimization 
criterion, as listed in Table 2. 
 
Table 2 Entropy theory and entransy theory (Chen et al., 2011; Chen et 
al., 2009) 

 Entropy theory Entransy theory 

Research objective 
Conversion of heat to 

work 
Object heating or 

cooling 
Definition of state 
quantity and its 

physical meaning 

Entropy: S = S (T, V) 
Conversion ability of 

heat to work 

Entransy: G = G (T) 
Transfer ability of 

heat 

Irreversibility of 
thermal process 

Entropy generation 
rate: 

 

Entransy dissipation 
rate: 

 

Optimization 
objective 

Maximum conversion 
efficiency of heat to 

work 

Maximum heat 
transfer efficiency 

Optimization 
principle 

Minimum entropy 
generation 

Minimum entransy 
dissipation-based 
thermal resistance 

Optimization 
criterion 

None 

Uniformity of 
temperature gradient 
for heat conduction; 
field synergy degree 
for heat convection 

 
It is seen that entropy and entransy are both state quantities and they 

represent a certain irreversibility of the process. Entropy is the parameter 
to show the ability of heat to work conversion, while entransy is the 
parameter to show the ability of heat transfer. Entropy generation rate 
can be used to optimize the thermodynamics process, while entransy 
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dissipation rate can be used to optimize the heat transfer process. The 
difference between entransy dissipation rate and entransy dissipation 
function is the minimum action (Lagrange’s function) of the heat transfer 
process. The entransy dissipation is the measure of heat transfer 
irreversibility without heat to work conversion. Both entropy and 
entransy can be applied in thermal optimization, but they do have some 
differences in the real applications. The minimum entropy generation 
principle has been used in the optimization of heat exchangers, but the 
optimum result is not always corresponding to the minimum entropy 
generation. On the other hand, the minimum entransy dissipation 
principle does not have such problem. The optimum structure of heat 
exchanger is corresponding to the minimum entransy dissipation. 

3. NEW LAWS AND NEW PRINCIPLES IN HEAT 
TRANSFER 

3.1 General heat conduction law 

Considering the heat conduction in solid without internal heat source, the 
continuity and momentum equations of thermomass gas are given as: 

 (10) 

 (11) 

The governing Eqs. (10) and (11) of thermomass gas are written 
according to the principles of fluid mechanics, and Eq. (10) is actually 
the thermal energy conservation equation. Three terms on the left side of 
Eq. (11) are the inertia force, driving force and resistance of thermomass 
gas. To be more specific, in 1D heat conduction problem, the steady state 
form of conservation equation of momentum, Eq. (11), can be written as: 

 (12) 

Hence, heat has dual nature of energy and mass, that is, when heat is 
converted to other forms of energy, it acts as energy, and when heat is 
transferred, it acts as mass. 

Heat conduction is actually the flow of thermomass gas in a porous 
medium, where the solid lattice forms the skeleton of porous medium. 
By using Darcy’s law describing the linear relationship between flow 
velocity and resistance in porous medium (Cao and Guo, 2007), the 
resistance of thermomass can be given as fh = βhuh, where βh = 2γc2ρh

2C/λ 

is the linear coefficient. A complete expression of 1D general heat 
conduction law is: 

 (13) 

where λ is the thermal conductivity and τh = λ/(2γρC2T) is the relaxation 
time of thermomass gas. If the spatial inertia term is neglected, Eq. (13) 
returns to the Cattaneo-Vernotte (C-V) model describing the 
propagation of thermal wave (Maillet, 2019): 

0h

q T
q

t x
  

  
 

 (14) 

If the temporal inertia term is neglected, Eq. (13) is written as: 

 (15) 

Equation (15) is the 1D general heat conduction law in steady states, 
where the term in brackets is the spatial inertia term of themomass. It 
demonstrates theoretically that non-Fourier heat conduction exists in 
steady states, as well as the thermal wave phenomena in transient states. 
The non-Fourier heat conduction originates from the non-negligible 
spatial inertia force, which plays an important role under the high heat 
flux or nanoscale conditions (Wang, 2014). 

