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ABSTRACT 

The current study deals with a numerical investigation of magnetoconvection and entropy generation within a lid driven square cavity subject to 

uniform magnetic field and filled with liquid metal. Effects of multiple parameters namely; the Prandtl, Hartmann and Richardson numbers were 

predicted and analyzed using a numerical methodology based on the finite volume method and a full multigrid technique. The numerical outcome of 

the present study shows that, the enhancement of Hartmann number declines the heat transfer rate for all liquid metals considered. Moreover, it is 

observed that augmenting the Richardson number leads to acceleration of the flow with a centro-symmetry for both velocity components. In terms of 

irreversibility phenomena, it is found that contrarily to the Hartmann parameter, enhancing the Richardson values leads to strengthening the entropy 

generation rates within the cavity especially for relatively highest values. The comparison of three situations of moving lids considered shows that the 

case where both horizontal walls are moving in opposite directions appears to strengthen the heat transfer and entropy generation within the cavity. 
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1. INTRODUCTION 

To Natural convection analysis in lid-driven cavities is one of the most 

widely studied problems in thermo-fluids areas. A great number of 

researches have been carried out in the past decades on cavities having 

one or more moving lids considering different combinations cavity 

shapes or imposed boundary conditions (Botella and Peyret, 1998; 

Erturk, 2009; Ouertatani et al., 2009; Lin et al., 2011; Abu-Nada, 

2015). On another hand, the mixed convection heat transfer and fluid 

flow in confined cavities in the presence of magnetic fields has also 

received considerable attention in recent years due to possible 

applications in many technological and industrial fields such as fusion 

reactors, crystal growth cooling of electronic systems, chemical 

processing equipment, and solar collectors (Oreper and Szekely, 1983; 

Naffouti et al., 2014; Kherief et al. 2012). In fact, numerous studies 

have analyzed the effect of applying external magnetic fields on 

convective heat transfer rate. In addition, a great interest has been paid 

to magneto-hydrodynamics (MHD) natural convection in the presence 

of liquid metals by applying magnetic field to control convection 

electrically low-conducting fluids, such as the melt of inorganic oxides 

and aqueous solutions of salts or semiconductor melts such as silicon 

(Mohamad and Viskanta 1994; Wang and Wakayama, 2002; Yazdi et 

al., 2014, Kolsi, 2016; Al-Rashed et al., 2017). For instance, in the 

natural convection case, Al-Mudhaf and Chamkha (2004) predicted the 

magneto-hydrodynamics (MHD) natural convection of electrically 

conducting liquid metals such as gallium and germanium in an inclined 

rectangular enclosure in the presence of a uniform magnetic field. It 

was found that, in the absence of a magnetic field, a three-cellular 

structure exits while this pattern does not exist for relatively weak 

Hartmann number values where a single vortex structure dominates. In 

addition, it was seen that exact tilt angle for which the average Nusselt 

number decreases or increases depended on the values of the fluid 

Prandtl and Rayleigh numbers for the fixed value of Hartmann 

parameter considered. A numerical study of natural convection flow of 

electrically conducting liquid gallium in a square cavity at which a 

uniform magnetic field inclined at an angle is externally imposed, was 

carried out by Sathiyamoorthy and Chamkha (2010). The authors 

demonstrated that the magnetic field with inclined angle has effects on 

the fluid flow and heat transfer rates in the cavity. It was also found that 

the average Nusselt number decreases non-linearly by increasing 

Hartmann number for any inclined angle. The magnetic field influence 

on natural convection of non-Newtonian power-law fluids in a 

sinusoidal heated cavity was predicted by Kefayati (2014). The 

numerical simulation was carried out for a magnetic field applied at 

different inclinations angle and for various Rayleigh and Hartmann 

numbers as well as power-law index values. The author demonstrated 

that the amount of the magnetic field affects in general the heat transfer 

rate and the fluid flow field was seen to be different in the vertical and 

horizontal ones. Furthermore, Mahmoudi et al. (2014) used the Lattice 

Boltzmann method to simulate the MHD natural convection in a 

nanofluid-filled cavity with linear temperature distribution when the 

magnetic field is varied. It was stated that for specific values of 

Rayleigh and Hartmann number, the heat transfer rate and fluid flow 

depend strongly on the direction of magnetic field. In addition, 

according to the Hartmann number, it was seen that the magnetic field 

direction controls the effects of nanoparticles. 

Although the available literature on magnetoconvection in 

confined is numerous, the corresponding research utilizing moving lids 

is quite sparse. For instance, Oztop et al. (2011) implemented the Finite 

Volume method to investigate the MHD mixed convection in a lid-

driven cavity having a corner heater. These authors demonstrated that 

the thermal boundary layer becomes higher with increasing of 

Hartmann number and isotherms fit with the corner, while the heat 
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transfer decreases with increasing of the Hartmann number values. In 

addition, Farid et al. (2013) carried out a numerical study of the MHD 

mixed convection in a lid driven enclosure with circular heated hollow 

cylinder. It was shown that flow velocity as well as the heat transfer 

rate is reduced with augmenting of Hartmann number. Besides, thinner 

thermal boundary layer was observed for lower values of Ha values, 

while strengthened thermal transfer rate was obtained for lower ones. 

