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ABSTRACT

The steady boundary layer stagnation flow of a Casson fluid over a stretching sheet with slips boundary conditions in the presence of viscous
dissipation, Joule heating and the first order destructive chemical reaction is analyzed. The governing flow problem is based on momentum equation,
energy equation, and mass diffusion equation and these are further simplified with the help of similarity transformations. The reduced, resulting
highly nonlinear coupled ordinary differential equations are solved using the Matlab bvp4c package. The effects of various parameters on the
dimensionless velocity, temperature, and concentration as well as on the skin friction coefficient and the rate of heat and mass transfer coefficients
are presented in graphical forms. A comparison with published data has been carried out and good agreements are found, it is noted that the effects of
increasing the value of the Casson parameter are to suppress the fluid velocity.
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1. INTRODUCTION

The flow near the stagnation point has made the attention of many
investigators for more than a century because of its wide applications.
Some of the applications are cooling of nuclear reactors during the
emergency shutdown, cooling of electronic devices by fans, solar
central receivers exposed to wind currents, and many hydrodynamic
processes in engineering applications. The author Hiemenz (1911)
originated the study of a stagnation point flow towards a solid surface
in moving fluid. He was the pioneer to analyze two-dimensional
stagnation point flow on the stationary plate to reduce the Navier—
Stokes equations to nonlinear ordinary differential equations. Since then
many investigators have extended the idea to a different aspect of the
stagnation point flow problems. The study of hydrodynamic stagnation
point flow over a stretching surface has attracted much attention due to
their many practical applications such as MHD generators and cooling
of infinite metallic plates in a bath. Hiemenz (1911) first studied two-
dimensional stagnation flow using similarity transformations to reduce
the Navier—Stokes equations to nonlinear ordinary differential
equations. Different aspects of the stagnation point flow had been
considered by many researchers. The magnetohydrodynamic stagnation
point flow over a stretching sheet with variable surface temperature is
considered by Ishak et al. (2009). Ramesh et al. (2014) analyzed the
magnetohydrodynamic stagnation point radiative dusty fluid flow
towards a stretching sheet, and concluded that the fluid phase is higher
than the dust phase. Al-sudais (2012) numerically investigate the effects
of variable thermal conductivity and heat source/sink on MHD viscous
fluid flow near a stagnation point on a non-conducting stretching sheet.
Many of the fluids that are used in industries shows non-
Newtonian behavior, so the modern day investigators are showing keen
interest in those industrial non-Newtonian fluids, and their dynamics.
All the properties of such non-Newtonian fluids are not covered by a
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single constitutive equation and hence many non-Newtonian fluid
models (Wilkinsion, (1970), Rajagopal, (1980), Rajagopal, et al. (1984)
and Dorier and Tichy, (1992)) have been proposed to clarify all
physical behaviors. Among them Casson fluid is one of the types of
such non-Newtonian fluids, that behaves like an elastic solid, and for
this a yield shear stress exists in the constitutive equation. Casson
model is claimed to fit rheological data better than general viscoplastic
models for many materials and also a preferred rheological model for
blood and chocolate (see (Casson, (1959))). The Casson fluid flow in a
pipe with a homogeneous porous medium was investigated by Dash et
al. (1996). The Casson model fits the flow data better than the more
general Herschel-Bulkley model by Joye (1998) and Kirsanov and
Remizo (1999), which is a power-law formulation with yield stress as
Bird et al. (1960). Bhattacharyya (2013) examined the stagnation point
flow of Casson fluid towards a shrinking/stretching sheet. Hayat et al.
(2012) considered the mixed convection stagnation point flow of an
incompressible non-Newtonian fluid over a stretching sheet under
convective boundary conditions. Ramesh (2016) investigated the
stagnation-point flow of an incompressible non-Newtonian fluid over a
non-isothermal stretching sheet. Animasaun et al. (2016) studied free
convective MHD Casson fluid flow past an exponentially stretching
sheet and concluded that rising values of variable plastic dynamic
viscosity parameter of Casson fluid correspond to enhance the
momentum boundary layer thickness. The magnetohydrodynamic heat
transfer Casson fluid flow over a permeable stretching sheet in a porous
medium with non-uniform heat generation/absorption and first order
chemical reaction is considered by Gireesha et al (2015). Later,
Nadeem et al. (2012) examined the MHD boundary layer flow of a
Casson fluid over an exponentially penetrable shrinking sheet.
Bhattacharyya (2013) considered the two-dimensional MHD stagnation
point flow of electrically conducting non-Newtonian Casson fluid and
heat transfer towards a stretching sheet.
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In the above-stated papers, the investigators did not consider the
slip boundary conditions. In certain circumstances, the central idea for
Navier-stokes theory is the no-slip condition. So, on applying the no
slip boundary condition many authors have obtained both numerical
and analytical solutions to study velocity and temperature profiles.