If the terms of inertia force in Eq. (13) is neglected, the momentum 
equation of thermomass gas is simplified as: 

 (16) 

Eq. (16) is the classical Fourier’s law, which demonstrates that Fourier’s 
law is the special case of the general heat conduction law when ignoring 
the inertia force. The physical explanation of Fourier’s law based on 
thermomass theory is the balance equation between the driving force and 
resistant force. 

Although the fluid mechanics has been well applied to describe the 
motion of thermomass gas, there are still several notable differences 
between thermomass gas and normal gas: (1) Thermomass is a fluid with 
relativistic mass, differing from the normal gas. This is the most essential 
difference between these two kinds of fluids. Thermomass has zero static 
mass, but the static mass of real fluid is not zero. (2) There have to be 
two independent parameters in the state equation of normal gas, e.g. 
temperature and pressure. However, for the thermomass gas, temperature 
is the only independent parameter in the state equation. Once the 
temperature of system is fixed, the internal energy MCT and the 
thermomass MCT/c2 are fixed as well. Also the quantity of thermomass 
is significantly smaller than that of real fluid. So the influence caused by 
thermomass is rather small under the normal conditions where the speed 
is much smaller than the light speed and the level of energy density is not 
very high. The inertia effect of thrmomass can be only detected when the 
heat flux is higher than 1010 W/m2 as shown in the next experimental 
section. The unique characteristics of thermomass gas result in its 
distinctive dynamic behaviors. 

3.2 Experimental evidence for the spatial inertia of 
thermomass 

Equation (15) indicates that the non-Fourier heat conduction induced by 
spatial inertia of thermomass occurs under the high heat flux and low 
temperature conditions. It is quite difficult to reach an ultra-high heat flux 
level in bulk materials, but the heat flux in nanowire or film can be very 
high due to its ultra-small cross sectional area. Wang et al. 
experimentally studied the non-Fourier heat conduction in gold 
nanofilms with a heat flux over 1010 Wm-2 at an ambient temperature 
down to 3K (Wang et al., 2012). The gold nanofilm is about 10μm long, 
300nm wide and 76nm thick, made by standard electron beam 
lithography and physical vapor deposition method. The temperature 
dependent electrical and thermal conductivities of nanofilm have been 
measured by using a self-heating method and used as known parameters 
in thermal analysis afterwards. In the experiment, the gold nanofilm was 
used as Joule heater and precise resistance thermometer at the same time. 
The curve of average temperature vs. heating power is shown in Fig. 2. 
 

 
Fig. 2 Temperature vs. heating power of gold nanofilm: (a) the ambient 
temperature is 3K; (b) the ambient temperature is 30K. Reprinted with 
permissions from Springer Publishing Group (Wang et al., 2012). 
 

Figure 2 (a) and (b) show the measured temperatures of gold 
nanofilm at different ambient temperatures, where the circles with solid 
line are the experimental data and the squares with dashed line are the 
calculated result from Fourier’s law. It is seen that the experimental data 
agrees with the prediction of Fourier’s law at low heating power, while a 
significant deviation occurs at high heating power (the maximum heat 
flux reaches 1.83×1010 Wm-2). Such deviation from Fourier’s law is 
caused by the spatial inertia of thermomass. The temperature difference 
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caused by non-Fourier heat conduction increases as the ambient 
temperature decreases, just like the general heat conduction law 
predicted. 

3.3 Applications of the general heat conduction law 

As mentioned above, the general heat conduction law can be used to 
study the non-Fourier heat conduction when the thermal inertia effect 
cannot be neglected. It has been successfully applied in studying the 
intrinsic thermal conductivity of nanostructure, thermal rectification, 
thermal wave propagation, etc. Some important applications are 
discussed here. 

3.3.1 Intrinsic thermal conductivity of carbon nanotube 

Equation (15) can be re-written as: 

 (17) 

where λapp is calculated as the ratio between heat flux and temperature 
gradient. This is the apparent thermal conductivity including influences 
caused by spatial inertia of thermomass. In Eq. (17), λ on the left side of 
equal sign is the intrinsic thermal conductivity, which is independent of 
heat flux. If the data from experiment or simulation were analyzed by 
using Fourier’s law, one can only get the apparent thermal conductivity, 
which is a function of heat flux. 

