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ABSTRACT 

A tree-type cylindrical-shaped nanoporous filtering membrane is optimized with two levels of branches and a lot of branch pores. In this membrane, 

the branch pores are parallel with their trunk pore and their radius 𝑅𝑏,1 is determined by the filtration requirement; The radius of the trunk pore is 

optimized according to the radius of its branch pore for achieving the lowest flow resistance of the membrane. The calculations were made respectively 

for the optimum ratios of the radius of the trunk pore to the radius of the branch pore and for the corresponding lowest flow resistances of the membrane 

for different operational parameter values. It was found that for given operating conditions, the increase of the number N of the branch pores 

significantly increases the optimum ratio of the radius of the trunk pore to the radius of the branch pore but significantly reduces the corresponding 

lowest flow resistance of the membrane; However, an over large N is not beneficial owing to not obviously dropping the flow resistance of the 

membrane; The choice of the number N of the branch pores may heavily depend on the liquid-pore wall interaction. It was also found that for any given 

N, this membrane has a good capability of liquid-liquid separation when 𝑅𝑏,1 is below 2nm, since its flow resistance for the liquid with a strong 

interaction with the pore wall can be more than 100 or even more than 1000 times that for the liquid with a weak interaction with the pore wall. 

Keywords: Membrane; Filtration; Separation; Nanopore; Optimization 

 
1. INTRODUCTION 

In recent years, nanoporous filtering membranes were in fast 

development because of their capability of ultimate filtration and their 

important applications in super purification of water and seawater, 

hemofiltration, drug delivery and DNA analysis (Adiga et al., 2009; 

Baker and Bird, 2008; Biffinger et al., 2007; Fissel et al., 2009; Jackson 

and Hillmyer, 2010). The development was mainly on the membrane 

fabrication, however the analysis on the characteristics of and the design 

methods for these membranes were little seen. The shortcomings of 

nanoporous filtering membranes are their relatively large flow resistance 

because of the nanometer scale filtration pore radius and thus their 

comparatively small flux and also their relatively low mechanical 

strength because of small membrane thicknesses. For overcoming these 

shortcomings, several improved nanoporous filtering membranes were 

proposed by using the material of graphene, taking the shape of the 

filtration pore as conical or using a mixed membrane composed of 

nanopores and micropores (Li et al., 2004; Surwade et al., 2015; Yang et 

al., 2006). 

In an earlier research (Zhang, 2018a), the author proposed a 

cylindrical-shaped nanoporous filtering membrane composed of two 

kinds of pores i.e. the filtration pore and the flow resistance-reducing 

pore. There is an optimum ratio between the radii of these two pores for 

achieving the lowest flow resistance of the membrane. This membrane 

was suggested to have an overall good performance including the 

improved flux and mechanical strength. 

In a recent study (Zhang, 2018b), a tree-type cylindrical-shaped 

nanoporous filtering membrane was proposed for liquid-particle or 

liquid-liquid separations. The pores across the thickness of this 

membrane have the tree structure, and they are divided into one trunk 

pore and four branch pores. The branch pore is for filtration with the 
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radius on the nanometer scale and with the axial length i.e. pore depth as 

small as possible. The trunk pore is for collecting the flow out of its 

branch pores and for reducing the flow resistance of the membrane with 

considerably larger radius. There is a small angle 𝜃 between the axis of 

the trunk pore and the axis of its branch pore. This membrane was shown 

to also have improved flux and mechanical strength. 

As a further study, the present paper presents an optimized tree-type 

cylindrical-shaped nanoporous filtering membrane for liquid-particle 

separation or for liquid-liquid separation. The geometrical structure of 

this membrane is similar with that of the membrane proposed by 

Zhang(2018b). In the present membrane, the branch pores are parallel 

with its trunk pore, they are for filtration with the radius on the nanometer 

scale determined by the size of the filtered particle or by the requirement 

of the liquid-liquid separation, and their number in each pore tree can be 

relatively big for generating sufficiently high flux of the membrane; The 

radius of the trunk pore is optimized for achieving the lowest flow 

resistance of the membrane. This membrane should have substantially 

improved flux and satisfactory mechanical strength. An analysis is 

presented for this membrane regarding the determination of the optimum 

ratio of the radius of the trunk pore to the radius of its branch pore. The 

calculation was made for the corresponding lowest flow resistances of 

this membrane for different operational parameter values when the radius 

of the trunk pore is optimum. Important conclusions are drawn regarding 

the performance of this membrane. 