Kefayati (2015) studied the influence of the application of a 

magnetic field on the mixed convection of shear-thinning fluids in a 

square lid-driven cavity with sinusoidal boundary conditions using 

finite difference lattice Boltzmann method. It was seen that the 

enhancement of Hartmann parameter declines heat and mass transfer 

rates for different buoyancy ratios and power-law indexes steadily 

at Ri = 0.00062 and 0.01. Furthermore, it was observed that the increase 

of Lewis number enhances the mass transfer rate for the studied 

Hartmann and buoyancy ratio values. In another contribution, using the 

same numerical technique, Kefayati (2015) predicted the laminar mixed 

convection of non-Newtonian nanofluids in a two sided lid-driven 

cavity filled with water and nanoparticles in the presence of a horizontal 

magnetic. He highlighted that the growing of Richardson number 

decreases the heat transfer and that the fall of the power law index 

declines it. Besides, the author stated that the increase in Hartmann 

number drops the heat transfer generally and also affects the power-law 

index and nanoparticle influences on mixed convection phenomenon. 

The above investigations all are based on the first-law of 

thermodynamics. However, to further improve the MHD convection, 

optimization based on the second-law of thermodynamics is 

compulsory. During the past three decades, entropy generation analysis 

has become a powerful tool to optimize various complicated systems. 

For instance, multiple studies predicted the irreversibility phenomenon 

within confined cavities. In this context, Mahmoudi et al. (2014) used 

the Lattice Boltzman technique to numerically analyze the natural 

convection in a square enclosure filled with nanofluid in the presence of 

magnetic field and uniform heat generation/absorption. The results 

show that the heat generation/absorption coefficient influences heat 

transfer rate, whereas it does not influence the entropy generation for 

specific parameters. Moreover, it was seen that adding nanoparticle 

diminished the entropy generation especially for higher values of 

Hartmann number. Mehrez et al. (2015) carried out a numerical 

prediction to investigate the effect of an external oriented magnetic 

field on heat transfer and entropy generation of Cu-water nanofluid 

flow in an open cavity heated from below. The results demonstrated 

that the entropy generation, the fluid flow behavior as well as the heat 

transfer rate are strongly affected by the presence of a magnetic field. 

Furthermore, it was shown that thermal rate and irreversibility criterion 

depend on the Richardson and Reynolds numbers while applying a 

magnetic field or adding nanoparticles. Very recently, the heat transfer 

and entropy generation due to laminar natural convection in a square 

cavity filled with non-Newtonian nanofluid has been analyzed by 

Kefayati (2015) using the Finite Difference Lattice Boltzmann Method. 

The author declared that the entropy generation due to fluid friction and 

heat transfer augments as the Rayleigh number value increases. In 

addition, he observed that strengthening the volume fraction enhances 

both the entropy generations due to heat transfer and to fluid friction in 

different power-law indexes.  

As shown by the above comprehensive literature conveys, and to 

the best knowledge of the authors, until now, there are no open studies 

available yet on entropy generation of MHD convection for the case of 

lid driven cavities. Furthermore, less attention has been attributed to lid-

driven cavity filled with a liquid metals. From this point of view, the 

current investigation aims to analyze the magnetoconvection and 

irreversibility phenomena within cavity filled with liquid metals for 

different cases of moving lids. The study is conducted numerically for 

various mainly governing parameters, whose effects upon the flow 

patterns, entropy generation, the temperature distributions and the 

thermal rate are discussed and analyzed.  

 

2. PHYSICAL MODEL AND FORMULATION 

 

2.1 Physical model and governing equations 

 

 

 
Fig. 1  Physical model with active side walls for the three investigated 

cases of the lid driven cavity. 

 

The physical model consists of a two-dimensional square cavity of 

height H and filled with a liquid metal in the presence of a uniform 

magnetic field B0
 
as schematically illustrated in Fig. 1. Note that the 

uniform magnetic field B0 is applied to the fluid in the normal direction 

to Y. The dimensionless Cartesian coordinates (X, Y), and the boundary 

conditions are indicated herein. Gravity acts in the negative Y-direction. 

The temperatures Th and Tc
 
are uniformly imposed on two opposing 

walls such that Th > Tc while the other two walls are assumed to be 

adiabatic. In the current study, three situations of moving lid will be 

considered as shown in Fig. 1. The first case corresponds to the 

situation where only the top wall is moving in the X-direction with 

constant velocity U0 (case 1). The second case describes the situation of 

lid driven cavity animated by the two horizontal walls moving in the 

same direction (case 2). The third case corresponds to the situation 

where both horizontal walls move in opposite directions (case 3). It is 

worth noting that ten liquid metals are considered in the current 

investigations and the corresponding Prandtl numbers are listed in 

Table 1. 

