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ABSTRACT 
A hybrid cellular automaton model combined with finite element method for structural topology optimization with mechanical and heat constraints is 
developed. The effect of thermal stress on structural optimization is taken into account. Higher order 8-node element and von Neumann strategy are 
employed for the finite element and the cellular element, respectively. The validating studies of standard testing structure for topological optimization 
are carried out. The structure evolution, stress evolution and thermal evolution of topology optimization with mechanical and heat constraints are 
investigated. The results show the developed hybrid method is more efficient for structural topology optimization. Meanwhile, the topology 
optimization can eliminate most of the thermal stress in the structure. 
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1. INTRODUCTION 
Topological optimization of continuum structure (TOCS) has drawn 
attentions of many researchers due to its importance and wide application 
in various fields such as new materials (Czubacki et al. (2015), Bendsoe 
et al. (2010)) mechanical manufacture (Sigmund et al. (2009)) and 
biomechanics (Pettermann et al. (1997)). During these engineering 
processes, this type of optimization for continuum structure presents 
decisive choice of the appropriate topology of a structure with some 
constraints in the conceptual phase of a novel product (Eschenauer et al. 
(2001)). Over the last few decades, various advanced models and 
methods for TOCS have been explored based on more efficient cellular 
automaton (CA) algorithm. 

Sanaei and Babaei (2011) carried out topology optimization of two-
dimensional elastic structures with shear and flexural strains by CA 
model. Zhu and Liu (2000) derived an anisotropic crystalline etching 
simulation program based on a novel continuous CA algorithm; more 
efficient and accurate topology optimizations were presented by the 
developed continuous model. A CA-based algorithm with five-step 
optimization procedure was proposed for simultaneous shape and 
topology optimization of continuum structures by Sanaei and Babaei 
(2012). Du et al. (2013) studied numerical instabilities of topology 
optimization for continuum structures based on the CA theory. 

Despite these recent advances, the nonlinearity and numerical 
instability of CA algorithm present a significant challenge must be 
resolved in order to approach the global optimum solution (strain energy) 
of topology optimization of continuum. Recently, Hybrid Cellular 

                                                 
* Quzhou University, Quzhou, Zhejiang, 324000, China 
† Corresponding author. Email: dxl@zju.edu.cn 

Automaton Method (HCAM) coupling CA algorithm and Finite Element 
(FE) model proposed by Tovar et al. (2004, 2005) is a no-gradient 
topology optimization where global strain energy obtained by FE model 
is used as status information of CA. It’s demonstrated that HCAM has 
the merits of quick convergence and high computing efficiency for 
topology optimization of continuum (Tovar et al. (2007), Tovar et al. 
(2006)). Furthermore, Tovar and coworkers investigated crashworthy 
structures (Bandi et al. (2013)) and piezoelectric material (Lee et al. 
(2013)) by HCAM combined with controlled energy absorption. 
Salonitis (2017) studied hybrid CA- FE model for the grind-hardening 
processing simulation. 

In present study, structural topology optimization with mechanical 
and heat constraints is presented. Structures with mechanical and heat 
constraints can find its applications in many industries such as metal 
fabrication and printed circuit board substrates, but studies about thermal 
topology optimization are seldom involved due to complex mechanisms 
coupling mechanics and thermotics. Takezawa et al (2014) investigated 
topology optimization under strength and heat conductivity constraints. 
It’s shown that the effect of thermal expansion on the optimal shapes 
became more serious under the structure with both sides fixed. Min et al. 
(2007) suggested a material mixing method based on evolutionary 
structural optimization for a multiple material structure with multiple 
thermal constraints. To better understand thermal topology optimization, 
an efficient computational model based on HCAM for structure with 
mechanical and heat constraints is developed in the paper. The verifiable 
investigation of the developed model is carried out for a TOCS standard 
testing structure. 
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2. Problem Statement and Formulation 

2.1 Problem Formulation 
Fig. 1 shows the physical model for a TOCS testing structure with 
mechanical and heat constraints. The cuboid testing structure with 60mm 
length and 30mm width is subject to uniform temperature of 0oC on the 
vertical walls and of 100oC on the horizontal walls. As the figure shown, 
both the vertical walls and four positions with 8mm length on the 
horizontal walls are fixed for the mechanical constraints. 
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Fig. 1 Physical model for structure with mechanical and heat 
constraints 

 
Due to thermal stress caused by nonuniform temperature, the 

performance of the structure with mechanical and heat constraints is 
changed. Moreover, the thermal stress can exceed the material’s yield 
strength as the temperature increases. Therefore, it should take thermal 
effects into consideration for structural topology optimization with 
mechanical and heat constraints. According to the linear thermal stress 
theory (Kushnir (2009)), the governing equations for the structure with 
mechanical and heat constraints can be expressed as follows. 
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Boundary conditions for thermal and mechanical equations can be 

obtained as, 
 

0T =  at 0x =  or 60x =                                (10) 
100T =  at 0y =  or 30y =                              (11) 