2. MEMBRANE PICTURES 

Figure 1 shows an exemplary tree-type cylindrical-shaped nanoporous 

filtering membrane studied in the present paper. Across the thickness of 

the membrane are manufactured tree-structure cylindrical pores 

including one trunk pore and N branch pores (In Fig.1, N=4); Within the 
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membrane, these pores are uniformly distributed. The branch pores are 

parallel with its trunk pore, they are for filtration with the radius 𝑅𝑏,1 on 

the nanometer scale, their length i.e. pore depth 𝑙1 should be as small as 

possible determined by the requirement of the strength of the filtration 

pore, and their number N can be widely varied depending on the flux 

requirement. The radius of the trunk pore is 𝑅𝑏,2, which is optimized for 

achieving the lowest flow resistance of the membrane; The depth of the 

trunk pore is 𝑙2 The thickness of the membrane is (𝑙1 + 𝑙2), which is 

determined according to the requirement of the mechanical strength of 

the membrane. 

In Fig.1(b), ∆1  and 𝑅𝑑  are respectively the circumferential 

distance between the neighboring branch pores and the radius of the 

distribution circle of the branch pores in each pore tree. As an example, 

for N=4, ∆1  and 𝑅𝑑  are determined as follows: 𝑘𝑠 = ∆1/𝑅𝑏,1  and 

𝑅𝑑/𝑅𝑏,1 = (4 + 2𝑘𝑠)/𝜋; Here, the value of 𝑘𝑠 is determined according 

to the requirement of the manufacturing of the branch pores, and it can 

be between 0.05 and 0.5 for dense branch pore distributions. 

           
(a) Front view                (b) Left-side view 

1-Membrane substrate, 2-Trunk pore, 3,4,5,6-branch pores 

Fig. 1 An exemplary tree-type cylindrical-shaped nanoporous filtering 

membrane studied in the present paper. 

3. OPTIMIZATION ANALYSIS 

In the study by Zhang (2018b), a tree-type cylindrical-shaped 

nanoporous filtering membrane was proposed as Fig. 2(a) shows. In that 

membrane, there is an angle 𝜃 between the axis of the trunk pore and 

the axis of its branch pore. According to the analysis made by 

Zhang(2018b), the flow resistance of the membrane in Fig.2(a) is 

reduced with the reduction of 𝜃  and 𝜃 = 0°  gives the lowest flow 

resistance of the membrane for given operational parameter values. For 

𝜃 = 0°, the membrane in Fig.2(a) becomes the membrane as shown in 

Fig.1(a).  

The flows inside the branch and trunk pores in the present 

membrane are normally non-continuum because of the pore radii on the 

nanometer scale. In principle, the Navier-Stokes equation fails for such 

flows. In these flows, the liquid across the pore radius becomes non-

continuum and the effect of the liquid-pore wall interaction should be 

taken into account. The flow equation for a nanoscale flow has been 

developed (Zhang, 2016); This equation accounts for the effects of the 

liquid discontinuity and inhomogeneity across the pore radius i.e. the 

liquid non-continuum effect due to the confinement of the pore wall; It 

also incorporates the effects of the liquid-pore wall interfacial slippage 

and the liquid dynamics. When the pore radius is so large that the liquid 

inside the pore becomes continuum, this equation reduces to the Navier-

Stokes equation. This equation has been validated by molecular 

dynamics simulations. According to the principle of the transportation in 

nanotube tree (Zhang, 2017a), which is based on the non-continuum flow 

described by the developed flow equation (Zhang, 2016), the branch 

pores with the number N in each pore tree in Fig.1(a) is equivalent to the 

straight cylindrical pore with the radius 𝑅𝑒𝑞 and with the pore depth 𝑙1.  