In the current study, all thermophysical properties of the fluid are 

supposed to be constant except for the density variation in the buoyancy 

term, where the Boussinesq approximation is adopted as: 

( )0 cρ ρ [1 β T T ]= − −  (1) 

where 0ρ  is the fluid density at the reference temperature 0T  and 

0(1 / )(ρ /β )Tρ= − ∂ ∂  is the thermal expansion coefficient. 

Furthermore, we assumed that radiation mode of heat transfer, 

Joule heating and Hall effects are neglected according to other modes of 

heat transfer. By employing the aforementioned assumptions, the 

governing equations can be expressed in their dimensionless form as 

follows: 
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The dimensionless quantities iX =(X, Y), iU =(U, V),  t, P or θ  denote 

the coordinates space, velocity component in the iX direction, time, 

pressure and temperature,  respectively. The governing equations (1-4) 

are non-dimensionalized using scales 2 2
0, / , / ,H H H Uα α ρ  and 

T∆ for coordinate space, velocity, time, pressure and temperature 

respectively, where 0 /U Hα= and T∆ is expressed as: h cT T T∆ = −
. 

The dimensionless temperature is defined as ( ) /cT T Tθ = − ∆ . The 

above system of equations introduce the following dimensionless 

parameters; Pr /υ α= , 0 /Ha B H σ ρυ= , 0Re /U H υ= , 

( ) 3 2/h cGr g T T Hβ υ= − , 2/ ReRi Gr=  denoting the Prandtl, 

Hartmann, Reynolds, Grashof and Richardson numbers, respectively.  

Here υ  is the kinematic viscosity of the fluid, α  is the thermal 

diffusivity, σ  is the electrical conductivity, and g is the acceleration 

due to gravity.  

On the solid walls no-slip boundary conditions were imposed. The 

relevant boundary conditions, if we consider the (case 1) where only the 

top wall is animated, are given as follows: 

• On the top wall (Y = 1) : 1U = , and 0
X

θ∂
=

∂
  

• On the bottom wall (Y = 0) : 0U = , and 0
X

θ∂
=

∂
  

• At the right wall (X= 1) : 0θ = , and U=V=0 

• At the left wall (X= 0) : 1θ = , and U=V=0 

The rate of heat transfer is computed at the left hot wall and is 

expressed in terms of the local Nusselt number as
0X

Nu
Y

θ

=

∂
= −

∂
. 

The resulting average Nusselt number is then defined as 
1

0
dYNu Nu= ∫  

                       
(6) 

2.2 Equations for entropy generation 

 
In MHD natural convection problem, the associated irreversibilities are 

due to heat transfer and fluid friction. According to local 

thermodynamic equilibrium of linear transport theory (Zahmatkesh 

2008; Mukhopadhyay, 2010; Kolsi et al., 2014; Magherbi et al., 2006), 

the dimensionless form of local entropy generation locS due to heat  

transfer loc
thS and to fluid friction loc

frS  for a two-dimensional heat and 

fluid flow is given by:  
loc loc loc

th frS S S= +      (7) 

where loc
thS and loc

frS  are expressed by: 

2 2
loc
thS

X Y

θ θ ∂ ∂   
 = +   

∂ ∂     

    (8) 

2 2 2

2 2loc
fr

U V U V
S

X Y Y X
ϕ
 ∂ ∂ ∂ ∂     
 = + + +     

∂ ∂ ∂ ∂       

  (9) 

 

where ϕ  denotes the irreversibility coefficient ratio defined by : 

 

which is taken constant at 0.01ϕ =  in the present investigation. 

The dimensionless total entropy generation totS  in the enclosure 

is given by the summation of the total entropy generation due to heat 

transfer thS  and fluid friction frS which in turn are obtained via 

integrating the local entropy generation rates loc
thS and loc

frS  over the 

domain Ω : 

loc loc loc
tot th fr th frS S d S d S d S S

Ω Ω Ω
= Ω = Ω + Ω = +∫ ∫ ∫  (11) 

Another dimensionless parameter is considered which is the Bejan 

number Be representing the ratio of heat transfer irreversibility to the 

total irreversibility due to heat transfer and fluid friction and defined as: 

th

th fr

S
Be

S S
=

+
     (12) 

3. NUMERICAL TECHNIQUE AND VALIDATION 

 

3.1 Numerical methodology 
 

The dimensionless Navier-Stokes equations were numerically solved 

using the following numerical methodology. The temporal 

discretization of the time derivative is performed by an Euler backward 

second-order implicit scheme. Non linear terms are evaluated explicitly; 

while, viscous terms are treated implicitly. The strong velocity–pressure 

coupling present in the continuity and the momentum equations is 

handled by implementing the projection method (Brown et al., 2001). A 

Poisson equation, with the divergence of the intermediate velocity field 

as the source term, is then computed to obtain the pressure correction 

and the real velocity field. We have also used a finite volume method 

on a staggered grid system in order to discretize the system of equations 

to be solved. The QUICK scheme of Hayase et al. (1992) is 

implemented to minimize the numerical diffusion for the advective 

terms. The Poisson equation which is solved using an accelerated full 

multigrid method (Ben-Cheikh et al., 2007), while the discretized 

equations are computed using the red and black point successive over-

relaxation method (Hadjidimos, 2000) with the choice of optimum 

relaxation factors. Finally, the convergence of the numerical results is 

established at each time step according to the following criterion: 