The no-slip condition is not enough for most non-Newtonian
liquids, as some polymer melts often shows minuscule wall slip and
that has a controlling influence by a non-linear and monotone
relation between the slip velocity and the traction. Partial velocity slip
may happen on the stretching boundary when the fluid is particulate
such as emulsions, suspensions, foams and polymer solutions.
In various industrial processes the slip effects can arise at the boundary
of pipes, walls, curved surfaces, etc. Navier slip condition is a usual
approach to study slip phenomena. The thermal and solutal slip
conditions may also arise in many engineering developments. The
boundary layer slip flow problems arise in improving of artificial heart
valves and internal cavities. The MHD and slip effect in the boundary
layer viscous flow over a surface with heat transfer was examined by
Bhattacharyya et al. (2011). Nandy (2013) studied the hydromagnetic
flow of a Casson fluid in the neighborhood of a stagnation point over a
stretching surface in the presence of velocity and thermal slips. The
multiple slips on magnetohydrodynamic Jeffrey nanofluid flow over a
horizontal stretching surface in the presence of radiation has been
considered by Prasanna kumara et al. (2016). The effects of viscous
dissipation and Joule heating are usually characterized by the Eckert
number and the product of the Eckert number with magnetic parameter
respectively, and both effects are important in geophysical flows and in
nuclear engineering (see Alim et al., (2007)). Joule heating is the
process by which the passage of an electric current through a conductor
produces heat. Joule heating is used in uncountable number of gadgets
and industrial process such as electric stoves, electric heaters, soldering
irons, electric fuses, and thermistors etc. Viscous dissipation changes
the temperature distributions by playing a role like an energy source,
which leads to affected heat transfer rates. The effect of viscous
dissipation depends on whether the plate is being cooled or heated. Heat
transfer analysis over a porous surface is of much practical interest due
to its abundant applications. The earlier studies are based on the
constant physical properties of the fluid. However, it is known that the
significant change may occur in the physical properties of the fluid with
temperature. The increase in temperature leads to the growth in the
transport phenomena by decreasing the viscosity across the velocity
boundary layer and due to which the heat transfer rate at the wall is also
affected. Therefore, to accurately predict the flow and heat transfer
rates, it is essential to take into account the temperature-dependent
viscosity of the fluid.

Apart from the viscous dissipation in magnetohydrodynamic
flows, the Joules dissipation also acts as a volumetric heat source. The
problem of viscous dissipation, Joule heating and heat source/sink on
non-Darcy magnetohydrodynamic natural convection flow over an iso-
flux permeable sphere in a porous medium is numerically analyzed by
Yih (2000). The effect of viscous dissipation and Joule heating on
magnetohydrodynamic free convection flow past a semi-infinite vertical
flat plate in the presence of the Hall and non-slip current effects for the
case of power-law variation of the wall temperature is analyzed by
Abo-Eldahab and El Aziz (2005).The magnetohydrodynamic stagnation
point flow of a Casson fluid over a nonlinearly stretching sheet with
viscous dissipation is analyzed by Medikare et al. (2016).
Turkyilmazoglu (2011) investigate the MHD slip flow and heat transfer
effects with dissipative energy, thermal radiation and internal heat
source/sink in conducting fluid flow over a porous stretching sheet.