Here, for simplicity, the liquid-pore wall interfacial slippage is neglected, 

and 𝑅𝑒𝑞 is thus solved from the following equation (Zhang, 2017a): 
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where 𝑅𝑏,1 = 𝑅𝑏,1/𝑅𝑐𝑟, 𝑅𝑒𝑞 = 𝑅𝑒𝑞/𝑅𝑐𝑟, 𝑅𝑐𝑟 is the critical radius of the 

pore for the filtered liquid to become continuum across the pore radius, 

𝐶𝑦(𝑅) = 𝜂𝑏𝑓
𝑒𝑓𝑓

(𝑅)/𝜂 , 𝐶𝑞(𝑅) = 𝜌𝑏𝑓
𝑒𝑓𝑓

(𝑅)/𝜌 , 𝜌𝑏𝑓
𝑒𝑓𝑓

 and 𝜂𝑏𝑓
𝑒𝑓𝑓

 are 

respectively the average density and the effective viscosity of the filtered 

liquid across the pore radius, S is the parameter describing the non-

continuum effect of the filtered liquid across the pore radius 
(−1 ≤ 𝑆 < 0), and 𝜌 and 𝜂 are respectively the bulk density and the 

bulk viscosity of the filtered liquid at the environmental temperature and 

pressure. According to the developed nanoscale flow equation(Zhang, 

2016), the radius 𝑅𝑏,1 of the branch pore in Eq.(1) not only can be as 

small as on the nanometer scale but also can be much larger as on the 

micrometer or even millimeter scales. 

Only when 𝑅𝑒𝑞 ≥ 1, 𝑅𝑒𝑞 can be analytically solved from Eq.(1) 

(Zhang, 2017a). Otherwise, 𝑅𝑒𝑞  should be numerically solved from 

Eq.(1). Here, 𝑅𝑒𝑞 is generally numerically solved. Thus, the membrane 

in Fig.1(a) is equivalent to the membrane shown in Fig.2(b) in which the 

radius of the smaller pore is 𝑅𝑒𝑞 and the radius of the larger pore is 𝑅𝑏,2. 

     

(a)                        (b) 

1-Membrane substrate, 2-Flow resistance-reducing pore, 3,4-Filtration 

pore 

Fig. 2 The ever studied membranes. (a) The tree-type cylindrical-shaped 

nanoporous filtering membrane (Zhang, 2018b); (b) The cylindrical-

shaped nanoporous filtering membrane composed of two kinds of pores 

i.e. the filtration pore and the flow resistance-reducing pore studied by 

Zhang(2018a). 

According to the analysis developed by Zhang(2018a), if the flow 

resistance of the membrane in Fig.2(b) is defined as 𝑖𝑓 = ∆𝑝/𝑞𝑚, where 

∆𝑝 is the pressure drop on this membrane and 𝑞𝑚 is the mass flow rate 

through this membrane, 𝑖𝑓 is: 
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where 𝑅𝑟 is a constant reference radius, 𝑅𝑟 = 𝑅𝑟/𝑅𝑐𝑟, 𝐴𝑚 is the area 

of the membrane surface, 𝜒 is the pore production rate of the membrane 

surface, and the function F is: 
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where 𝜆0 = 𝑙1/𝑙 and 𝑅𝑏,2 = 𝑅𝑏,2/𝑅𝑐𝑟.  

According to Eq.(3), there is an optimum value of the ratio 

𝑅𝑏,2/𝑅𝑒𝑞 which gives the minimum value of the function F and then the 

lowest flow resistance of the membrane according to Eq.(2).  

