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ABSTRACT 
In this paper, the buoyancy effect on flow and heat transfer characteristics of nanofluid in presence of carbon nanotubes due to a vertical plate is 
investigated. The obtained nonlinear PDE’s are converted to the non-linear ordinary differential equations by applying the similarity transformations 
corresponding to the boundary conditions. These boundary value problems are solved numerically using fourth order Runge-kutta method together 
with the efficient shooting iteration scheme. The nature of the flow and heat transfer are plotted and discussed in detail. It is noticed that buoyancy 
effect is very useful in cooling the system and present results compared with previously published result, our results are in very good agreement for 
some limiting cases. In the result buoyancy and prandlt number has the same effects.  
Keywords: Boundary Layer, Heat Transfer, Vertical Plate, Grashof Number, Nano-Fluids, Carbon Nanotubes, Numerical Solution. 

 

1. INTRODUCTION 
 
As we know the buoyancy is the upward force exerted by a fluid and 
opposes the weight of an immersed object. The object density is greater 
than that of the fluid in which it is submerged tends to sink. If the object 
is either less dense than the liquid or is shaped approximately, the force 
can keep the object a float.  For example, if you drop wood into water, 
buoyancy will keep it afloat, likewise boat, balloon etc. In the 
buoyancy clearly we can find the mechanisms that the fluid motion 
generated naturally like a pump, fan, suction devices etc but also one 
more thing we observe that the variation in density of the fluid due to 
temperature gradient. (Wang et al. 2007 ) studied the characteristics of 
natural convection and they used water with alumina (Al2O3 
nanofluids) theoretically, along with this, they investigated Jang and 
Choi’s for predicting the effective thermal conductivity of nanofluids, 
Akbarinia and Behzadmehr (2007) concentrated on laminar mixed 
convection of nanofluids with water as a base fluid and aluminium 
(Al2O3) in horizontal curved tube studied in three dimensions, they 
discussed the effects of buoyancy force, centrifugal force and 
nanoparticle concentration and plotted  studied their characteristics. 
Corcione (2010) investigated the effects of buoyancy heat transfer 
nanofluids are analysed theoretically.  We can see that nanofluid which 
acts as a single phase fluid rather than a conventional solid liquid 
mixture which signifies that all convective heat transfer correlations 
feasible for single phase flows can be stretched out to nanoparticles 
suspensions implies that thermo physical properties appearing in them 
are the nanofluid effective properties evaluated at the reference 
temperature.  

Makinde and Aziz (2011) concentrated on boundary layer flow 
this is propagated in a nanofluid due to linearly stretching sheet. They 
used numerical method and obtained equations shown that are effects 
on Brownian motion and thermophoresis. The different thermal 
conditions of constant temperature or constant heat flux are employed 
for convective heating boundary condition. In the solution part they 
noticed, the temperature and nanoparticle concentration distributions 
depend upon the five parameters those are prandlt number Pr number 
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Le, the Brownian motion parameter Nb, thermophoresis parameter Nt 
and convection biot number Bi and by employing the numerical 
methods they solve the governing equations to found the solutions and 
plotted graphs for various physical parameters and discussed, as other 
parameters fixed the local concentration of nanoparticles increases as 
the convection biot number increases but decreases as the Lewis 
number increases. The authors (Nasrin et al., 2012) analysed heat 
transfer and fluid flow of natural convection with Al2O3 - water 
nanofluid studied in a vertical closed chamber. Here the authors used 
numerical method with finite element technique with Galerkin’s 
weighted residual simulation. They examined the parameters such as 
nanoparticle volume fraction , prandlt number Pr and cavity aspect 
ratio are due to the presence of nanoparticle the heat transfer effects 
are identified and based on this effects the results are pointed as ,by 
decreasing the prandlt number amplifying the effects of nanoparticles 
due to increased effective thermal diffusivity and a correlation is 
matured graphically for the average nusselt number as a function of the 
cavity aspect ratio.  