The present study aims to provide a detailed study of the combined
viscous and Joule dissipation effects on MHD stagnation point flow of
an electrically conducting viscous incompressible Casson fluid through
a permeable stretching sheet with multiple slips, thermal radiation, and
first order chemical reaction.
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2. MATHEMATICAL FORMULATION

A study two-dimensional laminar boundary layer MHD stagnation
point flow of viscous incompressible electrically conducting Casson
fluid bounded by stretching sheet at y=0 with slips boundary
conditions in the presence of thermal radiation, first order chemical
reaction and, viscous and Joules dissipation. The coordinate system
chosen in such a way that the axis is along the sheet and y-axis is
normal to the stretching sheet (see Fig.1). It is assumed that the velocity
distribution far from the surface is given by u =U(x) =ax, where a is

a positive constant.7, and C, are the uniform temperature and

concentration at the stretching surface, respectively. 7., and C_ are the

free stream temperature and concentration, respectively. The magnetic
Reynolds number is assumed very small, and thus the included
magnetic field is negligible. The model of first order chemical reaction
is considered. The level of concentration of foreign mass assumes to be
low, so that Soret and Dufour effects are negligible. It assumed that the
flow is generated by stretching of non-conducting elastic bounding
sheet from the employment of two equal and opposite forces along x-
axis in such a way that the origin remains fixed and velocity of the
boundary sheet is a linear order in the flow direction. In conjugate heat
transfer flow problems thermal conductivity is dependent on the
temperature (see Mohammad et al. (2014)), here it is assumed that the
thermal conductivity is independent of temperature. It is also assumed
the rheological equations of the state for an isotropic and
incompressible flow of Casson fluid can be written as (Mustafa et al.
(2012)).

Z(uﬁ +p),/x/g)e,j, T>T,
%= (D

Z(uﬁ +p),/\/2_7r£)e,j, T<LT,

where 7. is the (i, j)"’ component of the stress tensor, 7 =e¢,e

i e. 18

i G

the (i, j)"’ component of deformation rate, 7 denotes the product of the
component of deformation rate with itself, and p, is the yield stress of
a fluid, 7z, is a critical value of this product based on the non-
Newtonian model, &, is the plastic dynamic viscosity of the non-

Newtonian fluid.

u=ax, v=—ay

Stagnation point

Region of non-zero vorticity

Fig. 1 Physical model and Co-ordinate system.

Under the previous assumptions, the MHD boundary layer
equation for steady stagnation point flow can be written as
I, @
dx dy
2 2
ua—u+v@:Ua—U+v 1+ a—I:+&(U—u), (3)
ox dy ox B )dy P

2 2 2
u87"+vaT:K8T+v(l+1](auj + 28, (U-u) - I %,

2 % @
oax 9y & ¢ g pc, pc, 9y @
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u—+v—=D, —
ox dy dy

where x and y represents coordinate axis along the continuous surface

~k(C-C.), o)

in the direction of motion and normal to it respectively. The velocity
components along x and y axis are u and Vrespectively. o is the

electrical conductivity, p is the density of the fluid, B, is the uniform

magnetic field strength, & is thermal diffusivity, ¢, is specific heat at

constant pressure, ¥ is the kinematic viscosity, g, is the radiative heat
flux, D, is the molecular diffusivity, k, is the dimensional chemical

reaction parameter, and £ is the Casson parameter.