When crb RR 9.02,  𝑅𝑏,2 ≥ 0.9𝑅𝑐𝑟 , 𝐶𝑦(𝑅𝑏,2) ≈ 1, 𝐶𝑞(𝑅𝑏,2) ≈ 1 and 

 |𝑆(𝑅𝑏,2)| ≈ 1, thus according to Eq.(3), the optimum value of the ratio 

𝑅𝑏,2/𝑅𝑒𝑞 for yielding the minimum value of the function F is (Zhang, 

2018a): 
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The resulting minimum value of the function F is (Zhang, 2018a): 
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If the dimensionless flow resistance of the membrane is defined as 

𝐼𝑓 = 𝜌𝜒𝐴𝑚𝑅𝑟
2𝑖𝑓/(4𝜂𝑙), for the optimum value of 𝑅𝑏,2/𝑅𝑒𝑞  shown in 

Eq.(4), the resulting lowest dimensionless flow resistance of the 

membrane in Fig.2(b) i.e. the membrane in Fig.1(a) is: 𝐼𝑓,𝑚𝑖𝑛 =

(𝑅𝑟/𝑅𝑒𝑞)2𝐹𝑚𝑖𝑛. For yielding the lowest flow resistance of the membrane 

in Fig.1(a), the optimum ratio of 𝑅𝑏,2 to 𝑅𝑏,1  is: (𝑅𝑏,2/𝑅𝑏,1)𝑜𝑝𝑡 =

(𝑅𝑒𝑞/𝑅𝑏,1)(𝑅𝑏,2/𝑅𝑒𝑞)𝑜𝑝𝑡. 

4. CALCULATION 

Exemplary calculations of the values of (𝑅𝑏,2/𝑅𝑏,1)𝑜𝑝𝑡  and the 

corresponding lowest dimensionless flow resistance 𝐼𝑓,𝑚𝑖𝑛  of the 

membrane in Fig.1(a) have been calculated respectively from Eqs.(4) and 

(5) for 𝑅𝑟 = 10𝑛𝑚 , 𝑅𝑏,1 = 0.3 , different 𝜆0  values and different 

liquid-pore wall interactions when N varies from 1 to 20. In all these 

calculations, it was examined that the calculation accuracy is good 

(Zhang, 2018a). 

In the calculations, for whichever liquid-pore wall interaction, 

𝐶𝑞(𝑅) is generally expressed as (Zhang, 2018a and 2018b): 
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where  𝑅  is 𝑅𝑏,1 , 𝑅𝑒𝑞  or 𝑅𝑏,2  (same in the following equations), 

𝑚0, 𝑚1, 𝑚2 and 𝑚3 are respectively constants. 

𝐶𝑦(𝑅) is generally expressed as (Zhang, 2018a and 2018b): 
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where 𝑎0, 𝑎1 and 𝑎2 are respectively constants.  

𝑆(𝑅) is generally expressed as (Zhang, 2018a and 2018b): 
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where  𝑛0, 𝑛1, 𝑛2 and 𝑛3 are respectively constants. 

For weak, medium-level and strong filtered liquid-pore wall 

interactions, the values of 𝑅𝑐𝑟 were respectively taken as 3.5nm, 10nm 

and 20nm (Zhang, 2018a and 2018b). For different types of the filtered 

liquid-pore wall interaction, the values of the other parameters are 

respectively shown in Tables 1(a-c).  

 

Table 1(a) Liquid viscosity data for different liquid-pore wall interaction 

types (Zhang, 2018a and 2018b) 

Parameter 

Interaction  

   a0 a1    a2 

Strong 1.8335 -1.4252 0.5917 

Medium 1.0822 -0.1758 0.0936 

Weak 0.9507 0.0492 1.6447E-4 

 

Table 1(b) Liquid density data for different liquid-pore wall interaction 

types (Zhang, 2018a and 2018b) 

Parameter 

Interaction  

   m0 m1   m2 

 

  m3 

Strong 1.43 -1.723 2.641 -1.347 

Medium 1.30 -1.065 1.336 -0.571 

Weak 1.116 -0.328 0.253 -0.041 

 