1
, , 8

,

max 10

m m
i j i j

m
i j

+
−

 Φ − Φ
  ≤
 Φ 

    (13) 

The generic variable Φ  stands for , ,U V P or θ  and, m indicates 

the iteration time levels. In the above inequality, the subscript sequence 

(i, j) represents the space coordinates X and Y. 

Simulations were performed by using a developed home code 

named “NASIM” (Ben-Beya and Lili, 2009; Oueslati et al., 2011; 

Oueslati et al., 2013;  Oueslati et al., 2014; Oueslati et al., 2014; 

Oueslati et al., 2015) using finite volume method and the numerical 

procedure described above. It is worth noting that all simulations of the 

present study were conducted with non-uniform grids of 2128 . 

0
U V

X Y

∂ ∂
+ =

∂ ∂
 (2) 

2 2

2 2

1
( )

Re

U U U P U U
U V

t X Y X X Y

∂ ∂ ∂ ∂ ∂ ∂
+ + = − + +

∂ ∂ ∂ ∂ ∂ ∂
 (3) 

2 2 2

2 2

1

Re Re

V V V P V V Ha
U V Ri V

t X Y Y X Y
θ

 ∂ ∂ ∂ ∂ ∂ ∂
+ + = − + + + −  ∂ ∂ ∂ ∂ ∂ ∂ 

 (4) 

2 2

2 2

1

Pr.Re
U V

t X Y X Y

θ θ θ θ θ ∂ ∂ ∂ ∂ ∂
+ + = +  ∂ ∂ ∂ ∂ ∂ 

 (5) 

2
0T

k H T

µ υ
ϕ

 
=  

∆ 
 

(10) 
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Furthermore, due to the presence of large gradients near the moving 

lids, we have chosen to generate a centro-symmetric grid with 

clustering near the walls using the following n grid point distribution: 

[ ]
( )

tanh (2 / 1)1
1

2 tanh
i

i n
X

ξ

ξ

 −
= +  

 
 (14) 

where ξ = 1.25 and 1 i n≤ ≤ .Similar grid point distribution has been 

used in the both directions of the cavity. 

 

3.2 Code validation 
 
Table 1 Different liquid metals considered  with corresponding 

Prandtl number values 

Metal Symbol Prandtl 

Sodium Na 0.0051 

Potassium K 0.0066 

Germanium Ge 0.0070 

Tin Sn 0.0110 

Lead Pb 0.0130 

Bismuth Bi 0.0142 

Aluminum Al 0.0150 

NaK-alloy NaK 0.0213 

Mercury Hg 0.0248 

Gallium Ga 0.0250 

 

Table2 Comparison of Nu obtained with the present code with those 

from literature for 42.10Gr =  
Ha P. 

study 

Sathiyam

oorthy 

and 

Chamk

ha 

(2012) 

% Rudraiah 
et al. 

(1995) 

% Sheikholeslami 

et al. (2013) 

% 

0 2.5018 2.5439 1.654 2.5188 0.674 2.5665 2.52 

10 2.2130 2.2385 1.139 2.2234 0.467 2.2662 2.35 

100 1.0063 1.0066 0.029 1.0110 0.464 1.0221 1.553 

Table 3 Numerical computations of the average Nusselt values 

obtained with the present simulations with those of Al-Mudhaf and 

Chamkha (2004) for the case of cavity filled with liquid gallium 

(Pr=0.025) and inclined with 45o  at 410Ra = . 

 

Ha Nu  Nu  

 Al-Mudhaf 

and Chamkha (2004) 

Present study 

50 1.86365 1.812094 

(2.766 %) 

70 1.42970 

 

1.38965 

(2.801 %) 

100 1.13567 1.120809 

(1.308 %) 

 

Before proceeding with numerical simulations in the case of the 

cavity filled with a liquid metal and subjected to the magnetic field, a 

first validation of the in-house code "NASIM" was conducted for the 

case of magnetoconvection. To do so, the numerical results of the 

average Nusselt values of this study are compared with those obtained 

by Sathiyamoorthy and Chamkha (2012), of Rudraiah et al. (1995) and 

also to the computations of Sheikholeslami et al. (2013) for the case of 

a square enclosure filled with air (Pr = 0.71). It should be noted that the 

corresponding results are obtained with a grid of 248 and a Grashof 

number Gr = 42 10× . As shown in Table 2 a good agreement between 

the results of this calculation code and those from literature is observed 

with a maximum relative error of about 2%. 