Using the Rosseland approximation for radiation we have,
_ 4o or'

=3 oy

Q]

where o is the Stefan-Boltzmann constant and kl is the absorption
coefficient. Assuming that the temperature differences within the flow

such that the term 7'* may be expanded in Taylor series as Brewster
(1972)

T*=4T_ T -3T. @)
In view of eqns. (6) and (7) the eqn. (4) can be written as

ar  ar_ T wv(, 1\ ou) oB’ 2 166°T 0°T
U—+v—=k—+—| l+— +—(U-u) +

ax ay B ay2 Cl) ﬁ ay pcP 3pC1)k* W’
(®)
The corresponding slip boundary conditions are
u:cx+La—u, v=0,T:Tw+Sa—T, C:CW+D8—Caty=0,
dy dy dy
u—-U(x)=ax, T>T,,C—>C_ asy > 9)

Where L is the velocity slip factor, § is the thermal slip factor, D is
the solutal slip factor and a,c are positive constants.

3. METHOD OF SOLUTION

The momentum and energy equations can be transformed into the
corresponding nonlinear ordinary differential equations by the
following transformation:

y = wlewf (1), e(n){T‘Tw ] M:[c_g ] =y

T -T, Cc, —-C, v

(10)
The continuity equation can be satisfied by introducing a stream
function ¥ such that

0 0
u=2Y =¥ (1
dy ox
where 7] is independent similarity variable and7, =T_ +bx”, b is a
positive constant. Using the above relations in Eqns. (3), (5) and (8), we
get the transformed nonlinear ordinary differential equations as

[1+;Jf’”+ff”—f’z+a2+M(a—f'):O, (12)
L( AR o L) om Vo
E(H?je +f6'—2f6'+(l+ﬁ]ch +MEc(a—f') =0,

13)
Ly rp —Kro=0. (14
Sc

Here «a(=a/c) is the dimensionless velocity ratio parameter,

M (=0f3,/pc) is the magnetic parameter, Pr=(v/ k) is the Prandtl
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3
number, E, =(c2/bcp) is Eckert number,R=4:kT°° is the thermal

*

. v . . .
radiation parameter, SczD— is the Schmidt number, the chemical

K,

c
The transformed boundary conditions are

£(0)=0. £/(0)=1+877(0). 8(0)=1+78(0). $(0)=1+ 7§ (0)
f(=)=a, 8(«)=0, ¢(=)=0 (15)

reaction parameter Kr =

where d=~c/vLis the dimensionless velocity slip
parameter, y =~/c/ v S is the dimensionless thermal slip

parameter, ¥ =~/c/ v D is the dimensionless solutal slip parameter.

The physical quantities of interest are skin friction coefficient C, and

local Nusselt number Nu, , which are given by

T, xq,, xq
C — w ) MX — w ) . — m s 16

T B U R (e 1o
Where 7, is shear stress along the stretching surface and g, is the heat

flux from the stretching surface, which are given by

T, =|k + o |fou .4, =—k[aT] and g, =-D, ac
\ 2”0 ay y=0 ay y=0 ay

a7
In the view of boundary conditions (9), we get
1 Nu Sh
)/ — ” X 4 X /
e €, =[144]7(0). = 0(0) im0 60)
18)

Where Re, =u,(x)x/v is alocal Reynolds number.

4. RESULTS AND DISCUSSION

Fig. 2 Effect of aon f'(77) .

The set of nonlinear coupled ordinary differential Eqs. (12) - (14)
subject to the boundary conditions (15) are solved using Matlab bvp4c
package. The computations are carried out until we get the velocity,
temperature and concentration profiles converge and satisfy the far field
boundary conditions (15) asymptotically. The numerical calculations
were carried out for different values of the velocity ratio
parametera,velocity slip parameter &, the magnetic field parameter

M , Eckert number Ec,
parameter 3, solutal slip parameter y , Radiation parameter R, Prandtl

thermal slip parameter y, Casson
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number Pr, Chemical reaction parameter Kr, Schmidt number
Sc ,and their effects on the flow and heat and mass transfer
characteristics are analyzed and discussed through graphs. Table-1
showed the accuracy of the method used and verified with the existing
results, and they are found to be in good agreement with Mahapatra and
Gupta (2002), Ishak et al. (2007) and Samir Kumar Nandy
(2013).Throughout the calculations, the parametric values are chosen as
Kr=02,7=0.1, §=0.5,8=1, Pr=0.7,S¢=0.6, Ec=1,y=0.2,
R=0.1,M=1.