In present situation authors are very much interested doing 
research in nanofluids, as they can be found in computers, games 
consoles, mobile phones, blue-ray players, TVs as well as cars, planes 
and medical technology likewise the authors Njane and Makinde 
(2013) are studied the effect of magnetic field on boundary layer flow 
of incompressible electrically conducting water based nanofluids and 
a variation of heated vertical slip boundary condition. They considered 
three different water based nanofluids such as copper (cu), aluminium 
oxide (Al2O3) and titanium dioxide (TiO2) and characteristics of these 
fluids are shown graphically and analysed along with the parameters 
like solid volume fraction  , magnetic field parameter, buoyancy 
effect, Eckert number, suction/injection parameter, biot number  and 
slip parameter on non-dimensional velocity, temperature, skin friction 
coefficient and heat transfer rate respectively. Also, the author (Yacob 
et al., 2013) investigated the nature of the fluid flow and heat transfer 
in the presence of the nanofluid with numerical methods and they used 
the three kinds of nanoparticles, they are copper (cu), aluminium 
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(Al2O3) and titanium TiO2 (TiO2) with the water base fluid 
respectively. The authors (Makinde et al., 2013) investigated the 
combined effects of buoyancy force, convective heating, Brownian 
motion, thermophoresis and magnetic field on stagnation point flow 
and heat transfer due to number Le, the Brownian motion parameter 
Nb, thermophoresis parameter Nt and convection biot number Bi and 
by employing the numerical methods they solve the governing 
equations to found the Makinde and Aziz (2011) concentrated on 
boundary layer flow this is propagated in a nanofluid due to linearly 
stretching sheet. They used numerical method and obtained equations 
shown that are effects on Brownian motion and thermophoresis. The 
different thermal conditions of constant temperature or constant heat 
flux are employed for convective heating boundary condition. In the 
solution part they nanofluid flow towards a stretching sheet and 
numerical results are used to find the solutions of governing equations 
in their analysis. They noticed that the dual solution exist for shrinking 
case and both skin friction co-efficient and local Sherwood number 
decreases while  as increasing with the local nusselt number with 
increasing intensity of buoyancy force. 

Shariat et al. (2014) analysed a impact of nanoparticle mean 
diameter, laminar mixed convection (Al2O3) of buoyancy force of 
nanofluid flow in an elliptic duct employing two phase mixture model 
and three dimensional Navier-stokes energy and volume fraction 
equations are explained using finite volume method (FVM). A 
continuous heat flux applied to the wall boundary conditions. They 
considered the brownian motions of nanoparticles to determined the 
thermal conductivity and dynamics viscosity of (Al2O3) - water 
nanofluid depends on temperature. Here the authors employed various 
basic parameter, their results are presented through graphs and 
discussed well. When we think about their output, it is says that as 
secondary flows has a major role on thermal and hydraulic behaviors 
of nanofluid flow and distribution which affected by the both 
nanoparticle diameter and buoyancy force. Finally their conclusion 
said that, there are non-linear relations between the size of the 
nanoparticle and the nanofluid flow behaviors. The authors (Das et 
al.,2014) well investigated on MHD boundary layer slip flow and heat 
transfer of nanofluid of vertical stretching sheet with non uniform heat 
generation/absorption.   

(Hayat et al., 2015) addressed in their studies the mixed 
convection flow of non–newtonian nanofluid in the presence of 
thermal radiation, heat source/sink and first order chemical reaction. 
The authors adopted the casson fluid model. They used convective 
boundary conditions for heat and mass transfer and classical 
transformation are used as well as a series of solutions of the problem 
are obtained. The author Pal and Mandal (2015) study deals with the 
MHD boundary layer flow of an electrically conducting convective 
nanofluid are used in a non-linear vertical shrinking sheet with viscous 
ohmic dissipation. They pointed various parameter in their studies and 
basic non-metallic nanoparticles like copper (cu), alumina (Al2O3) and 
titanium (TiO2) in the base fluid water. Hence their result reveals that 
as increasing the value of Hartmann number leads to decrease in the 
velocity profiles while opposite effects found in the temperature 
profile along with that they focused that as increasing the nanoparticle 
which results as improvement of heat transfer at the boundary layer. 
Specially, they got the result as dual solution in the velocity and 
temperature fields for bigger values of suction/injection shrinking 
sheet problem.  

