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ABSTRACT 

An unsteady numerical model for double-diffusive natural convection of low Prandtl number liquids with Soret and Dufour effects inside the horizontal 

cavity is developed. The thermosolutal model is solved numerically using the SIMPLE algorithm with QUICK scheme. The flow field, temperature 

and concentration distributions for different buoyancy ratios, Rayleigh numbers and aspect ratios under different Prandtl numbers are studied 

systematically. The results reveal that the flow structure develops from conduction-dominated to convection as buoyancy ratio increases under different 

Prandtl numbers. Heat transfer intensity keeps constant and mass transfer intensity grows slowly before a critical point as Rayleigh number increases 

for different Prandtl numbers. Then heat transfer intensity enhances dramatically and mass transfer intensity increases faster as Rayleigh number 

increases after a critical point. The vortex number of flow structure, recirculation zones of isotherm and isoconcentration contours, heat and mass 

transfer intensity increase as aspect ratio decreases under different Prandtl numbers. 
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1. INTRODUCTION 

Liquid metals (low Prandtl number liquids) have drawn attentions from 

researchers due to their wide applications in various fields such as 

nuclear reactors (Kang et al., 2016; Kang et al., 2013; Efanov et al., 2007; 

El-Genk and Tournier, 2011), crystal growth (Akour and Jarrah, 2005), 

semiconductor manufacturing process (Eslamia and Saghir, 2011), heat 

dissipation of electronic devices (Ma and Liu, 2007) and other fields. The 

flow condition of natural convection of liquid metal have impacts on the 

heat transfer or mass transfer of the whole process. 

There are various studies about natural convection of the pure liquid 

metal with numerical and experimental methods. Cao and Faghri (1990) 

numerically studied natural convection of fluids having very low Prandtl 

numbers down to Pr=0.00125 in rectangular enclosures with partial 

heating from below. Cless and Prescott (1996) studied the effects of time-

varying thermal boundary conditions on oscillatory natural convection of 

liquid metals in a differentially heated square cavity. Moh et al. (1997) 

analyzed the interaction between buoyancy-induced convection within a 

liquid metal inside a square, differentially heated enclosure and 

externally imposed excitation in the form of harmonic rocking about the 

enclosure center point. Zhang and Angeli (2011) investigated the 

combined thermally and electromagnetically driven natural convection 

of a liquid metal heated by Joule effect in a rectangular cavity to figure 

out the flow structure transitions. Sharma et al. (2009) investigated 

turbulent natural convection of liquid metal in a cylindrical enclosure 

with locally distributed heat source. Karcher et al. (2002) used numerical 

and experimental methods to study the heat transfer of natural convection 

with liquid metal inside the magnetic field. Mahfooz et al. (2012) studied 

the radiation effects on a transient two-dimensional natural convection of 

a laminar boundary-layer flow with viscous incompressible electrically 

conducting and optically dense fluid along a vertical flat surface with 
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heat generation. Campo et al. (2006) numerically investigated laminar 

natural convection of metallic fluids between vertical parallel plate 

channels with isoflux heating. Man et al. (2000) conducted 

comprehensive numerical simulation to investigate three-dimensional, 

steady, conjugate heat transfer of natural convection and conduction in a 

vertical cubic enclosure which contained a centered, cubic, conducting 

heat source. Bucchignani and Mansutti (2000) carried out a numerical 

analysis of the buoyancy-driven and unsteady natural convection of a 

liquid metal in a three dimensional shallow cavity (4×1×1) with a 

horizontal temperature gradient along the larger dimension and observed 

the Ruelle-Takens bifurcation. Li et al. (1997) conducted a three-

dimensional unsteady computation to investigate buoyancy-driven 

unstable convection in a side-wall-heated and top-wall-cooled vertical 

closed cylinder containing liquid metal.  

In fact, thermal and solutal buoyancies can induce many intriguing 

and complex flow and heat transfer phenomena during the double-

diffusive natural convection of liquid metals or liquid mixtures. 

Therefore, many scholars showed interest in the process. Hyun et al. 

(1995) simulated two-dimensional double-diffusive natural convection 

in Al-Cu and Pb-Sn liquid metals systems using a Chebyshev collocation 

(spectral) method. Siddiqa et al. (2017) analyzed the influence of heat 

and mass transfer on double-diffusive natural convection boundary layer 

flow of thermally radiating wavy surface. Prescott and Incropera (1994) 

simulated the solidification of a Pb-19% Sn alloy in an annular test cell 

subjected to axisymmetric cooled along its outer vertical wall and the 

simulation demonstrated the importance of thermosolutal convection 

during solidification. Yin and Koster (1999) studied stratification of 

indium and the convective flows during solidification of Ga-5% In alloy 

fluid, and analyzed the influence of natural convection on the solid-liquid 

interface morphology. Akour and Jarrah (2005) conducted numerical and 

experimental investigations on the solidification process of aluminum-

5.5% copper binary alloy in an axisymmetric metal-mold cooled in the 
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lab atmosphere, and studied the effect of natural convection on the 

solidification process and the alloy structure. 

