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ABSTRACT 

In this article the laminar mixed convective incompressible electrically conducting flow of a nanofluid in vertical channel has been investigated by 

considering Hall and Ion-slip parameter effects. The nonlinear governing equations are non-dimensionalized and then solving by using HAM procedure. 

The impact of the magnetic, Hall and Ion-slip parameter on dimensionless velocity, temperature and nanoparticle concentration are investigated and 

represented geo-metrically. 
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1. INTRODUCTION 

Heat transfer and mixed convective flow of nanofluid in a vertical 

channel, a frequently encountered geometry in thermal engineering 

equipment, has been the concentrating on vast investigation for many 

years.  This is because of its wide range of applications in the structure 

of cooling devices for electronics and microelectronic equipment, solar 

energy collection, etc.  On the other hand, it is noticed that the convective 

heat transfer and fluid flow problems with the interaction of magnetite 

field have increased enormously because of many engineering and 

industrial applications of these problems.  In the investigations concerned 

with the magnetohydrodynamic (MHD) convective flows, the Hall and 

Ion-slip terms in Ohm's law were ignored in order to simplify the 

mathematical analysis of the problem. However, the impact of Hall and 

Ion-slip are essential in the existence of a strong magnetite field.  

Therefore, in several physical situations it is required to include the 

significance of Hall and Ion-slip parameter in the MHD equations.  Tani 

(1962) analyzed the significant effect of Hall current on the electrically 

conducting viscous fluid flow in vertical channels. Since then several 

researchers investigated the influence of Hall current and Ion slip effects 

on the Newtonian and non-Newtonian fluid flow and convective heat 

transfer in channels.  Srinivasacharya and Kaladhar (2012, 2013) studied 

the impact of Hall current and Ion-slip effect on mixed convective couple 

stress fluid flow through a vertical channel. Manglesh and Gorla (2013) 

studied the significance of thermal diffusion, thermal radiation and the 

Halleffect on the unsteady convection flow of an electrically conducting 

fluid in a vertical channel.   Garg et al (2014) analyzed the impact of Hall 

current on viscoelastic MHD oscillatory convection flow of a fluid in a 

vertical porous channel. 

Convection and heat transfer using nanofluids has acquired 

considerable attention in present days. It is due to the diverse application 

in science, engineering and industry such as cooling of nuclear reactor, 

power generating systems, automobile engines, welding equipment and 

heat exchanging in electronics devices. Nanofluids, introduced by Choi 

(1965), are suspensions of nanoparticles in a conventional fluid. Choi  

(1965) verified that the nanofluids have more thermal-conductivity 

proportionate to the base fluids. This can be obtained even at very small 

nanoparticle volume fractions.  A number of studies were conducted in 

recent years, on the flow in a vertical channel filled with nanofluid by 
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considering distinct types of convectional base fluids with particular 

nanoparticles. Hang and Pop [7] analyzed the fully developed mixed 

convection flow in a vertical channel filled with nanofluids.  Hajipour 

and Dehkordi (2012) studied the mixed convection and heat transfer flow 

of a nanofluid in a parallel plates partially filled with highly porous 

medium.  Grosan and Pop (2012) examined the fully developed mixed 

convection of nanofluid flow in a vertical parallel plates.  Sacheti et al. 

(2012) investigated the transient free convection flow of a nanofluid in a 

vertical channel. Using the Buongiorno model of nanofluid, Hang et al. 

(2013) analyzed the mixed convective flow in a vertical channel.  Fakour 

et al. (2014) described the mixed convection flow of a nanofluids in a 

vertical channel. Sheikholeslami and Anji (2014) considered the MHD 

flow of a nanofluid in a channel with permeable walls. Makhatar et al. 

(2015) analyzed the flow of fully developed mixed convection of 

nanofluid flow in a vertical channel filled with a porous medium.  Das et 

al. (2015) investigated the mixed convective nanofluid flow between 

vertical parallel plates in an existence of a uniform transverse magnetite 

field. 

The preceding literature reveals that the problem on heat transfer 

mixed convective flow of nanofluid in a vertical channel considering the 

impact of Hall and Ion-slip parameters has not been considered.  Hence, 

the aim of the present article is to analyze the significance of Hall and 

Ion-slip parameter on steady mixed convective heat transfer flow of a 

nanofluid in a vertical channel. The homotopy analysis method (HAM) 

is used to solve the nonlinear ordinary differential equations. The HAM,  

first introduced by Liao (2003),  is one of the most powerful technique to 

solve the various types of strongly nonlinear equations. The effect of flow 

parameters on the dimensionless velocity, dimensionless temperature 

and nanoparticle concentration is examined. 