Table 1(c) Liquid non-continuum property data for different liquid-

pore wall interaction types (Zhang, 2018a and 2018b) 

Parameter 

Interaction  

   n0 n1    n2 

 

  n3 

Strong 0.4 -1.374 -0.534 0.035 

Medium -0.649 -0.343 -0.665 0.035 

Weak -0.1 -0.892 -0.084 0.1 

5. RESULTS AND DISCUSSIONS 

5.1  For liquid-particle separation 

The proposed membrane can be applied for liquid-particle separation for 

ultimate purification of liquids. In this case, the radius 𝑅𝑏,1  of the 

branch pore is determined by the sizes of the filtered particles. As an 

example, all the results given in this section are for 𝑅𝑏,1 = 0.3. 

Figure 3(a) plots the values of (𝑅𝑏,2/𝑅𝑏,1)𝑜𝑝𝑡  against 𝜆0  for 

different N for the weak liquid-pore wall interaction when 𝑅𝑟 = 10𝑛𝑚. 

The value of (𝑅𝑏,2/𝑅𝑏,1)𝑜𝑝𝑡  is significantly increased with the 

reduction of 𝜆0 and with the increase of N; It can range between 10 and 

30, large enough for manufacturing tens of branch pores for each trunk 

pore.  

Figure 3(b) plots the corresponding lowest dimensionless flow 

resistance 𝐼𝑓,𝑚𝑖𝑛  of the membrane for the weak liquid-pore wall 

interaction when 𝑅𝑟 = 10𝑛𝑚 and the ratios 𝑅𝑏,2/𝑅𝑏,1  are optimum. 

For a given 𝜆0 , the value of 𝐼𝑓,𝑚𝑖𝑛  is significantly reduced with the 

increase of N especially when 𝜆0 is large. This shows the significant 

beneficial effect of the tree-type nanoporous filtering membrane with 

various branch pores in each pore tree as shown in Fig.1(a) in reducing 

the flow resistance and increasing the flux of the membrane. For a given 

N, the value of 𝐼𝑓,𝑚𝑖𝑛 is significantly reduced with the reduction of 𝜆0. 

This shows the strong effect of the depth 𝑙1 of the filtration pore on the 

flow resistance and thus on the flux of the present membrane. 

Figure 4(a) shows the variations of the values of (𝑅𝑏,2/𝑅𝑏,1)𝑜𝑝𝑡 

with 𝜆0 similar as in Fig.3(a) for different N for the medium liquid-pore 
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wall interaction when 𝑅𝑟 = 10𝑛𝑚. Figure 4(b) shows the variations of 

the corresponding lowest dimensionless flow resistance 𝐼𝑓,𝑚𝑖𝑛  of the 

membrane with  𝜆0 similar as in Fig.3(b) for the medium liquid-pore 

wall interaction when 𝑅𝑟 = 10𝑛𝑚  and the ratios 𝑅𝑏,2/𝑅𝑏,1  are 

optimum. 

Figure 5(a) shows the variations of the values of (𝑅𝑏,2/𝑅𝑏,1)𝑜𝑝𝑡 

with 𝜆0  similar as in Figs.3(a) and (b) for different N for the strong 

liquid-pore wall interaction when 𝑅𝑟 = 10𝑛𝑚. The comparisons among 

Fig.3(a), Fig.4(a) and Fig.5(a) show that for given operating conditions, 

a stronger liquid-pore wall interaction results in a lower value of 

(𝑅𝑏,2/𝑅𝑏,1)𝑜𝑝𝑡. 

 
0
  

 (a) 

 
0
  

  (b) 

 

Fig. 3 Plots of the optimum values of 𝑅𝑏,2/𝑅𝑏,1 and the corresponding 

lowest dimensionless flow resistance 𝐼𝑓,𝑚𝑖𝑛  of the membrane for the 

weak liquid-pore wall interaction when 𝑅𝑟 = 10𝑛𝑚 and 𝑅𝑏,1 = 0.3. 