Furthermore, a second validation of our numerical simulations was 

carried out for the case of magnetoconvection in an inclined rectangular 

cavity of aspect ratio 2 and filled with liquid gallium (Pr = 0.025) 

corresponding to the case investigated by Al-Mudhaf and Chamkha 

(2004). The Nu  values predicted by the present code listed in Table 3 

are given for a Rayleigh number value Ra = 4Gr Pr 10× = and an 

inclination angle of 45o with respect to Hartmann number values Ha = 

50, 70 and 100. As we can clearly see from this table, a good agreement 

is still found, which once again demonstrates the robustness of this 

code. 

On another hand, and in order to demonstrate the performance of 

our code, we carried out a validation of our numerical simulations for 

the case of mixed convection with those obtained by Iwatsu et al. 

(1993) and Cheng (2011). The adopted configuration is a square cavity 

filled with air in which the upper wall is heated and animated while the 

lower one is kept cooled. It should be noted that the corresponding 

results are obtained with a grid of 2128 for different values of the 

Grashof number Gr = Ra/Pr. As depicted in Table 4, a fair agreement 

between the results of this calculation code and those in the literature 

are observed again. These validations make a good confidence in the 

present numerical code. 

 

Table 4 Comparison of the results of the present code with those 

obtained by Iwatsu et al. (1993) and Cheng (2011) for different 

Grashof values. 

 Gr 

Re 
References 210  410  610  

400 

Present study 4.12 3.89 1.20 

Iwatsu et al. (1993) 3.84 3.62 1.22 

Cheng (2011) 4.14 3.90 1.21 

1000 

Present study 6.79 6.73 1.82 

Iwatsu et al. (1993) 6.33 6.29 1.77 

Cheng (2011) 6.73 6.68 1.75 

 

 

4. RESULTS AND DISCUSSION 

 

4.1 Influence of Ha and Pr for the cavity filled with different 

liquid metals 
 

In order to understand the influence of Hartmann number which 

measures the force magnetic field on heat transfer in the lid-driven 

cavity filled a liquid metal, we illustrate in Fig. 2 the profiles variations 

of the average Nusselt number as function of the Hartmann parameter 

as well as the corresponding histograms for different number of Prandtl. 

Note that in this section we only consider the first case (case 1) 

illustrated in Fig. 1 describing the cavity where only the top wall is 

animated for Re=400 and Ri=100. 

As seen in Fig. 2, in addition to the control of the hydrodynamic 

(velocities), the magnetic field influence on the flow structures and 

thermal field is manifested generally by deceleration of the heat transfer 

rate. In fact, and for all the liquid metals, increasing the number of 

Hartmann causes monotonic decrease in average Nusselt values 

reflecting the ratio of total heat transfer by the thermal transfer rate due 

to conduction. The cause of this decrease experienced by the heat 

transfer rate is due to the presence of thermal buoyancy forces in 
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addition to the imposed magnetic field. In fact, this force acts in the 

opposite direction of flow which causes the reduction of the convective 

effect within the cavity. In other words, when the Hartmann number Ha 

increases, the magnitude order of magnetic force increases and, 

consequently, the intensity of the convective flow is hence reduced. On 

the other hand, histograms illustrated in Fig. 2 (b) shows that the most 

strengthened heat transfer rates are obtained for highest Prandtl 

numbers values. As shown in both figures, an increase of the Prandtl 

number is expressed by an improvement in the value of average Nusselt 

number where the maximum rate is obtained for the gallium which is 

the liquid metal corresponding to the greater value of Pr considered. 

 

 
Fig. 2 Evolution of average Nusselt number profiles as a function of 

Ha with corresponding histograms for different Prandtl number: (a) 

variations of Nu according to Ha and (b) corresponding histograms. 

 

4.2 Case of cavity filled with liquid gallium 

 

Effect of the Hartmann number 

In this section we propose to predict the effect of multiple 

parameters for the case of cavity filled with liquid gallium (Pr=0.025), 

which corresponds to the liquid metal giving the optimum of heat 

transfer rate as previously shown. Note that we still adopt the case of 

the enclosure where only the top wall is animated (case 1) with respect 

to fixed parameters 5Ra 4 10= × , 7Gr / Pr 1.6 10Ra= = × , Re=400 and 

Ri=100. 

 

 
Fig. 3 Isothermal structures in the cavity filled with liquid gallium for 

different Hartmann number corresponding to the Richardson number 

value Ri = 100 : (a) Ha = 40, (b) Ha = 60, (c) Ha = 80 and (d) Ha = 

100.  
 