2. MATHEMATICAL FORMULATION 

Consider a steady, laminar, electrically conducting flow of nanofluid 

passing through a vertical channel. The distance between the plates of the 

channel is 2d.  The x-axis is appropriated in the direction of the flow 

vertically upward through the central line of the vertical channel, y-axis 

in the direction orthogonal to the flow as shown in Fig. 1.  The plate y = 

-d is preserved at   temperature T1 and nanoparticle volume fraction φ1 

while plate y = d is preserved at   temperature T2and nanoparticle volume 

fraction φ2. Rate of flow through the plates is v0 whichis taken to be 

 

Frontiers in Heat and Mass Transfer 

 
Available at www.ThermalFluidsCentral.org  



Frontiers in Heat and Mass Transfer (FHMT), 8, 11 (2017)
DOI: 10.5098/hmt.8.11

Global Digital Central
ISSN: 2151-8629

  2

constant, uniform and equal for both the plates. A uniform magnetite 

field B0 is applied in y-direction.   The Hall current and Ion-slip effects 

are considered in view of relatively high electron-atom collision 

frequency.   This assumption causes a cross flow in the z- direction, 

therefore the flow becomes three dimensional.  The induced magnetite 

field is neglected in comparison to the applied magnetic field.  A uniform 

pressure gradient in x direction and buoyancy forces caused the mixed 

convective flow. Further, all the characteristic of fluid are considered as 

constant apart from the density in the buoyancy term. Assume that the 

width of the plates along the x and z direction is extended infinitely. 

Hence, the velocity vector of a fluid is taken as (u(y), v(y), w(y)). The 

temperature and nanoparticle volume fraction are respectively denoted 

by T and  φ . 

 
Fig. 1 Schematic representation of the problem 

 

Under these assumptions, the equations governing the nanofluid flow, as 

proposed by Buongiorno (2006), under the significance of uniform 

transverse magnetite field are as follows:  
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Since the rate of flow through the plates is v0 and in view of (1), we get  

v = v0 (a constant). 

The conditions on the boundary are 

 (6a) 

 (6b) 
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where the kinematic viscosity coefficient is υ , the Prandtl number is 

P f
Pr C kµ= , the Lewis number is

B
Le Dυ= , the suction/injection 

parameter is 
0

R v d υ= , the Reynold's number is 
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3. NUMERICAL METHOD 
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(a)  u(y) 

 
(b) w(y) 

 
c) T(y) 

 
(d) ϕ(y) 

Fig. 2 The h -curve foru(y), w(y), T(y) and ϕ(y)for Le = 1.0,  Br = 

0.5, Pr= 1.0, Gr = 10, R = 1, Re = 2, Nr = 1.0,Nt = 0.5,Nb = 0.5, Sr 

= 0.5, Ha = 4.0, βi = 2.0, βh = 2.0 and A = 1. 
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Next, the deformation equations of mth -order are given by 
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(a) βU 

 
(b) βw 

 
(c) βT 

 
(d)βφ 

 

Fig. 3 The ratio βU, βw, βT and  βφ to expose the convergence of the 

HAM solutions. 

 

4. CONVERGENCE 

 
In HAM, it is essential to see that the series solution converges. Also, the 

rate of convergence of approximation for the homotopy solution mainly 

depends on the values of h.  To find the admissible space of the auxiliary 

parameters, h contours are drawn for a 20th level of approximation and 

shown in Fig.1. It is evident from this figure that the admissible range for 

h1, h2, h3 and h4 are -0.6 < h1< -0.3, -0.65 <h2< -0.4,  -1.5 < h3 < -0.3  and 

-1.6 < h4 < -0.15  respectively. 

 
Table 1 Optimality of h1, h2, h3 and h4 at different order of 

approximations 

    Order Optimal of h1 Optimal of h2 

h1          Min of Em h2          Min of Em 

       10 -0.59    4.50 × 10-6 -0.51   8.43 × 10-8 

       15 -0.59    8.81 × 10-8 -0.52   4.71 × 10-10 

       20 -0.60    4.51 ×10-8 -0.51    8.52 × 10-11 

 

    Order Optimal of h3 Optimal of h4 

h3        Min of Em h4          Min of Em 

       10 -0.20     2.13 × 10-8 -1.56    6.26 × 10-8 

       15 -0.20     4.80 × 10-9 -1.60    5.41 × 10-11 

       20 -0.16      2.30 × 10-9 -1.60    8.69 × 10-10 

 

The following average residual errors (Ref. Liao (2010) computed to 

obtain the optimal value of auxiliary parameter 
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where∆t = 1/K, and K=5. At various levels of approximations (m), least 

average residual errors are represented in the Table. 1. From this, we see 

that the average residual errors are least at h1 = -0.59, h2 = 0.51, h3 = -

0.20 and h4 = -1.6. Therefore, the optimality of convergence control 

parameters is appropriated as h1 = -0.59, h2 = 0.51, h3 = -0.20 and h4 = -

1.6.For different values of m the series solutions are calculated and 

represented in Table. 2.  It is notice from this table that the series (25) 

converges in the total area of y . In the homotopy series the graphs of the 

ratio    
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versus opposing  the number of terms m in the homotopy series is 

represented in Fig.3.  These figures indicate that the series (26) converges 

to the exact solution. 

