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ABSTRACT

This present investigation carried out the effects of Hall current, Joule heating and the thermal diffusion on mixed convection flow of electrically
conducting couple stress fluid in a vertical channel saturated with porous medium. The final system of ordinary differential equations are obtained
from the governing non-linear partial differential equations by using the similarity transformations. Homotopy Analysis Method has been used to
solve the non-linear system. The average residue errors of the HAM solutions are presented through graphs. The influence of the emerging parameters
(Hall, Soret, magnetic and the couple stress parameters) on velocity, temperature and concentration profiles are presented through plots. Finally heat
and mass transfer rates at both the plates are presented in tabular form.
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1. INTRODUCTION

Combined heat and mass transfer in mixed convection through a vertical
channel flow has considerable importance in many applications. Much of
the early literature of theoretical investigations and their applications on
mixed convection flow between parallel plates with heat and mass transfer
have been reported in Boulama and Galanis (2004). In their study, the an-
alytical expressions for velocity, temperature, and mass fraction profiles
are obtained and the conditions of flow reversal are analyzed for both the
cases UHF and UHT. Fattahi et al. (2012) applied the lattice boltzmann
technique to study the nature of free convection flow of nano fluids in a
square cavity. Huelsz and Rechtman (2013) also applied the lattice boltz-
mann technique for Heat transfer in an inclined square cavity due to nat-
ural convection of air in the laminar regime as both the Rayleigh number
and the inclination angle of the cavity change, in which the range of the
inclination angle covers a whole revolution. Martyushev and Sheremet
(2014) analyzed the Conjugate natural convection flow with surface ra-
diation in an air filled in square cavity enclosure having heat conducting
solid walls of finite thickness and a local heat source in conditions of con-
vective heat exchange with an environment. Most recently, Hasnain et al.
(2015) presented the effects of porosity and mixed convection on MHD
two phase fluid flow in an inclined channel.

In recent years, considerable attention has been devoted to Hall cur-
rent effect due to importance in many astrophysical and geophysical sit-
uations as well as in engineering problems such as centrifugal machines,
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constructions of turbines and Hall accelerators, induction flow meters,
MHD flows, planetary, solar dynamic problems and the studies which
can be helpful in prediction of the effects of magnetic intrusions. Also the
effect Joule heating is usually characterized by the product of the mag-
netic parameter and Brinkman number, and it has a very important role
in geophysical flow and in nuclear engineering (Rahman et al. (2011)).
Most recently, Zhang et al. (2015) presented the The Joule heating ef-
fects on natural convection flow of participating magnetohydrodynamics
under different levels of thermal radiation considering the Hall effect in
a cavity. After detailed analysis, Zhang et al. (2015) were found that
the Joule heating has notable effect on fluid flow and heat transfer in the
cavity and hence Joule heating cannot be neglected in certain range of
parameters.

Many fluids in technical processes exhibit non- Newtonian behavior
since the conventional Newtonian fluids are not specifically explains the
properties of real fluids. Among all such non- Newtonian fluids, Stokes
(1966) introduced the couple stress fluids, which have different features
such as non-symmetric stress tensor, body couples and couple stresses.
These fluids are able to describe various types of blood, suspension fluids,
lubricants etc. Later, Stokes (1984) was reported a review of couple stress
fluid dynamics. Then the basic properties, applications and the past liter-
ature of the couple stress fluids in different geometries was addressed by
Makinde and Eegunjobi (2013). Most recently, Turkyilmazoglu (2014)
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presented the exact solutions for two-dimensional laminar flow over a
continuously stretching or shrinking sheet in an electrically conducting
quiescent couple stress fluid, in which the exact solutions for both flow
and temperature fields under a boundary layer approach are targeted.

The influence of temperature gradient for the mass diffusion is called
the thermo-diffusion or soret effect. Soret effect has considerable atten-
tion in the flow regime when there exist a large density differences and
this will accelerate in presence of magnetic field. The applications and
early literature can be seen in the work of Afify (2009). Recently, Mah-
moud and Megahed (2013) presented the thermal radiation and cross dif-
fusion effects on mixed convection flow of a non-Newtonian power-law
fluids over a vertical surface embedded in a porous medium, the analysis
shown that the local Nusselt number increases as the suction parameter
or Soret number increases and decreases with increasing the injection
parameter or Dufour number in both pseudo-plastic and dilatant fluids.
Most recently, Srinivasacharya et al. (2015) studied the nature of soret
and dufour effects on mixed convection along a vertical wavy surface in a
porous medium with variable properties in which the viscosity and ther-
mal conductivity of the fluid are assumed to be varying with respect to
temperature.