Cao et al. calculated the difference between apparent and intrinsic 
thermal conductivities of single carbon nanotube (CNT) based on the 
theory of thermomass (Cao and Guo, 2007). Considering a constant 
temperature difference of 20K at two boundaries of CNT with an intrinsic 
thermal conductivity of 5000 Wm-1K-1. The heat flux along the CNT 
decreases as the length of CNT increases. Because of the extremely small 
cross sectional area of CNT, the heat flux of CNT exceeds 109 Wm-2 and 
the inertia effect of thermomass cannot be neglected. Eq. (17) predicts 
that the apparent thermal conductivity of CNT increases as heat flux 
decreases, or saying as the length of CNT increases, as shown in Fig. 3 
(a). 
 

   
Fig. 3 Apparent and intrinsic thermal conductivities of CNT: (a) thermal 
conductivity changing with length, λ and λD are the intrinsic and apparent 
thermal conductivities; (b) thermal conductivity changing with 
temperature. Reprinted with permissions from AIP and ASME 
Publishing Group (Cao and Guo, 2007; Wang et al., 2010). 
 

Figure 3 shows the difference between the apparent and intrinsic 
thermal conductivities of CNT, where Fig. 3 (a) is the result changing 
with length and Fig. 3 (b) is the result changing with temperature. The 
data of Fig. 3 (b) were calculated from the experimental results reported 
in Ref. (Pop et al., 2006). It is seen that the apparent thermal conductivity 
is always smaller than the intrinsic thermal conductivity. In Fig. 3 (a), the 
heat flux of CNT decreases as length increases at fixed boundary 
temperatures. In Fig. 3 (b), the thermal conductivity of CNT was 
measured by using a self-heating method and the high temperature of 
CNT corresponds to the high electrical heating power, i.e. high heat flux. 
Both theoretical and experimental data in Fig. 3 demonstrates that the 
apparent thermal conductivity of CNT approaches the intrinsic value 
with decreasing heat flux at longer length or at lower temperature, as 
predicted by Eq. (17). 

3.3.2 Size dependence of thermal conductivity of 1D 
nanomaterial 

Thermomass theory modeled heat conduction in solid as phonon 
(thermomass) gas flow in porous medium. At nanoscales, the 
characteristic size of nanomaterial may be comparable with the mean free 
path (MFP) of phonons. In this case, the continuum hypothesis may not 
be valid. Similar to the normal gas with scale approaching the MFP of 
molecules, the rarefied phonon gas effect should be taken into account. 
Dong et al. added a second order resistance term in the general heat 
conduction law to address the rarefied phonon gas effect (Dong et al., 
2014). The modified resistance term of phonon gas is given as: 

 (18) 

where μ and K are the fluid viscosity and permeability of porous medium, 
respectively. The second term is known as Brinkman term, which is 
usually negligible at macroscopic scales and at normal gas velocity. If 
the rarefied gas effect is important as the characteristic size decreases to 
the MFP, the normally used non-slip boundary is not accurate and a slip 
boundary should be used instead. In this case, the Brinkman term is no 
longer negligible. In order to calculate the accurate velocity profile that 
is different from the non-slip Poiseuille flow, an effective viscosity 
reduction (EVR) model was used with low computation cost. 
Considering the rarefied phonon gas effect by using EVR model, the 
effective thermal conductivity of 1D nanomaterial is shown in Fig. 4. 
 

 
Fig. 4 Normalized thermal conductivity of 1D nanomaterial changing 
with length. The solid circles and triangles are the experimental data of 
nanofilm and nanowire, respectively. The red and blue dashed lines are 
the calculated results based on the modified general heat conduction law. 
Reprinted with permissions from Elsevier Publishing Group (Dong et al., 
2014). 
 

Fig. 4 shows that the thermal conductivities of nanofilm and 
nanowire increase with increasing length and approach the bulk value. 
The size dependent thermal conductivity can be well explained by the 
modified general heat conduction law, where the additional Brinkman 
term is used to evaluate the rarefied phonon gas effect caused by the 
enhanced viscous friction at the nanoscale boundaries. 