Fig. 5 Effect of M on f'(77) .
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Fig. 9 Effect of Ec on8(7).
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Table-1: Comparison of the values of f”(0) for different values of
awithM =0,8=0, =0, Sc=0,R=0,Kr=0, 8 —oo.

a Mahapatra and Ishak etal. | Samir Kumar Present
Gupta(2002) (2007) Nandy Study
(2013)
0.01 - -0.9980 -0.998024 -0.999198
0.10 -0.9694 -0.9694 -0.969386 -0.969656
0.20 -0.9181 -0.9181 -0.918107 -0.918164
0.50 -0.6673 -0.6673 -0.667264 -0.667264
1.0 0 0 0 0
2.0 2.0175 2.0175 2.017507 2.017503

Figs. 2-4 illustrate the effect of the ratio parameter on the velocity,
temperature and concentration profiles. When the free-stream velocity
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exceeds the velocity of the stretching sheet, i.e., when @ > 1, the flow
velocity increases; however, the boundary layer thickness decreases
with an increase in & . Furthermore, when the free-stream velocity is
greater than the stretching velocity, the velocity approaches the velocity
ratio parameter & . On the other hand, when the free-stream velocity is
less than the velocity of stretching sheet, there is a decrease in velocity
of the fluid and hydrodynamic boundary layer thickness. From Figs. 3
and 4 it is observed that both thermal and solutal layer thickness
decreases with an increase in velocity ratio parameter & . Fig. 5
elucidates that the depreciation of fluid velocity with the rising values
of magnetic field parameter. This indicates that the transverse magnetic
field opposes the transport phenomena since an increase in M leads to
an increase in the Lorentz force, which opposes the transport process.
This stronger Lorentz force produces more resistance to the transport.
But from Figs. 6 and 7, the opposite phenomenon is observed with an
increase in M on temperature and concentration fields respectively.
This means the magnetic field works to increase the value of
temperature and concentration in the flow field.

Dimensionless velocity profile for various values of velocity slip
parameter O is shown in Fig. 8. From this figure it is clear that as the
values of slip parameter J increase, the velocity boundary layer
thickness and the surface velocity decrease. This is because under the
slip condition, the pulling of the stretching sheet can be only partly
transmitted to the fluid. The enhancement of fluid temperature with
increasing values of Eckert number Ec is shown in Fig. 9. Physically,
the Eckert number Ec is the relation between flow kinetic energy to
heat enthalpy difference. So increase in Eckert number causes
enhancement in the kinetic energy. Additionally it is well known fact
that temperature is defined as average kinetic energy. Thus alternatively
temperature of the fluid rises. It could be analyzed form this graph that
fluid temperature increases when Eckert number Ec increases.

Fig. 10 presents the variation of fluid temperature with thermal slip
parameter ¥ . It is seen that on introducing the thermal slip mechanism
in the boundary layer, the temperature of the flow is reduced
significantly within the boundary layer. Also it is important to note that
the effect is prominent within the boundary layer. Fig. 11 shows the
effect of Casson parameter # on velocity profiles. From this figure, it is

seen that the fluid velocity decreases when £ increases. This is due to
the increase of Casson parameter 5, the yield stress o reduces and

hence the momentum boundary layer thickness decreases. Physically, it
is seen that an increase in £ leads to an increase in plastic dynamic
viscosity that induces resistance in the flow of fluid and decrease in
fluid velocity.