Ships at sea, down to the depths, filming titanic, into the skies, 
airships etc are the real life applications and these all works by the 
principle of buoyancy. Hence, the author Hsiao (2016) investigated 
about the stagnation nano-energy conversion problems for conjugate 
mixed convection heat and mass transfer with electrical magneto 
hydrodynamic (EMHD) and heat source /sink effects nanofluid flow 
field over a slip boundary stretching sheet surface. The authors Hayat 
et al., (2016) well considered a boundary layer flow of a non-
newtonian fluid produced by a vertical stretching sheet. [Akbar et al., 
(2014) Makinde and Olanrewaju (2010)] well studied the effects of 

thermal buoyancy on thermal boundary layer over a vertical plate with 
uniform stream fluid numerically with shooting technique together 
with fourth order Runge-kutta technique. The authors investigated the 
effects of prandlt number (Pr), local grashof number Grx and the 
convective heat transfer Bix  plotted through figures and discussed well, 
their results are well agreement comparing with previously published 
and present results respectively.  The similar work may be seen by 
[Pantokratoras (2015); Cortell (2005); Aziz (2009); Makinde (2009); 
Nandeppanavar and Shakunthala (2016); Nandeppanavar and 
Shakunthala (2016); (Ibrahim et al 2013); (Khan et al., 2014); 
(Angayarkanni et al., 2015); (Devendiran et al., 2016)]. After studying 
the all above studies, we were found that nobody has taken analysis on 
buoyancy effects of flow and heat transfer of blasius flow of nanofluid 
in presence of carbon nanotubes. Hence, in the present study we have 
chosen analysis on buoyancy effects on flow and heat transfer of 
nanofluids with carbon nanotubes due a vertical plate is considered for 
investigation. 

 
2. MATHEMATICAL FORMULATION 

 
We consider steady two dimensional boundary layer flow of a 
nanofluid over a vertical stretching sheet. The flow takes place 0y  , 

where y is the co-ordinate measured normal to the stretching sheet. The 
classical equations for continuity, momentum and energy of nanofluids 
are obtained in Cartesian co-ordinates x and y as follows, 
 

 0 1x yu v 
                 

   2x y nf yyuu vu u g T T     
                 

 3x y nf yyuT vT T 
                

where u  and v  are the x (along the plate) and y (normal to the plate) 
components of the velocities, T is the temperature,

nf  is the kinematic 

viscosity of the fluid and 
nf is the thermal diffusivity of the fluid , g is 

the gravitational force and   is the thermal expansion coefficient. 
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Here, µf is the viscosity of the base fluid, ϕ is the nanoparticle volume 
fraction, Knf is the thermal conductivity of nanofluid, Kf  and KCNT are 
the thermal conductivities of the base fluid and carbon nanotubes 
respectively, 

nf
 and

CNT
  are the thermal conductivity of the base fluid 

and carbon nanotubes, respectively (we can refer by Akbar et al., 
2014). 
 
The boundary conditions of the flow can be written as, 
 

0, 0, 0

, 

    
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wu v T T at y

u U T T as y
               (5) 

Imposing the similarity transformations as,
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Here   is the similarity variable, 
fT  is the fluid temperature and T

 is 

the ambient temperature.  
On substituting the Eq. (6) in (1) satisfies it in common and Eq.(2) 

and (3) turn down as, 
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Where Pr p

f

c

k

 
  
 

 is the Prandtl number and primes is represents 

the differentiation w.r.t t  . 
 
The converted boundary conditions take the form, 
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To get the solution of the momentum and energy equations of the 
parameter 

xGr  necessarily be a constant and which should not be a 

function of x.  
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This condition is used when the thermal expansion coefficient   is 

proportional to 1x . Therefore we assume  
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By substituting Eq. (11) in (10) we get the Gr as 
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Here Gr defined by the Eq. (12) and called as Grashof number, the 
solutions of the equations (7), (8) w.r.t (9) provide the numerical 
solutions w.r.t boundary conditions. 
 