Mass transfer due to a temperature gradient in a double-diffusive 

convection of liquid mixtures is called thermodiffusion, or Soret effect. 

And heat transfer due to a concentration gradient in a double-diffusive 

convection of liquid mixtures is called Dufour effect. There is Soret 

effect during manufacturing process of some semiconductor materials 

with the temperature zone melting method (TZGM). Eslamian and 

Saghir (2011) studied the Soret effect in a binary molten semiconductor-

metal layer with TZGM, estimated themodiffusion factor, and simulated 

convection of molten zone in a two-dimensional rectangular cell heated 

at the top or bottom with various thicknesses and aspect ratios. Jafar-

Salehi (2014) et al. proposed an expression for the estimation of 

themodiffusion factor in the liquid metal alloys fluid, and investigated 

thermosolutal natural convection numerically in a two-dimensional 

cavity filled with Sn-Bi alloy whose sidewalls exposed to surface 

radiation and external convection. 

However, there are fewer studies about double-diffusive natural 

convection of liquid metals with Soret and Duffor effect inside a 

horizontal cavity. Therefore, an unsteady numerical model based on 

thermosolutal buoyancies with Soret and Dufour effects for double-

diffusive natural convection of Pb-Sn alloy liquids within the horizontal 

cavity is developed. The flow field, temperature and concentration 

distributions for different buoyancy ratios, Rayleigh numbers, and aspect 

ratios under different Prandtl numbers are investigated systematically. 

2. Physical Model and Governing Equations 

Figure 1 shows the physical model for double-diffusive convection in 

horizontal cavity due to thermal and solutal buoyancies. The cavity of 

height H and width W (aspect ratio A = H/W) is filled with binary metal 

fluid of Pb and Sn which have a uniform temperature T0 and 

concentration c0. The bottom wall is fully heated and is maintained at the 

high temperature and concentration of Th and ch, respectively. The upper 

wall is subject to the uniform temperature and concentration of Tl and cl, 

respectively. The double-diffusive convection occurs under the vertical 

temperature and concentration gradients. The two side-walls of the cavity 

are adiabatic and impermeable. The walls apply to non-slippery 

condition.  

 
Fig. 1 Physical model for double-diffusive convection 

 

The double-diffusive natural convection is in two-dimensional 

unsteady state and it is assumed that there is no heat generation, chemical 

reactions, and thermal radiation. The binary fluid inside the cavity is 

Newtonian fluid. All thermophysical properties of the medium are 

constants except for density in the buoyancy term based on the 

Boussinesq approximation: � = ���1 − ��	
 − 
�� − ��	 − ���                       	1� 

where ρ0 is the medium density at the reference temperature T0 and 

concentration c0 . βT and βc are the thermal and solute volumetric 

expansion coefficients, respectively. 

The conservation equations for laminar double-diffusive convection 

in horizontal cavity with Soret and Dufour effects can be expressed just 

like those in the paper of Wang et al. (2015). Then conservation 

equations are transformed into the dimensionless format: 
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where the definitions of above dimensionless parameters can be seen as 

follows: 
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The dimensionless controlling parameters are the buoyancy ratio Nc, 

Prandtl number Pr, Rayleigh number Ra, Lewis number Le, Dufour 

coefficient Df and Soret coefficient Sr. 

The boundary and initial conditions turn to be: 
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To characterize heat and mass transfer near the upper and lower side 

in horizontal cavity, the local Nusselt number Nu and Sherwood number 

Sh are defined by: 
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where the first and second term of Eq. (12) indicate the Fourier's heat 

flux and the diffusion thermo flux due to Dufour effect, respectively. The 

first and second term in Eq. (13) characterize the Fick's diffusion flux 

and the thermodiffusion flux induced by Soret effect, respectively.  