3.4 Least action principle in heat transfer 

The least action principle is one of the most important principles in 
physics and has been widely applied in mechanics, optics, electronics, 
etc. It is known that the least action principle in classical mechanics and 
optics can be only used in the reversible processes. For the irreversible 
processes in heat conduction or mass diffusion, Onsager has proposed 
the minimum energy dissipation principle, where the entropy generation 
rate, defined as the dot product of thermodynamic force and 
thermodynamic flow, was used as a measure of irreversibility in any 
linear transport processes (Onsager, 1931). Fourier’s law in heat 
conduction can be derived through the variation of half entropy 
generation rate on the assumption that the thermal conductivity is 
proportional to the reciprocal of the square of temperature. Usually the 
thermal conductivity of material can be a function of temperature, but the 

2

app 2 3 3
1

d / d 2

q q

T x C T
 


 

    
 

2
h h hf u u

K

    

(a) (b) 



Frontiers in Heat and Mass Transfer (FHMT), 13, 20 (2019)
DOI: 10.5098/hmt.13.20

Global Digital Central
ISSN: 2151-8629

 

 
   

6 

specific requirement as the inverse square of temperature is not 
physically valid. It indicates that it is not proper to use the entropy 
generation rate as the measure of irreversibility in the heat transfer  
process. 

In the theory of entransy, the dissipation rate of entransy is given as 
the dot product of heat flux and temperature gradient: 

 (19) 

The dissipation function of entransy is given as: 

 (20) 

The variation equation of action  is written as: 

 (21) 

If the thermal conductivity λ is a constant, the calculation result of Eq. 
(21) is q = -λT, which is actually the Fourier’s law. It proves that the 
half of entransy dissipation rate is the action of heat conduction and the 
minimum entransy dissipation is the least action principle in heat transfer. 
It demonstrates that the entransy dissipation rate is really the measure of 
irreversibility in heat transfer process. It is also noted that in the well-
known finite element method (FEM) analysis of heat conduction, the 
action (or Lagrange’s function) is in fact the half of entransy dissipation 
rate, which gives a clear physical explanation of the FEM in thermal 
analysis. 

It is important to know that the least action principle based on 
entransy dissipation requires an assumption that the thermal conductivity 
is constant in Eq. (21). However in practical applications, the thermal 
conductivity of material is usually temperature dependent, which makes 
the constitutive relation in Eq. (21) a non-linear problem. In this case, a 
generalized temperature F(T) should be used and the conclusions above 
is still valid (Chen and Pfender, 1982). 
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where T0 is the reference temperature and λ0 is the thermal conductivity 
at the reference temperature. Thus the heat conduction law with 
temperature-dependent thermal conductivity can be re-written as: 

  0q T T F        (23) 

It is seen that the thermal conductivity λ0 is constant in Eq. (23) and the 
derivation and conclusions from Eq. (19) to Eq. (21) are all valid if the 
generalized entransy dissipation rate is used as: 

 2

0ge q F F       (24) 

The least action principle based on generalized entransy dissipation rate 
can be used to derive the law of heat conduction with temperature 
dependent thermal conductivity. 

3.5 Applications of the general heat conduction law 

In 1998, Guo has proposed a field synergy principle (FSP) to optimize 
the convective heat transfer by improving the synergy between 
temperature-gradient field and flow field (Guo et al., 1998). The energy 
equation in two-dimensional laminar boundary layer is given as: 

p

T T T
C u v

x y y y
 

      
          

 (25) 

Integrating Eq. (25) along the thickness direction of the thermal boundary 
layer yields: 
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where δt is the thickness of thermal boundary layer. Also we have 
T T

u v T
x y

 
  

 
U  (27) 

where u and v are the flow velocities in x and y directions, U is the 
velocity vector. Then the Eq. (26) can be re-written as: 
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 U  (28) 

The dimensionless Nusselt number can be derived as: 