In Fig. 3 are plotted the isothermal structures for various Hartmann 

number values corresponding to steady states, namely; Ha=40, 60, 80 

and 100. Examination of Fig. 3 indicates the dominance of the 

conductive regime when the Hartmann number strengthens especially 

for Ha = 80 and 100. This is shown by the thermal stratification 

described by isotherms that are deformed more and more and become 

almost parallel to the vertical walls. This is in good agreement with the 

Nusselt profile trends analyzed in Fig. 2 indicating that augmenting the 

magnitude of the magnetic field, meaning increasing the Ha value, has 

the tendency to decelerate the heat transfer rate in the enclosure filled 

with liquid gallium. On another hand, Fig. 4 illustrates a comparison of 

the projection of the fluid particle trajectories for both values of the 

Hartmann number Ha = 40 and 100. For the minimum value of 

Hartmann number Ha= 40, the flow is described by the presence of a 

primary vortex with two secondary ones turning counterclockwise. 

With a close scrutiny of the flow structures, we may also see the birth 

of fluid trajectory deformations at the vicinity of the four cavity 

corners, which may be due to the driving effect of the top wall. Indeed, 

it is generally known that in the case of lid-driven cavities, instabilities 

may arise due to the Taylor Gortler vortices that are responsible for 

such distortions near the corners. By rising the Hartmann number value 

up to Ha=100, the two secondary vortices merge and form a primary 

roll which occupies most part of the cavity describing the classical 

circulating of natural convection flow. 

 

Influence of the Richardson number 

 
In this section, we intend to highlight the effect of the Richardson 

number Ri on the flow pattern and heat transfer rate in the lid-driven 

cavity filled with liquid gallium. The simulations were conducted for Ri 

values in a range of Ri=0.01, 0.1, 1, 10 and 100 for the fixed parameters 

Ha= 100, Re=400 and Pr=0.025. 

Profile variations of the U and V-maximum velocity components 

are depicted in Fig.6. As illustrated by this figure, the circulating flow 

intensity has significantly increased; this is shown by the speed 

acceleration of the liquid metal in the enclosure. This seems to be in 

accordance with the velocity evolution profiles previously discussed in 

(a) 
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Fig. 5 demonstrating that augmenting the Richardson number leads to 

intensifying the flow velocity. 

In order to further predict the influence of Richardson parameter 

on the general flow structure, in Fig. 7 we illustrate the fluid particle 

trajectories for Ri=0.1, 1, 10 and 100 by fixing both parameters Ha and 

Pr at Ha = 100 and Pr = 0.025. For Ri = 0.1, we note the presence of 

three recirculation rolls, a primary vortex occupying the lower half side 

and two secondary vortices that develop near the top moving wall. By 

reaching the unit value (Ri=1), one of the second roll disappears and the 

main vortex gains more volume. By increasing the value of Ri, and 

from Ri=10, the two vortices seem to merge until reaching Ri = 100 

where a single vortex counterclockwise rotation occupies the whole 

volume of the cavity. 

 

 

 
Fig. 4 Trajectory of fluid particles for the extrema values of the 

Hartman number Ha = 40 (left) and 100 (right) for Ri=100 and Pr = 

0.025: (a) Ha = 40, (b) Ha= 100. 

 

 

 

 
 
 
Fig. 5 Velocity component profiles (a) U(Y) and (b) V(X) at the mid-

height (Y = 0.5) and the mid-width (X= 0.5) which correspond to 

Ri=0.01, 0.1, 1 and 10, for the fixed parameters Ha=100, Re=400 and 

Pr=0.025. 

 

 

 

 
 

Fig. 6 Velocity maxima variations maxU and maxV versus the 

Richardson number for fixed parameters (Ha = 100 and Pr = 0.025). 

 
Fig. 7 Stream traces of fluid particles for Ha=100 and Pr=0.025 with 

respect to different Richardson number values:  (a) Ri=0.1, (b) Ri=1, (c) 

Ri=10 and (c) Ri=100. 

 
In order to understand the Richardson effect on the heat transfer 

rate within the cavity, we report in Fig. 8 the variation of average 

Nusselt number with respect to the Richardson parameter values. 

Examination of this figure demonstrates that the value remains almost 

fixed to the unit ( Nu = 1) according to fairly small values of Ri; 

namely, Ri= 0.01, 0.1 and 1, reflecting the dominance of purely 

conductive regime. At the value Ri = 10, the profile exhibits an 

exponential growing and peaked at 100. Thus, based on the numerical 

results of the magnetoconvection mixed convection in the single lid-

driven square enclosure filled with liquid gallium, a correlation of 

average Nusselt was established as a function of Ri parameter as 

following 
( )a Ri bNu e × +=      (15) 

where a and b are constants given by -3a = 8.5126 10× and 

-3b = 8.64646 10  ×  
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Fig. 8 Profile variation of average Nusselt Number according to Ri for 

Ha = 100, Re = 400 and Pr = 0.025. 

 

Effect of the Hartmann number on the entropy generation 

 
In this section, we attempt to analyze magnetoconvection mixed 

convection in terms of irreversibility phenomena generated within the 

cavity driven by the top wall and filled with liquid gallium (Pr=0.025). 