    And the average Nusselt and Sherwood numbers can be expressed 

as: 
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3. NUMERICAL SOLUTION 

The dimensionless Navier-Stokes equations are numerically solved on a 

staggered grid system, then the discretized equations are solved by 

SIMPLE algorithm based in the finite volume method. Euler backward 
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second-order implicit scheme is employed for the unsteady term. The 

convective term was discretized using the QUICK scheme. During the 

SIMPLE iteration process, the pressure correction method taking the 

effect of concentration into consideration is established in order to obtain 

the real velocity field. The under-relaxation method is adopted to ensure 

the convergence of the numerical results and the criterion on one time 

step is established as the following: 

 

KLMN,OP − MN,OPQJL < 10QS
N,O

                                               	16� 

 

where Φ is the generic variable which can be U, V, θ, or C, and the 

superscript n indicates the iteration number in each time step. The 

subscript sequence (i, j) represents the grid node. 

The grid independence research was conducted under different 

conditions. Three different non-uniform girds, namely, 150×50, 150×80 

and 200×100 are employed to simulate the double-diffusive convection 

in the horizontal cavity. The non-uniform grid of 150×80 is good enough 

to ensure the grid independent solution when computation accuracy and 

CPU time are taken into account in the range of variables. So this 150×80 

grid is employed for all subsequent simulations. Meanwhile, the time 

step independence has been examined and the dimensionless time step of 

0.01 is applied. 

4. RESULTS AND DISCUSSIONS 

In order to verify the numerical code for the heat and mass transfer 

phenomena of the low Prandtl number with the Soret and Duffor effects, 

natural convection of pure metal liquid in the cavity is simulated first, 

which is studied by Li et al. (2016). The dimensionless control 

parameters Nc, Df and Sr are all set to 0, then Le is 1. The concentration 

inside the cavity is 0. Table 1 shows the results is in good agreement with 

Li's results. 

 

Table 1 Comparison of results between Li's study and present paper in 

low Pr pure liquid metal  

Pr Ra Li Present study Deviation (%) 

0.01 104 1.95 1.948 0.39% 

0.01 5×104 2.8 2.786 0.5% 

0.005 105 2.65 2.673 -0.87% 

 

The second verification case is double-diffusive the heat and mass 

transfer without Soret and Duffor effects under different Nc, which has 

been studied by Béghein (1992). The dimensionless parameters Df and 

Sr are set to 0. Then Le is 1, and Pr is 0.71. Nc ranges from -0.01 to -5. 

Table 2 shows that the relative deviation between the results of present 

study and Béghein's is within computational uncertainty. 

 

Table 2 Comparison of results between Béghein's study and present 

paper for the double-diffusive the heat and mass transfer phenomena  

Nc Beghein Present study Deviation (%) 

-0.01 16.4 16.511 0.68% 

-0.1 16 16.106 0.66% 

-0.2 15.5 15.616 0.75% 

-0.5 13.6 13.788 1.38% 

-0.8 10.6 10.757 1.48% 

-0.9 8.8 8.8748 0.85% 

-1.5 13.6 13.788 1.38% 

-5 23.7 23.483 -0.92% 

 

Figure 2 shows the steady-state contours of temperature and 

concentration for A = 0.5, Nc = -2.0, Ra = 2000, and Sr = Df = 0.1, Pr= 

0.02. The contours show that the isotherms and isoconcentration contours 

are parallel to the horizontal walls and the spacing between the contours 

is constant. This indicates that the heat and mass transfer uniformly and 

vertically upward. Further study reveals that the velocity of the fluid 

inside the entire cavity is almost zero. The Nc in this case equals to -2.0, 

meaning that the upward solutal buoyancy is larger than the downward 

thermal buoyancy which leads the double-diffusive convection 

approaches to a conduction-dominated regime. More numerical 

simulations show that when Nc is less than 0, the heat and mass transfer 

remains in conduction-dominated state. 

 

 
(a) contours of temperature 

 
(b) contours of concentration 

Fig. 2 Conduction-dominated solution for A = 0.5, Nc = -2.0, Ra = 2000, 

and Sr = Df = 0, Pr = 0.02 

 

When Nc increases to 0.03, it transforms to the oscillatory 

convection-dominated state. Fig. 3 shows oscillatory convection-

dominated solutions of concentration distributions for A = 0.5, Nc = 0.03, 

Ra = 2000, and Sr = Df = 0.1, Pr = 0.02. It can be observed that contours 

change periodically as time progresses. As shown in the Fig. 3, the low 

concentration boundary layer near the middle of the upper wall extends 

downwardly and then retracts. Then the concentration contours in the 

middle remain parallel to the horizontal walls for some time. After that, 

the low concentration boundary layer extends downwardly again. It can 

also be found that the entire flow field experiences oscillatory changes. 

Further study shows that while Ra is relatively low and Nc is very small 

which is close to zero (i.e., the thermal and solutal buoyancies are very 

weak), the fluid remains in the oscillatory convection-dominated state 

due to Soret and Duffor effects. 