Figure 5(b) shows the variations of the corresponding lowest 

dimensionless flow resistance 𝐼𝑓,𝑚𝑖𝑛 of the membrane with 𝜆0 similar 

as in Figs.3(b) and 4(b) for the strong liquid-pore wall interaction when 

𝑅𝑟 = 10𝑛𝑚 and the ratios 𝑅𝑏,2/𝑅𝑏,1 are optimum. 

 

  (a) 

 

     
0
  

       (b) 

Fig. 4 Plots of the optimum values of 𝑅𝑏,2/𝑅𝑏,1 and the corresponding 

lowest dimensionless flow resistance 𝐼𝑓,𝑚𝑖𝑛  of the membrane for the 

medium liquid-pore wall interaction when 𝑅𝑟 = 10𝑛𝑚 and 𝑅𝑏,1 = 0.3. 

Figure 6 shows the influences of the number N of the branch pores 

in each pore tree on the lowest dimensionless flow resistance 𝐼𝑓,𝑚𝑖𝑛 of 

the present membrane for different liquid-pore wall interactions when 

𝑅𝑟 = 10𝑛𝑚, 𝜆0 = 1 × 10−3, and the ratios 𝑅𝑏,2/𝑅𝑏,1 are optimum. It 

is shown that when N is over large, the influence of N on the flow 

resistance and thus on the flux of the membrane is weak for any liquid-

pore wall interaction; Otherwise, the increase of N very significantly 

reduces the flow resistance and thus improves the flux of the membrane. 
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For a weak liquid-pore wall interaction, N can be 20, for a medium liquid-

pore wall interaction, N may be no more than 8, while for a strong liquid-

pore wall interaction, N may be no more than 5. 

 

(a) 

 

    (b) 

Fig. 5 Plots of the optimum values of 𝑅𝑏,2/𝑅𝑏,1 and the corresponding 

lowest dimensionless flow resistance 𝐼𝑓,𝑚𝑖𝑛  of the membrane for the 

strong liquid-pore wall interaction when 𝑅𝑟 = 10𝑛𝑚 and 𝑅𝑏,1 = 0.3. 

5.2 For liquid-liquid separation 

Similar with the membrane shown by Zhang (2017b), the present 

membrane might be applicable for a liquid-liquid separation. In this 

section, the results for the applicability of the membrane for liquid-liquid 

separations are presented.  

Similar as shown by Zhang (2017b), for a liquid-liquid separation, 

it is here assumed that the mixed liquids have greatly different 

interactions with the pore wall in the membrane. The radius 𝑅𝑏,2 of the 

trunk pore in the present membrane is determined as optimum according 

to the liquid with a weak interaction with the pore wall. In this 

circumstance, the liquid with a weak interaction with the pore wall may 

freely flow through the membrane, while the membrane might be highly 

resistive to the flow of the other liquids because of the much increased 

flow resistances. By this way, the mixed liquids should be well separated. 

In the flow through a nanochannel, there might be the effect of the 

interaction between the mixed liquids. In the present calculation, this 

effect is neglected. The flow resistances of the present membrane 

respectively for the liquids with weak, medium-level and strong 

interactions with the pore wall are here calculated to show the potential 

applications of the membrane for liquid-liquid separations. 

 

Fig. 6 Influences of the number N of the branch pores on the lowest 

dimensionless flow resistance 𝐼𝑓,𝑚𝑖𝑛  of the present membrane for 

different liquid-pore wall interactions when 𝑅𝑟 = 10𝑛𝑚, 𝑅𝑏,1 = 0.3, 

𝜆0 = 1 × 10−3, and the ratios 𝑅𝑏,2/𝑅𝑏,1 are optimum. 