   1 1

0 0
d cos dx x xNu Re Pr T y Re Pr T y      U U  (29) 

where / U U U ,  / /w tT T T T       , /y y  , 
wT T   

and θ is the angle between the velocity vector and temperature gradient, 
which is called synergy angle as well. Eqs. (28) and (29) are the 
mathematical expression of FSP, it reveals the fact that the intensity of 
convective heat transfer also depends on the synergy angle between two 
vector of velocity and temperature gradient except for the flow velocity 
and the temperature difference between fluid flow and solid wall. Since 
the introduction of FSP, many numerical simulations and experiments 
have been done to prove the feasibility of FSP (Zhao and Song, 2001; 
Tao et al., 2002; Ma et al., 2007; Yu et al., 2018; Tao et al., 2002; Guo et 
al., 2005; Tao et al., 2004; Chen and Meng, 2008; Chen et al., 2008). The 
field synergy principle can unify the physical mechanisms of various 
enhancement technologies of convective heat transfer, but also develop 
a variety of new and efficient enhancement technologies. Chen et al. has 
derived a field synergy equation for the convective heat transfer, by 
solving which, the optimal fluid flow field can be calculated with the 
largest field synergy number under a given constraint condition. The 
largest field synergy degree can been seen as the optimization criterion 
for the convective heat transfer (Chen et al., 2007). In 2018, Tao and his 
colleagues have done a series of systematic simulations for different heat 
exchangers, including plain plate fin, slotted fin, composite porous 
materials, considering both laminar and turbulent flows, constant and 
variable thermosphysical properties, given heat flux and given wall 
temperature thermal boundary conditions (Yu et al., 2018). The results 
showed that the FSP and entransy dissipation extremum principle, which 
will be discussed in the section 3.6, are consistent in the optimization of 
convective heat transfer, it demonstrates that both theories have inherent 
consistency. FSP can be regarded as a specific instantiation of entransy 
theory in the convective heat transfer appearing as the synergy of flow 
and temperature fields. 

3.6 Applications of the general heat conduction law 

The concepts of entransy, entransy dissipation and least action principle 
have been introduced in the previous sections. Here, we will discuss the 
practical application of entransy theory in the optimization of thermal 
systems, which is also known as the minimum entransy dissipation-based 
thermal resistance (EDTR) principle (Chen et al., 2013; Guo et al., 2007). 
The concept of thermal resistance has been widely applied in heat 
transfer. However, the conventional definition of thermal resistance as 
the temperature difference divided by heat flux is only valid in 1D heat 
conduction without internal heat source. So it is difficult to expand the 
application range of thermal resistance in complex heat transfer problems 
because of arbitrariness of definition of the temperature difference. ,The 
concept of thermal resistance for complex heat transfer problem 
originates from the analogy to the electrical resistance. For a multi-
dimensional electrical conduction with a given current, the resistance can 
be defined as the total dissipation rate of electrical energy divided by the 
square of current. In this way, the entransy dissipation-based thermal 
resistance can be given as: 

 (30) 

where Rg,  and Q are the entransy dissipation-based thermal 

resistance, entransy dissipation rate and heat flow rate, respectively. The 
concept of EDTR breaks the limitation of “1D heat conduction without 
internal heat source” from the traditional concept of thermal resistance 
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and can be used in complex heat transfer problems. For a heat exchanger 
with arbitrary geometrical structures, the heat exchanger effectiveness P 
can be expressed as: 

 
(31) 

where Rg
* and C* are the dimensionless EDTR (ratio of EDTR to the 

reciprocal of the lower heat capacity rate) and heat capacity rate ratio. It 
is worth mentioning that Eq. (31) does not depend on the flow 
arrangement of heat exchanger. Smaller EDTR always corresponds to the 
higher heat exchanger effectiveness, unlike the optimization method 
based on entropy generation that cannot give a monotonic relationship to 
the effectiveness P (Guo et al., 2010; Liang et al., 2019). 

 
Fig. 5 Multi-loop heat exchanger network (Liang et al., 2019) 

 
Figure 5 shows a heat exchanger network with 4 loops and 5 heat 

exchangers. T1 to T8 are the intermediate temperatures from hot fluid to 
cold fluid. Th,out, Th,in, Tc,out and Tc,in are the temperatures of the hot and 
cold fluids going out of or coming in the network. We assume that the 
total heat capacity flow is constant, the optimization problem is to search 
for the best combination of the heat capacity flow of each branch and the 
thermal conductance of each heat exchanger. The entransy balance 
equation for heat exchanger (HX) #1 is: 

 (32) 

where Rg,1 is the EDTR of HX#1: 

 (33) 

The entransy balance equations of HX #2, #3 and #4 are: 

 (34) 

where Rg,n is the EDTR of HX#n, n = 2, 3, 4. The expression of EDTR 
of HX#n is given as: 