Then Nc continually increased to 0.25 (A = 0.5, Ra = 2000, Sr = Df 

= 0.1, Pr = 0.02), the fluid transforms into in steady-state convection-

dominated state. The temperature, concentration and velocity 

distributions are shown in Fig. 4. 

As shown in the Fig. 4, the fluid in the center point near the lower 

wall flow upward due to the buoyancies. Then it reaches the upper wall, 

flows along the walls and eventually returns to lower wall, forming two 

vortexes. From the figure it can also be seen that the lower concentration 

boundary layer near the middle extends upward and splits into two parts 
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when reaching the upper wall. Then the sickle-like concentration blocks 

forms, whose concentration differs from than that in core of the vortexes. 

And the concentration contours of two sides are not centered on the x=1. 

Fig. 5 shows steady-state convection-dominated solutions of temperature, 

concentration and velocity distributions for A = 0.5, Nc = 0.5, Ra = 2000, 

and Sr = Df = 0.1, Pr=0.02. It can be observed that the fluids in the two 

lower corners flow upward due to the buoyancies. Then it reaches the 

upper wall, flows along the walls and eventually returns to lower wall, 

forming two vortexes whose direction are different from that in the case 

for Nc = 0.25 (Fig. 4). 

 
(a) τ = 4982.41 

 
(b) τ = 4990.222 

 
(c) τ = 4998.034 

 
(d) τ = 5001.94 

Fig. 3 Oscillatory solution for A = 0.5, Nc = 0.03, Ra = 2000, and Sr = 

Df = 0.1, Pr = 0.02 

 
(a) contours of temperature 

 
(b) contours of concentration 

 

 
 

(c) flow field 

 

Fig. 4 Convection-dominated solution for A = 0.5, Nc = 0.25, Ra = 2000, 

Sr = Df = 0.1, Pr = 0.02 

 

When Nc changes from 0.25 to 1.5, the fluid transforms into the 

oscillatory convection-dominated state, which is shown in Fig. 6. The 

concentration distribution changes periodically with time. The upper 

concentration boundary layer near the middle extends downward and 

splits into two parts when reaching the lower wall. Then the sickle-like 

concentration blocks (concentration boundary layer) develops along the 

vertical walls. In the end, the blocks mix with major concentration block 

and disappear. While Nc increases to high value, the oscillatory 

behaviors show inside the cavity, and the temperature, concentration and 

vector distributions are asymmetrical. 

When Pr changes to 0.015, or lower values like 0.01 and 0.005 from 

the previous 0.02 for Ra = 2000, Nc = 0.5 A = 0.5 and Sr = Df = 0.1, the 

flow structure and concentration distributions are very similar. The result 

shows that the heat and mass transfer intensity decrease when Pr 

decreases. 
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(a) contours of temperature 

 

 
 

(b) contours of concentration 

 

 
 

(c) flow field 

 

Fig. 5 Convection-dominated solution for A = 0.5, Nc = 0.5, Ra = 2000, 

Sr = Df = 0.1, Pr = 0.02 

 

 

Fig. 7 presents effects of buoyancy ratio on double-diffusive natural 

convection in horizontal cavity under different Pr numbers for Ra = 2000, 

A = 0.5 and Sr = Df = 0.1. It demonstrates that both average Nu and Sh 

keep constant firstly and then increase with Nc. There is a transition stage 

where average Nu and Sh bump up because downward resultant force of 

the thermal and solutal buoyancies becomes larger as increasing Nc and 

makes the flow structure transform from conduction-dominated structure 

into convection dominated structure. Besides, it can be observed that Nu 

and Sh rise simultaneously with Sr and Df as the coupling-diffusive 

interaction builds. It can also be seen that Nu and Sh becomes higher as 

Pr increases from 0.005 to 0.02 for the same buoyancy ratio Nc. But the 

differences of mass transfer intensity becomes smaller between all kinds 

of low Pr fluid when Nc becomes higher. 

 
(a) τ = 4003.594 

 
(b) τ = 4003.994 

 
(c) τ = 4004.394 

 
(d) τ = 4004.794 

 
(e) τ= 4005.594 

Fig. 6 Oscillatory solution for A = 0.5, Nc = 1.5, Ra = 2000, and Sr = Df 

= 0.1, Pr = 0.02 
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(a) average Nu 

 
 

(b) average Sh 

 

Fig. 7 Effects of buoyancy ratio on double-diffusive convection of 

different low Pr fluids (A = 0.5, Ra = 2000, and Sr = Df = 0.01) 

 

Fig. 8 presents effects of Rayleigh Number on double-diffusive 

natural convection in horizontal cavity under different Pr numbers for Nc 

= 0.5, A = 0.5 and Sr = Df = 0.1. It reveals that both average Nu keeps 

constant firstly before first critical point, meaning the conduction plays 

an significant role in heat transfer. Heat transfer intensity grows stronger 

gradually as Ra increases (after that point). It exhibits a small difference 

of average Nu between the two higher Pr metal liquid fluids (Pr =0.015 

and Pr =0.02). Average Sh grows gradually as Ra increases(from Ra = 

500) before first critical point and increases faster after first critical point. 