0u v= =  at 0x =  or 60x =                             (12) 
0u v= =  at 0y =  and 6 14x≤ ≤                         (13) 
0u v= =  at 0y =  and 46 54x≤ ≤                        (14) 

0u v= =  at 30y =  and 6 14x≤ ≤                        (15) 
0u v= =  at 30y =  and 46 54x≤ ≤                       (16) 

 

2.2 HCAM Statement 
To approach the global optimum solution of the structure with 
mechanical and heat constraints, HCAM coupling CA algorithm and FE 
model is implemented for the topology optimization. In present study, 
the material relative density xi and the strain energy density Ui are chosen 
as design variable and state variable of the optimization method, 
respectively. The optimization goal is minimizing the difference between 
average strain energy density and setting point of state variable based on 
the design variable. So the objective function for the HCAM topology 
optimization problem can be given by, 
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where ei is the difference between average strain energy density 

iU  and 

setting point *U of state variable. The subscript sequence i represents the 
cellular number. To avoid singular matrix during the optimization 
process, the prescribed minimum of the material relative density should 
be set. Here, the prescribed minimum xmin=10-3. N is the number of 
cellular number. 

The average strain energy density of each cellular determined by it 
and its neighboring cellulars can be obtained by, 
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where N∆  is the number of neighboring cellulars. jU  is the strain 

energy density of the neighboring cellular j of the i cellular. 
The weight approach for setting point of state variable is applied to 

accelerate the convergence of the topology optimization as following, 
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where aif is the weight coefficient.Ut, V0 are the total strain energy of t 
iteration generarion and the initial structure volume, which can be 
calculated by  
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where vi is the volume of each cellular. Owing to the structure 
deformation, the strain energy density is defined as  
 

1
2
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where σ , ε are the stress vector , ,
T

x y xyσ σ τ   and the strain vector

, ,
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During the topology optimization process, the optimization goal of 
state variable is obtained based on the control rules of the design variable. 
For the present HCAM optimization, the stress and strain results of Eqs. 
(1)~(16) are obtained based on the relative density by the FE method, and 
then the relative density is renewed as CA control rules based on the 
strain energy density. Under preceding cycle calculations, an optimal 
topology structure is presented while the optimization goal is satisfied. 
In present study, the control rules of the design variable is expressed by 
reverse control strategy as 
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2.3 Numerical Solution 

During the HCAM iteration process, the strain energy density and the 
material relative density are renewed alternately by FE method and CA 
algorithm. Considering the convergence of the calculating results and 
convergence efficiency, the criterion of the total mass for the topology 
structure is established as follow, 
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where nM∆ is mass difference of adjacent iterations by 

1=n n nM M M −∆ −                                         (25) 
 

where the structure mass can be obtained by 

1
=

N
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The subscript sequence n represents the iteration number. So 
0M  is 

the initial mass of the structure 
For the presented HCAM, it couples the structure equation and the 

temperature equation for the topology optimization with mechanical and 
heat constraints. The solution of the temperature equation is obtained 
based on the material relative density. The structure equation solutes by 
the temperature and the material relative density are obtained. Therefore, 
it needs to iterate ceaselessly the structure equation and the temperature 
equation. It can be seen that the method is not only the coupling of 
structure and heat based on the thermal expansion, but also a new way of 
topology optimization of continuum considering the thermal effect. 

3. Results and Discussions 
To validate the developed HCAM simulation code for the structural 
topology optimization, test case for TOCS standard testing structure are 
examined using the computer method under cantilever state 
corresponding to Kane and Schoenauer (1996). Fig. 2 shows the physical 
model with fixed constraint on left vertical wall and 2000N concentrated 
load on the right vertical wall. Table 1 lists the material properties for 
TOCS standard testing structure. For the validating case, both FE size 
and cellular size are1mm 1mm 6mm× × . Higher order 8-node element is 

employed for the FE analysis. The von- Neumann strategy of four 
neighboring cellulars is implemented to renew the relative density and 
the weight coefficient is set as 0.48. The initial relative density of 1.0 is 
applied. 

60mm

30
m

m

 
Fig. 2 Physical model for the validating case 

 
Table 1 Material properties for TOCS standard testing structure 

Property Unit Value 
Density 3kg/m  7850 

Elasticity modulus GPa  210 
Poisson ratio --- 0.25 

 
Fig. 3 shows the optimization results obtained by this numerical 

method and Kane and Schoenauer (1996). It can be seen that the results 
are in good agreement with each other. Further investigations present it 
takes 20s for the topology structure by the HCAM simulation while Kane 
and Schoenauer (1996) cost 24hr for the results. Meanwhile, there is no 
checkerboard phenomenon which was found in Fig. 3b for the HCAM 
results. Therefore, the developed HCAM code is more efficient for 
structural topology optimization. 
 