The results are presented in terms of profiles of total entropy generation 

and irreversibility isocontours at the steady flow regime. Simulations 

are predicted for different values of the Hartmann 

number (30 100)Ha≤ ≤  with a step of 10, while the remaining 

parameters governing the flow are maintained fixed at ( 7Gr 1.6 10= × , 

Ri = 100 , and Re = 400 ). To illuminate the effects of Hartmann 

number on the irreversibility phenomena, profiles of the total entropy 

generations and the number of Bejan according to the Hartmann 

parameter are illustrated in Fig. 9. Variations of both total entropy 

generation due to fluid friction frS and to heat transfer thS  (Fig .9 (a)) 

show that the irreversibility rate continues to diminish by further 

increasing the Hartmann number. On the other hand, the comparison 

between the two sub-Figs. 9 (a) and 9 (b) indicates that the total 

production of entropy due to heat transfer is considerably larger than 

that due to viscosity, which means that entropy generation phenomena 

are dominated by the irreversible effects due to thermal gradients. This 

explains the close relative values obtained for the total entropy 

generation totS and those of thS  easily observed at Fig. 9 (b). 

Moreover, this figure also discloses reverse evolutions regarding the 

variations of both Bejan number and total entropy generation totS . This 

can be explained by the fact that the dimensionless Bejan number 

expresses the relative dominance of entropy generation due to heat 

transfer and fluid friction which induces an evolution inversely 

proportional to totS . Figure .10 displays the isocontours of local 

entropy production due to heat transfer loc
thS and loc

frS fluid friction, for 

selected values of Hartmann number Ha=40 and 100. It is visualized 

from this typical snapshots that the entropy generation only occurs at 

the vicinity of the vertical active walls for both values Ha=40 and 100, 

whereas the rest of the cavity remains stagnant at an equilibrium state. 

Furthermore, thermal local entropy structures and viscous ones are seen 

to be symmetrically distributed with respect to the diagonal and having 

significant values near these zones. By augmenting the Hartmann 

number, the irreversibility isocontours intensities decrease significantly 

meaning that the application of magnetic field reduces the effects of 

entropy generation in the cavity.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 9  Variations of total entropy generations versus Hartmann number 
for Ri = 100 and Pr = 0.025 (a) profiles of both total entropy 

generation due to fluid friction Sfr and to heat transfer Sth , and (b) total 

entropy generation Stot and Bejan number Be. 

 
Fig. 10 Typical snapshots of local entropy generation contours for Ha 

= 40 and 100 (Ri=100 and Pr = 0.025): (a) Isocontours of thermal local 

entropy loc
thS , and (b) structures of local entropy due to the fluid 

friction loc
frS .  
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Influence of Richardson parameter on the 

irreversibility phenomena  
 
In order to highlight the effect of the Richardson number on the 

irreversibility criterion present in the cavity, the total entropy 

generation profile totS as well as that due to fluid friction and heat 

transfer frS  and thS  
are depicted in Fig. 11 for the fixed parameters 

(Ha=100 and Pr=0.025). Contrarily to the Hartmann parameter, 

augmenting the Richardson value leads to enhancing the irreversibility 

rates within the cavity filled with liquid gallium. In fact, the entropy 

generation remains almost constant for the first three lowest Richardson 

values  Ri=0.1, 1 and 10, after which the profiles undergo a significant 

increase for relatively highest value Ri=100. Moreover, the figure 

shows again that the entropy generation is dominated by thermal 

effects. This is explained by the very close values of totS  
and thS . 

Moreover, smaller values of total entropy generation due to fluid 

friction frS
 
were reported in this figure which demonstrates again that 

irreversibility criterion rate in the case of magnetoconvection mixed 

convection are less influenced by the viscous effects of the fluid. 

 

4.2 Mixed convection for different cases of driving lids 
In this section, we will predict the Hartmann effect on the flow 

structure, the thermal field and irreversibility criterion exhibited in the 

driven cavity filled with liquid gallium for different case of driving lids 

( 5Ra 4 10= × , 7Gr / Pr 1.6 10Ra= = × , Ri = 100, and Pr = 0.025). The 

first case corresponds to the situation where only the top wall is driven 

(case 1). The second and third cases correspond to the situation where 

both top and bottom horizontal walls move in the same (case 2) and 

opposite directions (case 3). In Fig. 12 (a) are shown the histograms 

relative to the variation of average Nusselt number versus various 

Hartmann number for the three cases investigated. As illustrated in this 

figure, the case 3 corresponding to the situation where both horizontal 

walls are driven in opposite directions appears to provide the optimal 

heat transfer and this for all Ha values. Moreover, we can see that 

driving both lids (cases 2 and 3) increases the value of the average 

Nusselt number compared to the case where a single wall is kept mobile 

(case 1). This may explained by the fact that a further moving 

accelerates the flow and thereby enhances the convection in the cavity 

causing the increase of heat transfer rate. 