Further study shows that the concentration difference between two 

horizontal walls intrigues the flow before first critical point. In turns, the 

flow enhances the mass transfer. Whereas, heat transfer remains in the 

conduction regime because of the weak thermal buoyancy (ie, a low 

Rayleigh Number ). It also can be seen that the growing trend weakens 

for highest Pr fluid (Pr = 0.02) before the second critical point and 

average Sh becomes identical for different Pr fluids when Ra increases 

to second critical point. Further investigation shows that the flow field of 

fluid for Pr = 0.02 still stays in the steady convection state, while other 

three transform into oscillatory convection state which corresponds to 

high mass transfer intensity at the second critical point. 

 
(a) average Nu 

 
(b) average Sh 

Fig. 8 Effects of Rayleigh Number on double-diffusive convection for 

different low Pr fluids (A = 0.5, Nc = 0.5, and Sr = Df = 0.01) 

 

 
(a) contours of temperature 

 
(b) contours of concentration 

 
(c) flow field 

Fig. 9 Convection-dominated solution for A = 0.25, Nc = 0.5, Ra = 2000, 

Sr = Df = 0.1, Pr = 0.02 

 



Frontiers in Heat and Mass Transfer (FHMT), 10, 24 (2018)
DOI: 10.5098/hmt.10.24

Global Digital Central
ISSN: 2151-8629

  7

Figure 9 shows steady-state convection-dominated solutions of 

temperature, concentration and velocity distributions for A = 0.25, Nc = 

0.5, Ra = 2000, Pr = 0.02 and Sr = Df = 0.1. Fig. 10 shows oscillatory 

convection-dominated solutions of temperature, concentration and 

velocity distributions for A = 0.125, Nc = 0.5, Ra = 2000, Pr = 0.02 and 

Sr = Df = 0.1 (τ = 9865.225). For A = 0.25 and Pr = 0.02, flow exhibits 

steady behaviors. The vortexes develop into four vortexes compared with 

Fig. 5. For A = 0.125 and Pr = 0.02, flow develops into oscillatory 

behaviors. The vortexes change to eight vortexes compared with Fig. 5. 

At the same time, temperature and concentration change accordingly. 

These cases demonstrate that the number of vortex increases as aspect 

ratio A decreases. The heat and mass transfer more strongly as number 

of vortex increases. More cases of different Pr fluid (Pr = 

0.005/0.01/0.015) reveal that when aspect ratio A decreases to 0.125, the 

vortexes develop into nine vortexes different from the case for A = 0.125, 

Pr = 0.02. The flow remains in the steady convection state for case of A 

= 0.125, Pr = 0.005/0.01/0.015. 

 
(a) contours of temperature 

 
(b) contours of concentration 

 
(c) flow field 

Fig. 10 Oscillatory convection-dominated solution for A = 0.125, Nc = 

0.5, Ra = 2000, Sr = Df = 0.1, Pr = 0.02 

5. CONCLUSIONS 

A unsteady numerical model for double-diffusive natural convection of 

Pb-Sn alloy liquids with Soret and Dufour effects in the horizontal cavity 

is developed. The flow field, temperature and concentration distributions 

for different buoyancy ratios, Rayleigh numbers, aspect ratios under 

different Prandtl numbers are investigated systematically. 

    The results reveal that the flow structure develops from conduction-

dominated to convection as buoyancy ratio increases under different 

Prandtl numbers. It demonstrates that both heat and mass transfer 

intensity keep constant before the transition stage. After the transition, 

heat and mass transfer enhance as buoyancy ratio increases. 

It can be shown from the results that heat transfer intensity keeps 

constant and mass transfer intensity grows slowly before first critical 

point as Rayleigh number increases under different Prandtl numbers. 

Then heat transfer intensity enhances dramatically and mass transfer 

intensity increases faster as Rayleigh number increases after first critical 

point. 

The vortex number of flow structure, recirculation zones of 

isotherm and isoconcentration contours, heat and mass transfer intensity 

increase as aspect ratio decreases under different Prandtl numbers. 
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