 

(a) Topology structure of HCAM 
 

(b)Topology structure of Kane and Schoenauer (1996) 
 

Fig. 3 Comparison of HCAM and Kane and Schoenauer (1996) for 
TOCS structure 

 
Fig. 4 shows structure evolution tendency of the HCAM simulation 

for TOCS testing structure with mechanical and thermal constraints. 
Using the control rules, different material relative density of cellular unit 
is presented by different color in Fig. 4. The purple area represents the 
material relative density of 0 unit (removed area) while the light blue area 
is the material relative density of 1 unit (reserved area). The other colors 
are between the above two. According to the different colors, it can be 
very easy to distinguish the change trend of the material relative density 
after the topological optimization. For the HCAM simulation, Table 2 
lists the material properties for the HCAM structure with mechanical and 
thermal constraints. Both FE size and cellular size are
1mm 1mm 6mm× × . The 4-node quadrangle element of the FE analysis 
is applied to structure-thermal coupling calculation. The von-Neumann 
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strategy of four neighboring cellulars is used to renew the relative density. 
The weight coefficient and the initial relative density are given as 0.48 
and 1.0, respectively. Finally, it takes 21 iterations to obtain the topology 
structure. It can be seen from Fig. 4 that there are two areas of lower 
relative density in the middle of the structure. The two areas are 
symmetrical about the center of the topology structure. Meanwhile, four 
blank areas are ultimately formed near the middle of four sides of the 
structure as Fig. 4d shown. 
 

 

(a) n=1 
 

(b) n=7 
 

(c) n=14 
 

(d) n=21 
 

Fig. 4 Topology structure evolution of the HCAM structure with 
mechanical and thermal constraints 

 
Table 2 Material properties for the structure with mechanical and 

thermal constraints 
Property Unit Value 

Density 3kg / m  7850 
Elasticity modulus GPa  210 

Poisson ratio --- 0.25 
Thermal expansion coefficient --- 1.0×10-5 

Thermal conductivity ( )W / m K⋅  40 
Fig. 5 shows stress evolution of the HCAM topology structure with 

mechanical and thermal constraints. The maximum stress is observed at 
the locations of the mechanical constraints from Fig. 5a and Fig. 5b. The 
minimum stress is found at four blank areas and the stress result of Fig. 
5b is coinciding exactly with the optimized results shown in Fig. 4d. 
Furthermore, the maximum stress was reduced by 19Mpa after the 
HCAM optimization. Therefore, the optimization method not only makes 
the structure lightweight but also decreases the structure load. 

Fig. 6 shows thermal evolution of the HCAM topology structure 
with mechanical and thermal constraints. It can be seen that the optimized 
structure is mainly within a small temperature range. The temperature 
distribution of the optimized structure is more homogeneous than that 
before the optimization. Large temperature difference only presents near 

the vertical walls. It can eliminate most of the thermal stress in the 
structure. The temperature result of Fig. 6b is compatible with the 
topology structure shown in Fig. 5b. 
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(b) n=21 

Fig. 5 Stress evolution of topology structure with mechanical and 
thermal constraints 

Fig. 7 shows structure performance evolution of the HCAM 
topology structure with mechanical and thermal constraints during the 
iteration process. The performance index PI represents the product of 
initial cellular maximum strain energy density of and cellular mass 
relative to the product of the current iteration. It can be seen from Fig. 7 
that the PI index increases gradually after a sharp change and finally level 
off until the convergence. It means that the product of cellular maximum 
strain energy density of and cellular mass decreases during the 
optimization process. The optimization measure gradually realize its 
maximum potential at the convergence iteration. Meanwhile, the cellular 
mass ratio F decreases to the minimum as the iteration process. It reveals 
the topology structure is obtained as the optimization. 
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(b) n=21 
 

Fig. 6 Thermal evolution of topology structure with mechanical and 
thermal constraints 
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Fig. 7 structure performance evolution of topology structure with 

mechanical and thermal constraints 
 

4. CONCLUSIONS 
A hybrid cellular automaton model combined with FE method for 
structural topology optimization with mechanical and heat constraints as 
well as thermal stress into account has been developed. The model has 
been validated by comparing topology structure with the reference results. 
The structure evolution, stress evolution and thermal evolution of 
topology optimization with mechanical and heat constraints have been 
presented. The numerical results show the optimization method not only 
makes the structure lightweight but also decreases the structure load. 
Furthermore, the temperature distribution of the optimized structure is 
more homogeneous and most of the thermal stress in the structure is 
eliminated. 
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NOMENCLATURE 

pc       specific heat ( -1 -1kJ kg K⋅ ⋅ ) 

E       modulus of elasticity (Pa) 
G       modulus of shear (Pa) 
t       tim (s) 
T       temperature (K) 
u       displacement in x direction (m) 
v       displacement in y direction (m) 
x       x direction 
y       y direction 

Greek Symbols  
xσ       normal stress (Pa) 

yσ       normal stress (Pa) 

xyτ       shear stress (Pa) 

xε       normal strain 

yε       normal strai 

xγ       shear strain 

yγ       shear strain 
µ       poisson ratio 
α       coefficient of linear expansion (K-1) 
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