 
Table 2 Convergence of HAM solutions for different order of 

approximations 

Order u(0) w(0) T(0) ϕ(0) 

5 0.10620400 0.031283400 0.53412318 0.46716189 

10 0.10621315 0.030166000 0.54427627 0.46723565 

15 0.10621472 0.029013511 0.54731928 0.46734612 

20 0.10622485 0.029015717 0.54731934 0.46735634 

25 0.10622487 0.029016788 0.54731936 0.46735657 

30 0.10622495 0.029023823 0.54732937 0.46735667 

35 0.10622496 0.029025837 0.54732938 0.46736671 

40 0.10622497 0.029025838 0.54732938 0.46736774 

45 0.10622498 0.029026893 0.54732939 0.46736775 

50 0.10622498 0.029026893 0.54732939 0.46736879 

55 0.10622498 0.029026893 0.54732939 0.46736879 

10 20 30 40

0.0

0.5

1.0

1.5

2.0

β
u

m

10 20 30 40

0.0

0.5

1.0

1.5

2.0

β
w

m

10 20 30 40

0.6

0.7

0.8

0.9

1.0

β
Τ

m

10 20 30 40

0.5

1.0

1.5

2.0

β
φ

m



Frontiers in Heat and Mass Transfer (FHMT), 8, 11 (2017)
DOI: 10.5098/hmt.8.11

Global Digital Central
ISSN: 2151-8629

  5

 

5. RESULTS AND DISCUSSION 
 

The influence of magnetic parameter, Hall, ion-slip parameters, 

Buoyancy ratio parameter and thermophoresis parameter on u(y), w(y), 

T(y) and φ(y)are represented graphically in Figures 4-7. To study these 

effect of these parameters, the computations were carried out by taking 

Le = 1.0, Br = 0.5, Pr = 1.0, Gr = 10, R = 1, Re = 2,  Nb = 0.5, and A = 

1. 

Figure 4 exhibits the impact of the magnetic parameter Ha on 

velocity in flow direction, induced flow velocity, temperature and 

nanoparticle concentration. Figure (4a) reveals that the dimensionless 

velocity is decreasing with the increase in Ha. The transverse magnetite 

field orthogonal to the flow direction gives a resistance force called as 

Lorentz force. This Lorentz force resists the fluid flow and due to this 

velocity in flow direction decrease. The influence of Ha on is represented 

in figure 4(b).  It is depicted from this figure that is increasing with a rise 

in Ha. Figure 4(c) explains the changes of dimensionless temperature 

with Ha. The temperature is decaying with the growth in the parameter 

Ha. Figure 4(d) interprets the variations of nanoparticle concentration 

with Ha. The nanoparticle concentration is reduced with an enhancement 

in the magnetite parameter. The resistance, created by the Lorentz force, 

increases the friction between its fluid layers hence decrease the 

temperature and nanoparticle concentration. 

The changes of velocity in flow direction, induced flow velocity, 

temperature and nanoparticle concentration with βh is presented in Figure 

5. It is identified from Figure 5(a) that the velocity is increasing with the 

rise in βh.  Figure 5(b) reveals that the induced flow in the direction of 

the z-axis is decreasing as the value of the Hall parameter raises. From 

Figure 5(c), it is noticed that the temperature is diminishing with the rise 

in βh.  Nanoparticle concentration   is decreasing with an increase in βh 

as depicted in Figure 5(d).  The inclusion of Hall currents reduces the 

effective conductivity and hence drops the resisting force enforced by the 

magnetic field. Hence the increase in the Hall parameter enhances the 

velocity component   and temperature. 

The variation of dimensionless velocity, induced flow velocity, 

temperature   and nanoparticle concentration with βi is shown in Figure 

6. It is seen from the Figure 6(a) that the velocity in flow direction is 

increasing with an enhancement in the parameter βi. Figure 6(b) reveals 

that the induced velocity flow is decaying as the ion-slip parameter 

enhances. From Figure 6(c), it is noticed that the temperature is 

diminishing with the rise in βi.  There is a decay in the nanoparticle 

concentration   with the rise in βi as depicted in Figure 6(d). 