 (35) 

where  and cp,n are the mass flow rate and heat capacity at constant 

pressure of the #n fluid loop. The entransy balance equation of HX#5 is: 

 (36) 

where Rg,5 is the EDTR of HX#5, written as: 

 (37) 

Summing the Eqs. (32), (34) and (36) yields: 

 (38) 

The left side of Eq. (38) are the total amount of heat transferred in HX 
network and the boundary temperatures, the right side of Eq. (38) are the 
EDTR of each HX as a function of heat capacity flow and heat 
conductance KA. Hence, Eq. (38) is a “bridge” connecting the boundary 
conditions of a complex HX network and the internal structural 
parameters of each HX. It is the entransy balance equation of the whole 
HX network. Furthermore, Eq. (38) is independent of any specific 
optimization objective or known conditions, so it can be used as a general 
constraint equation for optimizing the HX network.  
From this example, it can be seen that the optimization method based on 
entransy is to treat the HX network as a whole and analyze its heat 
transfer performance from the energy (thermomass potential energy) 
point of view. It is much different from the conventional optimization 
method that divides the whole system into different components and then 
builds each one’s constraint equation. Eq. (38) does not involve any 
intermediate temperatures, thus the constraint equation is much 
simplified and easy to use. We would like to emphasize that the minimum 
entropy generation principle does not always lead to the best 
performance of heat exchanger, because it is not proper to use the entropy 
generation rate as the Lagrange’s function. The entransy dissipation rate 
is the action or Lagrange’s function in the minimum action principle. The 
extreme dissipation rate of entransy corresponds the best performance of 
heat exchanger. 

4. NEW ANALYTICAL METHODS 

4.1 Vector method and energy method in mechanics 

As well known, Newtonian mechanics developed in the 17th century is 
the basis of engineering sciences, which is a typical vector method 
(Harrison and Nettleton, 1997). Newton’s three laws of motion describes 
the relationship between forces and movement of a rigid body, 
considering vector quantities of motion, particularly accelerations, 
momenta, forces of a body. So Newtonian mechanics can be also named 
as vectorial mechanics. The vector method in Newtonian mechanics can 
be applied not only on rigid bodies, but also on deformable bodies and 
fluids. The differential equation of a moving solid or fluid can be derived 
based on Newtonian mechanics and predicts the movement rules of the 
body. The vector method in mechanics can provide extremely accurate 
results when the speed of object is much smaller than the speed of light, 
and also the size of object is not as small as atoms. After Newtonian 
mechanics, the analytical mechanics has been developed. Different from 
the vectorial mechanics, the analytical mechanics uses scalar properties 
to describe the motion of a body, such as kinetic energy and potential 
energy. So the analytical mechanics is also known as the energy method. 
The equations of motion can be derived by the principle about the scalar’s 
variation, where the kinetic and potential energies of system are 
expressed in a generalized coordinate with constraints. Usually, the 
energy method to solve mechanical problems has greater efficiency than 
the vector method. 

4.2 Vector method in heat transfer 

In classic heat transfer, the essence of Fourier’s law is actually a law 
between two vectors. Heat flux and temperature gradient are both vectors 
with directions and quantities. Fourier’s law describes the constitutive 

 * *

2

2 1g

P
R C


 

h,in h,out 21 2
,12 2 g

T T T T
Q Q R

 
  

 

22 3 2 2 2 1 2n
,n2 2

n n n
g

T T T T
Q Q R      
 

nm

c,in c,out 27 8
,52 2 g

T TT T
Q Q R

 
  

 

5
h,in h,out c,in c,out 2

,5
12 2 g

n

T T T T
Q Q R



  
  

 




Frontiers in Heat and Mass Transfer (FHMT), 13, 20 (2019)
DOI: 10.5098/hmt.13.20

Global Digital Central
ISSN: 2151-8629

 

 
   