The physical quantities for the local skin friction co-efficient

fC  and 

the local nusselt number 
xNu  are taken as, 
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Using the Eq. (5) and Eq. (6) in (13) we obtained as, 
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Skin friction and Nux local nusselt number. 
 

3. METHOD OF NUMERICAL SOLUTION 
 
The ODE’s (7) and (8) are converted into following system of Eqn./s 
as 
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To integrate Eq. (15) and (16) with initial conditions (17),  0q  and 

 0z  are required, but no such values are given in the boundary 

conditions. Hence suitable guesses for  0q and  0z taken S1 and S2 

respectively are chosen (values for S1 and S2 are chosen) at

   max 14, 10 0& 10 0f    . The guessed values for  0q and 

 0z are adjusted to give a better approximation for the solution. We 

take series values of  0q and  0z apply classical RK method with 

step size 0.01h  . The said procedure is repeated until we get the 
converging asymptotic results within a tolerance of 10-6. 

4.

 RESULT AND DISCUSSION 
 
The solutions of the coupled nonlinear ordinary differential equations 
are carried out and plotted various graphs for thermophysical 
parameters which are very helpful controlling in flow region. The 
thermal buoyancy parameter Gr  is very helpful in cooling the system 
(if Gr >0 corresponding to the cooling systems). In engineering 
cooling applications the cooling problems are used frequently for 
example electronic machines, individual cooling heat sinks and 
electrical devices. 

 Fig.1 shows the schematic diagram of the considered problem. 
Fig .2 (a) & (b) and Fig.3 (a) & (b) are the flow profile for different 
values of buoyancy parameter Gr  in absence of    and in presence of 

  respectively for SWCNT and MWCNT cases. On observing these 
plots the flow profile increases as increase in the parametric values of 
Gr in both cases SWCNT and MWCNT both in absence and presence 
of . 
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Fig. 4(a) & (b) are plotted to show the velocity profile for various 
values of Gr . Here we can see that the fluid velocity is zero at the 
vertical plate surface and enhance gradually away from the plate 
towards the force stream value satisfying the boundary conditions. 
Here Gr >0 shows the heating of the fluid cooling the surface increase 
in Gr  means increase in temperature difference  fT T  which heads 

to an enhancement of  'f  thus an increase in momentum boundary 

layer thickness, this effects is done in both SWCNT and MWCNT 
cases.                                                                

Fig.5 (a) & (b) and Fig.6 (a) & (b) are plotted for  ''f     profile 

for different values of Gr  as increase in parametric values of Gr  

increases the  ''f   profile increases in absence of nanoparticle 

volume fraction     and in presence of nanoparticle volume fraction 

  and the profile behavior is similar in both SWCNT and MWCNT. 

Fig. 7 (a) & (b) are plotted for velocity profile for different values 
of   and Gr . We can see that the result for variation of Gr  is similar 

as explained in fig 4 (a) & (b) but for the variation of   the velocity 

increases as increase in presence of and in absence of Gr . Magnitude 
of velocity profiles are more in presence of Gr as compared to the same 
profiles in absence of Gr . 

 

 
 

 

 

 
 

 
 

 
Fig. 8 (a) & (b) and Fig. 9(a) & (b) temperature profile plotted for 

different values of Gr  in the absence and presence of   respectively. 

The quite opposite behavior observed as compared to the effect of Gr  
on velocity profile. Here we can observed that increase in Gr  the 
temperature field is suppressed and consequently the thermal boundary 
layer thickness become thin, hence due to buoyancy force the 
magnitude of the rate of heat transfer from the surface increases. The 
effect is similar in both SWCNT and MWCNT cases and in absence 
and in presence of solid volume friction . 