 

 
Fig. 11 Variations of the total entropy production due to fluid 

fiction frS , due to heat transfer thS  and total entropy generation 

totS as a function of Richardson number Ri for Ha = 100 and Pr = 

0.025. 

 
 

 
 
Fig. 12 Histograms of the average Nusselt number and total entropy 

generation as a function of the Ha values for the three cases 

investigated of lid driven cavities for Pr=0.025 and Ri = 100: (a) Nu , 

and (b) totS . 

 

On another hand, in order to quantify the irreversibility rate in the 

driven cavity according to all three cases considered, we illustrate in 

Fig. 12 (b) the variation of total entropy generation with the Hartmann 

number. This figure reflects that entropy generation seems to strengthen 

at the third case, and this is revealed in fair accordance with the 

variations of the average Nusselt number. This allows concluding that 

irreversibility phenomenon strongly depends on the heat transfer rate 

and thus can grow or diminish depending on the importance of the 

convection in the lid driven cavity filled with liquid metal.  

 

5. CONCLUSION 

The current study is concerned with the numerical simulation of 

magneto mixed convection and entropy generation phenomena within a 

lid driven square cavity filled with multiple liquid metals in the 

presence of a uniform magnetic field. Three situations of moving lid 

were considered in the current investigation. An in-house code based on 

finite volume method with the help of a full multigrid acceleration is 

implemented for the numerical computations. A code validation was 

firstly carried out with previously published studies on special cases of 

the considered problem and found to be in fair agreement. Effects of the 

main parameters; namely the Prandtl, Hartmann and Richardson 
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numbers as well as the lid driven situations on the heat transfer rate, 

thermal field and irreversibility phenomena were predicted and 

analyzed. For the first case were only the top lid is animated, it is 

determined that the magnetic field influence on the flow patterns and 

thermal field is manifested in general by reduction of the heat transfer 

rate for all liquid metals considered. Furthermore, for the cavity filled 

with liquid gallium, isotherm structures demonstrate that a conductive 

regime may occur and cause the birth of fluid trajectory deformations at 

the vicinity of the four cavity corners by strengthening the values of 

Hartmann number. Besides, the Richardson number effect is also 

discussed with the practical visualizations of velocity component 

profiles and stream traces. It is seen that the increase of Ri values leads 

to acceleration of the flow with a centro-symmetry that is exhibited 

according to all velocity component profiles. Besides, a correlation of 

average Nusselt number was established as a function of Ri parameter 

for the case of the single lid-driven cavity filled with liquid gallium. In 

terms of irreversibility phenomena, it was shown that both total entropy 

generation due to fluid friction and to heat transfer continues to lower 

by further augmenting the Hartmann number. Furthermore, it is found 

that entropy generation phenomena are dominated by the thermal 

irreversible effects in the lid driven cavity. On another hand, and 

contrarily to the Hartmann parameter, enhancing the Richardson 

number leads to strengthening the irreversibility rates within the cavity 

especially for relatively highest values while it has no significant effect 

for lower ones. Of particular interest is the comparison of the heat 

transfer and entropy generation criterion for different cases of driving 

lids. It was shown that the case where both horizontal walls are moving 

in opposite directions appears to provide the optimal heat transfer and 

to strengthen the irreversibility phenomena and this for all the values of 

Ha. 

NOMENCLATURE 

0B  
Magnitude of magnetic field 

Be Bejan number, ( )/th th frBe S S S= +  

g acceleration of gravity (m/s2) 

Gr Grashof number, ( ) 3 2/h cGr g T T Hβ υ= −  

H height of the enclosure (m) 

Ha Hartmann number, 0 /Ha B H σ ρυ=  

k conductivity (J m-1 s-1 K-1) 

Nu local Nusselt number 

Nu  average Nusselt number, defined in Eq. (5) 

P dimensionless pressure 

Pr Prandtl number, /υ α  

R gas constant 

Ra Rayleigh number, ( )3 /h cgH T Tβ υα−  

Re Reynolds number, 0Re /U H υ=  

Ri Richardson number, 2/ ReRi Gr=  

S  dimensionless entropy generation 

cT  
cold wall temperature (K) 

hT  hot wall temperature (K) 

T  temperature (K) 

t dimensionless time 

U, V dimensionless velocity components in X, Y directions 

0U  lid velocity, m/s 

X, Y dimensionless Cartesian coordinates 

Greek Symbols 

α  thermal diffusivity (m2/s) 

β  coefficient of thermal expansion (K-1) 

∆  difference value 

θ  dimensionless temperature, ( ) / ( )c h cT T T Tθ = − −   

υ  kinematics viscosity (m2/s) 

µ  dynamic viscosity, (Kg m-1 s-1) 

ρ  fluid density (kg/ m3) 

σ  electrical conductivity, 1 1
( )m− −Ω  

Φ  generic variable (U, V, P or θ ) 

ϕ  irreversibility coefficient ratio 

Ω  global domain 

Subscripts 

max maximum 

o reference value or location 

fr friction 

loc local 

th thermal 

tot total 
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