8 

relationship between heat flux and temperature gradient, which is same 
as Newton’s law of viscosity in the vectorial fluid mechanics. 
Thermomass theory clearly indicates that the physical connotation of 
Fourier’s law is the balance of driving force and resistant force of 
thermomass fluid, as discussed in section 3.1. On this basis, the 
thermomass momentum conservation equation is established by the 
vector method similar to the fluid mechanics, which is actually the 
general heat conduction law. The new principles and methods in 
thermomass theory predicts new heat transfer phenomenon, for example. 
non-Fourier heat conduction phenomena can occur even in steady-state 
cases under ultra-high heat flux conditions. In this case, the spatial 
thermomass inertia cannot be ignored and may cause significant 
deviation between the experimental result and prediction by Fourier’s 
law. Under the ultra-fast heating conditions, if the temporal thermomass 
inertia cannot be ignored, the general heat conduction law will be reduced 
into C-V model to describe the transient thermal wave phenomenon. 

4.3 Energy method in heat transfer 

Unlike the theory of mechanics, there is no energy method in the classic 
theory of heat transfer since heat has been regarded as energy. Because 
of the mass nature of heat during its transfer process, a new quantity, 
thermomass energy, has been introduced, which makes it possible to 
establish the energy method in heat transfer. This energy method with 
thermomass energy (scalar) as the core physical quantity, similar to the 
energy method in the analytical mechanics, can be established to analyze 
and optimize heat transfer problems using the variational method from a 
global point of view. Because the entransy is a simplified form of 
thermomass potential energy, the entransy dissipation is essentially the 
thermomass energy dissipation. So the principle of minimum entransy 
dissipation, which is essentially the principle of minimum energy 
dissipation in heat transfer, is derived based on the energy method. The 
least action principle is in fact derived by using the energy method as 
well. In addition, for multi-objective optimization of complicated heat 
exchanger network or thermodynamic system, the entransy (thermomass 
potential energy) balance equation provides a general constraint 
condition for their optimization. 

5. CONCLUSIONS 

1. The development of high and new technology challenges the existing 
heat transfer discipline in two aspects: (1) Under the extreme 
conditions such as ultra-fast laser heating or nanoscale heat transfer, 
the classical Fourier’s law of heat conduction is no longer valid; (2) 
The principle of minimum entropy generation is not applicable to the 
analysis and optimization of heat transfer problem without energy 
conversion. Unlike the normal approaches to cope with the challenges, 
we start from a re-examination of the fundamental issues in heat 
transfer, which include the nature of heat, Fourier's law of heat 
conduction and the analytical method of heat transfer process, and can 
then introduce a series of new physical quantities, new laws and 
principles and establish a new analytical method. 

2. According to Einstein's mass-energy relationship, the concept of 
thermomass is established, and then it is put forward that heat has 
"energy-mass" duality, that is, when heat is converted to other forms 
of energy, it acts as energy, and when heat is tranferred, it acts as mass. 
On this basis, new physical quantities such as pressure and drift 
velocity of thrmomass gas are introduced, and the thermomass 
conservation equation and the thermomass momentum conservation 
equation are established by the method similar to fluid mechanics. The 
conservation equation of thermomass momentum is actually a general 
law of heat conduction, which has been verified by experiments of heat 
conduction in a metallic thin film with ultra-high heat flux. Under 
different simplified conditions, the general heat conduction law will 
be reduced into Fourier’s heat conduction law, C-V equation and 
steady-state non-Fourier heat conduction models, and their physical 

meanings are clarified respectively as well. The general heat 
conduction law is applicable to thermal analysis and thermal design 
under the extreme conditions such as ultra-fast laser heating and 
nanoscale heat transfer. 

3. By comparing the heat conduction with the electric conduction and the 
fluid flow process, new physical quantities such as entransy, entransy 
dissipation and entransy dissipation based-thermal resistance are 
introduced. The physical meaning of entransy is the ability of 
incompressible medium to transfer heat. The traditional concept of 
thermal resistance can only be applied to 1D heat transfer without 
internal heat source, while the entransy dissipation-based thermal 
resistance can be widely applied to multi-dimensional heat transfer 
problems with internal heat source. The principle of minimum 
entransy dissipation is put forward, from which Fourier's law of heat 
conduction with constant thermal conductivity can be derived. 
Therefore, the principle of minimum entransy dissipation is the least 
action principle in heat transfer. The principle of minimum entransy 
dissipation based-thermal resistance is proposed, that is, when the 
entransy dissipation based-thermal resistance is minimum, the heat 
transfer performance is optimal. This principle can be used to optimize 
heat conduction, convection and radiation heat transfer processes and 
heat exchanger performance in order to improve their energy 
efficiencies. 