See Fig.10 (a) & (b) are also plotted for temperature profiles for 
various values of  in presence and in absence of Grashof number Gr . 
It is noticed that temperature is decreasing as values of nanoparticle 
volume fraction   increasing it is true in absence and in presence of 

Grashof number Gr  due to increase in the thermal conductivity of 
CNT’s with the solid volume fraction. The thermal boundary layer 
thickness decreases. It is similar in both SWCNT and MWCNT. The 
magnitude of temperature is lesser in presence of Gr as compared to in 
absence of Gr . 
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Fig.11 (a) & (b) represent the effect of Prandlt number on 
temperature profile for SWCNT and MWCNT respectively. We know 
that increasing values of Pr leads to decrease the thermal conductivity 
that is the increasing values of Pr reduces the thermal boundary layer 
thickness hence cooling of the heated plate can gradually be improved 
by choosing a proper coolant with large Pr which similar in presence 
of both SWCNT and MWCNT. 

Fig.12 (a) & (b) show the skin friction profile for different values 
of solid volume fraction in presence and absence of SWCNT and 
MWCNT for different values of Gr . It is noticed that skin friction 
coefficient increase with increase in Gr  values. 
 

 
 

 
 
 
 
 

Fig.13 (a) & (b) are plotted for different values of Gr  w.r.t , the 

profiles are decreasing as increasing values of Gr  and   respectively. 
In table 1 we have calculated the local skin friction value for 

different values of . To validate our results we have compared our 

results with earlier results of (Khan et al., 2014), which show a very 
good agreement in absence of Gr . 

The table 1 and 2 shown for the comparision values of a local  skin-
friction and local nusslet number when 0.0Gr   and Pr 3.0  in both 

the cases single wall corbon nanotube (SWCNT) and muti wall corbon 
nanotube(MWCNT). 
 

Table  1 Computation showing different values of    '' 0 , ' 0 , ff C    

         and xNu  for different values of physical parameters 

 
 

 
 

Table  2 Computation showing different values of    '' 0 , ' 0 , ff C     

             and xNu  for different values of physical parameters. 

 
 

 
 
Table 3 Computation showing different values of    '' 0 , ' 0 , ff C and 

xNu  for different values of physical parameters. 
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 Fig. 13 Local Nusselt number profile  
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Similarly, the comparision results in Table 3,4,5 and 6 given the 
comparision values for different values of different physical 
parameters and different values of Grashof (Gr)  number and prandlt 
number (Pr) which are given satifaction of the boundary conditions 
respectively. 
 
 
Table 4 Computation showing different values of    '' 0 , ' 0 , ff C   

       and xNu  for different values of physical parameters. 

 

 
Table. 5 Computation showing different values of    '' 0 , ' 0 , ff C     

          and xNu  for different values of physical parameters. 

 

 
 

Table 6 Computation showing different values of    '' 0 , ' 0 , ff C    

         and xNu  for different values of physical parameters. 

 

 
  

 5. CONCLUSION 
Some important findings of our paper are 

1. Since the buoyancy parameter has a nature of the controlling 
the flow, the convection parameter Gr  enhances the flow 
and velocity of the fluid. 

2. The effect of Gr  decreases on temperature as Gr increases, 
whereas the opposite nature observed in the case of effect of 
Prandlt number Pr. 

3. Due to the characteristics of the velocity laminar flow local 
skin friction increases as increasing Grashof number Gr  
whereas opposite effects observed in the case of nusselt 
number. 

 
 
 
 
 
NOMENCLATURE 

 pC    Specific heat 

fC  Friction co-efficient 

f   Dimensionless stream function 

K   Thermal conductivity 

xNu   Local Nusselt number 

Pr   Prandlt number 

wq   Wall heat flux 

Re x   Local Reynolds number 

T   Local fluid temperature 
T   Free stream temperature 

u   Velocity along x-axis 

wu  Velocity at wall 

v   Velocity along y-axis 
x   Distance along the plate 
y Distance normal to plate 

  Thermal diffusivity 

  Volume friction of CNT 

  Similarity variable 

  Dynamical viscosity 

  Kinematic viscosity 
  Density 

c  Heat capacity of carbon nanotube 

  Dimensional temperature 
Subscripts: 
nf  Nanofluid 

f  Base fluid 

CNT  Carbon - nanotube
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