For a liquid-liquid separation, the radius 𝑅𝑏,2 of the trunk pore 

should be determined as follows: 

𝑅𝑏,2 = 𝑅𝑏,1(𝑅𝑏,2/𝑅𝑏,1)𝑜𝑝𝑡                             (9) 

where (𝑅𝑏,2/𝑅𝑏,1)𝑜𝑝𝑡 is the optimum ratio of 𝑅𝑏,2 to 𝑅𝑏,1 for yielding 

the lowest flow resistance of the membrane for the liquid with a weak 

interaction with the pore wall and it is calculated as: (𝑅𝑏,2/𝑅𝑏,1)𝑜𝑝𝑡 =

(𝑅𝑒𝑞/𝑅𝑏,1)(𝑅𝑏,2/𝑅𝑒𝑞)𝑜𝑝𝑡 . Here, 𝑅𝑒𝑞  is solved from Eq.(1), and 

(𝑅𝑏,2/𝑅𝑒𝑞)𝑜𝑝𝑡 is calculated from Eq.(4). In all the calculations, it was 

taken that 𝑅𝑟 = 10𝑛𝑚 and 𝜆0 = 1 × 10−3.  

Figure 7 plots the optimum values of the radius 𝑅𝑏,2 of the trunk 

pore determined according to the liquid with the weak interaction with 

the pore wall when 𝜆0 = 1 × 10−3. The optimum 𝑅𝑏,2 value is nearly 

directly proportional to 𝑅𝑏,1 . For a given 𝑅𝑏,1 , it is significantly 

increased with the increase of N. 

Figures 8(a) and (b) show the variations of the dimensionless flow 

resistance 𝐼𝑓 of the membrane with the radius 𝑅𝑏,1 of the branch pore 

respectively for the weak, medium and strong liquid-pore wall 

interactions i.e. for Liquid A, Liquid B and Liquid C for N equal to 4 and 

8, when the radius 𝑅𝑏,2 of the trunk pore is optimized according to the 

weak liquid-pore wall interaction i.e. Liquid A as shown in Fig.7. For 

any given N, when 𝑅𝑏,1 is below 2nm, the value of 𝐼𝑓 for Liquid C i.e. 

for the strong liquid-pore wall interaction is more than 100 or even more 

than 1000 times that for Liquid A i.e. for the weak liquid-pore wall 

interaction. This shows the potential application value of the present 

membrane for a liquid-liquid separation provided that the mixed liquids 

have largely different interactions with the pore wall. Greater N values 

result in significantly lower values of 𝐼𝑓 and then lower pressure drops 
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and power losses on the membrane if the flux of the membrane is given 

in a liquid-liquid separation. This shows the benefit of the tree-type 

cylindrical-shaped nanoporous filtering membrane with multiple branch 

pores in each pore tree in a liquid-liquid separation. As shown by these 

figures, if the mixed liquids have less different interactions with the pore 

wall such as in separating Liquid A from Liquid B, the required radius 

𝑅𝑏,1 of the branch pore should be much less e.g. no more than 0.5nm. 

 

Fig. 7 Optimum 𝑅𝑏,2 values determined according to the liquid with 

the weak interaction with the pore wall when 𝜆0 = 1 × 10−3. 

Figures 8(a) and (b) show the variations of the dimensionless flow 

resistance 𝐼𝑓 of the membrane with the radius 𝑅𝑏,1 of the branch pore 

respectively for the weak, medium and strong liquid-pore wall 

interactions i.e. for Liquid A, Liquid B and Liquid C for N equal to 4 and 

8, when the radius 𝑅𝑏,2 of the trunk pore is optimized according to the 

weak liquid-pore wall interaction i.e. Liquid A as shown in Fig.7. For 

any given N, when 𝑅𝑏,1 is below 2nm, the value of 𝐼𝑓 for Liquid C i.e. 

for the strong liquid-pore wall interaction is more than 100 or even more 

than 1000 times that for Liquid A i.e. for the weak liquid-pore wall 

interaction. This shows the potential application value of the present 

membrane for a liquid-liquid separation provided that the mixed liquids 

have largely different interactions with the pore wall. Greater N values 

result in significantly lower values of 𝐼𝑓  and then lower pressure drops 

and power losses on the membrane if the flux of the membrane is given 

in a liquid-liquid separation. This shows the benefit of the tree-type 

cylindrical-shaped nanoporous filtering membrane with multiple branch 

pores in each pore tree in a liquid-liquid separation. As shown by these 

figures, if the mixed liquids have less different interactions with the pore 

wall such as in separating Liquid A from Liquid B, the required radius 

𝑅𝑏,1 of the branch pore should be much less e.g. no more than 0.5nm.  