4. The analyses show that entropy and entransy are two totally different 
physical quantities. The former is the state quantity of a compressible 
system, which is a function of two independent parameters. Its 
physical meaning is the unavailable part of heat output from the system 
to do work through a reversible thermal engine. The latter is the state 
quantity of an incompressible system, which is a function of 
temperature only, and its physical meaning is the ability of an 
incompressible system to transfer heat. The entropy generation is a 
measure of irreversibility of heat transfer process related to heat-work 
conversion, while the entransy dissipation is a measure of 
irreversibility of heat transfer process without heat-work conversion. 
Fourier's law of heat conduction with constant thermal conductivity 
can be derived based on the principle of minimum entransy dissipation, 
while the derived heat conduction law based on the principle of 
minimum entropy production requires that the thermal conductivity is 
inversely proportional to the square of temperature, which is 
inconsistent with the practical situation. In short, the entropy is the 
core physical quantity in thermodynamics, and the entransy is the core 
physical quantity in heat transfer. 

5. Based on the study of physical mechanism of convective heat transfer, 
the principle of field synergy between the velocity vector field and 
temperature gradient vector field is proposed, that is, the better the 
synergy between fluid velocity vector field and temperature gradient 
vector field, the better the performance of convective heat transfer. The 
field synergy equation of convective heat transfer is derived by the 
variational method, solving which the optimal velocity field can be 
obtained under the given pump power condition. The field synergy 
principle can unify the physical mechanisms of various enhancement 
technologies of convective heat transfer, but also develop a variety of 
new and efficient enhancement technologies. Since the field synergy 
equation is derived under the condition of minimum entransy 
dissipation, and a large number of examples show that the results of 
heat transfer optimization based on the field synergy principle and the 
minimum entransy dissipation-based thermal resistance principle are 
the same. Hence, these two principles are mutually consistent. 

6. In the classic heat transfer theory both heat conduction and convective 
heat transfer are based on Fourier's law of heat conduction. Fourier's 
law of heat conduction and general law of heat conduction are both the 
local laws, in which the heat flow and temperature gradient are vectors, 
and quantities representing heat transfer performance are obtained by 
solving differential equation of heat transfer, so they are similar to the 
vector method in Newton mechanics. Since a new energy form, 
thermomass energy, is introduced for the heat transfer process, an 
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energy method similar to that in the analytical mechanics, i.e. energy 
(scalar) as the core physical quantity, can be established to analyze and 
optimize heat transfer problems using the variational method from a 
global point of view. Because the entransy is a simplified form of 
thermomass potential energy, the entransy dissipation is essentially the 
thermomass energy dissipation. So the principle of minimum entransy 
dissipation, which is essentially the principle of minimum energy 
dissipation in heat transfer, is derived based on the energy method. In 
addition, for multi-objective optimization of thermodynamic system, 
the balance equation of thermomass energy (entransy) can be used as 
a constraint condition to optimize the performance of the 
thermodynamic system, by the variational method. 

7. On the basis of classic heat transfer theory, a series of new physical 
quantities are introduced, and then some new principles and laws of 
heat transfer process are put forward with the help of physical and 
mechanical principles, and a new analytical method are established, 
thus forming an independent knowledge system. This independent 
knowledge system may be called “Physical heat transfer” because its 
emphasis is on the study of heat transfer law and the analysis of its 
physical mechanism rather than detailed mathematical treatment. 
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NOMENCLATURE 

c  Light speed (m/s) 
E  Total energy (J) 
f Resistant force (N) 
G  Entransy (JꞏK) 
K  permeability of porous medium 
M  Mass (kg)  
P Pressure (N/m2) 
Q  Heat (W) 
R  Thermal resistance (W/m2ꞏK) 
S  Entropy (J/K)  
T  Temperature (K)  
u  Velocity (m/s)  
x  coordinate (m)  
 
Greek Symbols  
 Grüneisen constant 
λ Thermal conductivity (W/mꞏK) 
ρ Density (kg/m3) 
 
Subscripts  
h Thermal mass 
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