Fig. 12 reveals that the fluid temperature increases with an
increase in radiation parameter R . Physically, increasing the values of
the thermal radiation corresponds to an increased dominance of
conduction over absorption radiation thus increasing the fluid
temperature. Fig. 13 shows the effects of Prandtl number Pron the heat
transfer process. It is observed that the temperature of the fluid is
depressed by larger Prandtl number. From a physical point of view,
Prandtl number is a dimensionless number approximating the ratio of
the momentum diffusivity to the diffusivity. Further, a decrease in the
thermal boundary layer with strong Prandtl number is compensated
with steeper temperature profiles. The influence of solutal slip
parameter ¥ on concentration is represented in Fig. 14. It is observed
that the concentration of the fluid is higher for small values of solutal
slip parameter. This is due to an increase in the mass transfer from the
fluid to the porous medium. The variation of dimensionless
concentration with Schmidt number Sc is shown in Fig. 15. It is seen
that the species concentration decrease with the increasing values
of Sc . Physically, Schmidt number is the ratio of the viscous diffusion
rate to mass diffusion rate, the increase in Sc results in an increase of
the viscous diffusion rate which reduces the concentration. Fig. 16
demonstrates the effect of distractive chemical reaction parameter
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(Kr > 0) on concentration field. It is seen that the destructive chemical
reaction within the boundary layer has the tendency to decrease the
solute concentration. This is accompanied by a slight decrease in the
solutal boundary layer thickness and the negative wall slope of the
concentration profile. For non-destructive chemical reactions, exactly
the opposite effect is predicted.

Fig. 17 exhibits the nature of skin friction coefficient £”(0) for

different values of Casson parameter £ and magnetic field parameter

M against Eckert number Ec . As expected, the skin friction increases
as the Casson parameter increases. Physically, the negative sign of
f7(0) implies that surface exerts a dragging force on the fluid and
positive sign implies the opposite. The effect of magnetic field
parameter M against Eckert number Ec on skin friction coefficient is
shown in Fig. 18. It is seen that the skin friction increase with an
increase in M .Physically, the application of magnetic field
perpendicular to the fluid flow produces a drag force which tends to
retard the fluid flow velocity, thus increasing the skin friction
coefficient.

Fig. 19 displays the nature of heat transfer coefficient
—6'(0) against Schmidt number Sc for various values of radiation

parameter R . It is clear that the heat transfer rate decreases with an
increase in R . The rate of mass transfer coefficient against Schmidt
number Sc for different values of chemical reaction parameter Kr is
shown in Fig. 20. It is observed that the mass transfer rate increase with
an increase in K7 . We compared our results with the existing results of
Mabhapatra and Gupta et al. (2002), Ishak et al. (2007) and Samir Kumar
Nandy (2013), as shown in Tablel, for various values of velocity ratio

parameter & on skin friction coefficient f”(0). The table depicts an

excellent agreement between our result and that of others as mentioned
above which in turn gives a confidence that the numerical results
obtained by us are accurate.

5. CONCLUSIONS

In the present study, we have considered thermal radiation and chemical
reaction effects on MHD stagnation point flow of an electrically
conducting viscous incompressible Casson fluid through a permeable
stretching sheet with multiple slips in the presence of viscous and Joule
dissipation. Using Matlab bvp4c package, we developed the series
solutions of governing problem.

Following conclusions are drawn from the present study.

1. The momentum boundary layer thickness decreases with an
increase in the Casson parameter §, but the Skin friction

coefficient increases with 3 .

2. Thermal boundary layer thickness decreases with an increase
in both velocity ratio parameter A and Prandtl number Pr.

3. The heat transfer rate decreases with Radiation parameter R .

4. The velocity, temperature and concentration decrease with an
increase of velocity slip, thermal slip and solutal slip
parameters.

5. The increase in chemical reaction parameter decreases the
dimensionless concentration in the concentration boundary
layer. Thus mass transfer rate increases with chemical
reaction parameter .
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