6. CONCLUSIONS 

An optimized tree-type cylindrical-shaped nanoporous filtering 

membrane is proposed. This membrane has two-leveled tree-structured 

pores across the thickness. The branch pores are parallel with its trunk 

pore, they are for filtration, and their number N can be relatively big 

depending on the requirement of the flux of the membrane. The trunk 

pore is for reducing the flow resistance of the membrane, and its radius 

is optimized for achieving the lowest flow resistance of the membrane.  

An analysis is presented for the optimum ratio of the radius 𝑅𝑏,2 of 

the trunk pore to the radius 𝑅𝑏,1 of its branch pore and the corresponding 

lowest flow resistance 𝐼𝑓,𝑚𝑖𝑛  of the membrane. The equations for 

calculating the optimum (𝑙1 + 𝑙2)  and the corresponding value of 

𝐼𝑓,𝑚𝑖𝑛 are derived. The calculations showed that the optimum value of 

the ratio (𝑙1 + 𝑙2)  can range between 10 and 30, large enough for 

manufacturing tens of branch pores for each trunk pore. When the 

number N of the branch pores in each pore tree is not over large, the 

increase of N very significantly reduces the flow resistance and thus 

improves the flux of the membrane for any liquid-pore wall interaction; 

Otherwise, the influence of N on the flow resistance of the membrane is 

weak.  

 

 

        (a) N=4 

 

         (b) N=8 

Fig. 8 Plots of the dimensionless flow resistance of the membrane 

against the radius 𝑅𝑏,1 of the branch pore respectively for the weak, 

medium and strong liquid-pore wall interactions i.e. for Liquid A, Liquid 

B and Liquid C for different N values. 

The calculations also show that for any given number N of the 

branch pores in each pore tree, when the radius 𝑅𝑏,1 of the branch pore 

is below 2nm, the flow resistance of the membrane for a weak liquid-

pore wall interaction can be more than 100 or even more than 1000 times 

that for a strong liquid-pore wall interaction. This shows the potential 

application value of the membrane for a liquid-liquid separation provided 

that the mixed liquids have largely different interactions with the pore 

wall. For separating the liquids with less different interactions with the 
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pore wall, the required 𝑅𝑏,1 value may be much less e.g. no more than 

0.5nm. Greater N values bring more benefits in the performance of the 

membrane in a liquid-liquid separation such as lower pressure drops and 

power losses on the membrane for a given flux. 

According to the analysis, for the same pressure drop ∆𝑝 on the 

membrane and the same membrane thickness (𝑙1 + 𝑙2), the flux of the 

present optimized membrane should normally be much greater than that 

of the conventional membrane only with single cylindrical filtration 

pores. In other words, if both ∆𝑝  and the fluxes are the same, the 

thickness (𝑙1 + 𝑙2)  of the present optimized membrane should be 

significantly greater than that of the conventional membrane only with 

single cylindrical filtration pores; Thus, in this case, the mechanical 

strength of the present optimized membrane is considerably improved as 

compared with that of the conventional membrane. In actual application, 

we may need to find a balance between the mechanical strength and the 

flux of the present optimized membrane when determining the membrane 

thickness (𝑙1 + 𝑙2). 

Here, the obtained results and conclusions are for no liquid-pore 

wall interfacial slippage. However, the passing liquid might slip on the 

pore wall surface. For this case, a much more complicated analysis is 

required. In spite of this, the present results and conclusions should be of 

significant interest to the design and application of the mentioned 

membranes. 
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