Figure 7 represents the influence of Nr on velocity in flow direction, 

induced flow velocity, temperature   and nanoparticle concentration. 

From Figure 7(a), it is identified that the velocity is increasing with the 

rise in Nr.  Figure 7(b) explains that the induced flow in the direction of 

z-axes is diminishing with the rise in the parameter Nr. The 

dimensionless temperature   is rising with the rise in the parameter Nr as 

shown in Figure 7(c).  From figure (7d), it is noticed that the nanoparticle 

concentration   is decreasing with the enhancement in the parameter Nr. 

The significance of Nt on velocity in flow direction, induced flow 

velocity   , temperature   and nanoparticle concentration is represented in 

Figure 8. The velocity is increasing with the rise in Nt as shown in Figure 

8(a). An increase of Nt lead to increase in the effective conductivity, in 

turn, decrease in the damping force.   It is observed from Figure 8(b) that 

the induced flow in the direction of the z-axes   is diminishing with the 

enhancement in Nt.  Figure 8(c) reveals that the temperature   is 

increasing with the enhance in Nt. From Figure 8(d), it is noticed that the 

nanoparticle concentration is decaying with the enhancement in Nt. 
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Fig. 4 Effect of Ha on u(y), w(y), T(y) and ϕ(y) for Le = 1.0,Br = 0.5, Pr 

= 1.0, Gr = 10, R = 1, Re = 2, Nt = 0.5,Nb = 0.5, Sr = 0.5, Nr = 1.0, βi = 

2.0, βh = 2.0 and A = 1. 
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Fig. 5 Effect of βh on u(y), w(y), T(y) and ϕ(y) for Le = 1.0, Br = 0.5, 

Pr = 1.0, Gr = 10, R = 1, Re = 2, Nr = 1.0,Nt = 0.5,Nb = 0.5, Sr = 0.5, 

Ha = 4.0, βi = 2.0 and A = 1. 
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Fig. 6 Effect of βi on u(y), w(y), T(y) and ϕ(y)for  Le = 1.0,  Br = 0.5, Pr 

= 1.0, Gr = 10, R = 1, Re = 2, Nr = 1.0,Nt = 0.5,Nb = 0.5, Sr = 0.5, Ha = 

4.0, βh = 2.0 and A = 1. 
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Fig. 7 Effect of Nr on u(y), w(y), T(y) and ϕ(y)for  Le = 1.0,  Br = 0.5, 

Pr = 1.0, Gr = 10, R = 1, Re = 2, Nt = 0.5,Nb = 0.5, Sr = 0.5, Ha = 4.0, βi 

= 2.0, βh = 2.0 and A = 1. 
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Fig. 8 Effect of Nton u(y), w(y), T(y) and ϕ(y) for  Le = 1.0,  

Br = 0.5, Pr = 1.0, Gr = 10, R = 1, Re = 2, Nr = 1.0,Nb = 0.5, 

Sr = 0.5, Ha = 4.0, βi = 2.0, βh = 2.0 and A = 1. 
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6. CONCLUSIONS 
The present study investigates the influence of Hall current, Ion slip, 

thermoporesis and buoyancy ratio   on mixed convection flow of 

nanofluid in a vertical channel. Using HAM the non-dimensional 

nonlinear equations are solved.  The main decisions are encapsulated 

below: 

• The velocity, temperature, nanoparticle concentration decreases 

whereas the velocity in z-direction raises with the increment in 

magnetic parameter. 

• As Hall parameter increases, the dimensionless velocity and 

temperature rises, but the induced flow velocity and nanoparticle 

concentration decreased. 

• As Ion-slip parameter raises, the velocity and temperature increases, 

but the induced flow velocity and nanoparticle concentration 

decreases. 

 

NOMENCLATURE  
A     Constant pressure gradient 
Br      Brinkman number  

Cp      Specific heat capacity 

D       Mass diffusivity 

DB    Brownian diffusion coefficient 

DT Thermophoretic diffusion coefficient 

Gr    Grashof number  

Ha Hartman number 

Le  Lewis number  

Nb  Brownian motion parameter  

Nr     Buoyancy ratio is 

Nt Thermoporesis parameter 

Pr Prandtl number 

R      suction/injection parameter  

Re   Reynold's number 

βh     Hall parameter 

βi     Ion-slip parameter 

βT  Coefficients of thermal expansion 

ρ Density of the fluid 

g      Acceleration due to gravity 

µ Viscosity coefficient 

σ    Electrical conductivity 

α     Effective thermal diffusivity 

k  thermal conductivity 

υ      Kinematic viscosity coefficient  

u     Velocity 

v     Induced flow velocity 

T     Temperature  

ϕ    Nanoparticle concentration  
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