In this paper, the mixed convection flow of a couple stress fluid
through a vertical channel saturated with porous medium is investigated
in presence of thermal diffusion, Hall current and Joule effect. The above
literature clearly shows that the physical significance of the effects of Hall
current under the uniform magnetic field, joule heating and thermal dif-
fusion effect in non- Newtonian fluids in a channel. The survey clearly
shows that the combined effects on couple stress fluid through vertical
channel in porous medium has not been presented else where. In view of
applications and importance, the authors are motivated to take this prob-
lem. The Homotopy Analysis Method (HAM) is employed to solve this
nonlinear problem. The HAM was proposed by Liao (2003). The method
of approach, recent developments of the HAM can be seen in Liao (2010);
Srinivasacharya and Kaladhar (2012). Detailed description of HAM has
been reported by Liao (2014). In this work, optimal values of the auxil-
iary parameters were presented in brief, also the convergence of the re-
sulting series solution is explained. Finally the influence of various flow
parameters on velocities, temperature and concentration is discussed.

2. FORMULATION OF THE PROBLEM

Consider an electrically conducting incompressible couple stress fluid
flow in a vertical channel saturated with porous medium. Cartesian coor-
dinate system is chosen in such a way that x-axis be taken along vertically
upward direction through the central line of the channel, y makes right
angle to vertical plates and both the plates are extended infinitely in x
and z directions. The vertical channel plates are placed at y = ±d. Uni-
form magnetic field is applied perpendicular to the plates (flow direction),
which causes the Hall and Joule heating effects in the flow regime. The
additional force in the z-direction is generated due to the effect of Hall
current, which gives rise to a cross flow therefore the flow becomes three
dimensional. The induced magnetic field can be neglected by assuming
that the magnetic Reynolds number is very small in study flow in compar-
ison with the applied magnetic field. Buoyancy forces and the uniform
pressure gradient in x direction leads to the mixed convection flow. The
coordinate system and configuration of the flow is presented in Figure 1.
In addition, all the fluid properties are assumed to be constant except the
density in the buoyancy term of the balance of momentum equation. With
the above presumptions, the governing equations for the incompressible
steady flow of couple stress fluid with MHD approximations are

vy = 0 (1)

Figure 1: Physical model and coordinate system.
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with

u = 0 at y = ±d (6a)

uyy = 0 at y = ±d (6b)

T = T1, at y = −d, T = T2, at y = d (6c)

C = C1, at y = −d, C = C2, at y = d (6d)

where the boundary condition (6b) imply that the couple stresses are zero
at the plate surfaces.

The velocity components in x−, y− and z− are u, v, w respectively,
ga is the acceleration due to gravity, ρ is the density, Cp is the specific
heat, µ is the coefficient of viscosity, βh is the Hall parameter, βT is the
coefficient of thermal expansion, βC is the coefficient of solutal expan-
sion, σ is the electric conductivity of the fluid, B0 is the uniform magnetic
field, D is the mass diffusivity, Kf is the coefficient of thermal conduc-
tivity, Tm is the mean fluid temperature and η1 is the additional viscosity
coefficient which specifies the character of couple-stresses in the fluid.
The last terms of (4), (5) represents the joule heating and tharmal diffu-
sions respectively. Equation (1) implies that the velocity in y direction v
is constant i.e. v = v0.

Introducing the following dimensionless variables

y = ηd, u = u0 f, w = u0 g, T − T1 = (T2 − T1)θ

C − C1 = (C2 − C1)φ, p =
µu0

d2
P

(7)

in equations (2) - (5), we obtain the governing dimensionless equa-
tions as
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with
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f = g = f ′′ = g′′ = 0 and θ = φ = 1 at η = 1
(12)

where the primes denote differentiation with respect to η, S =
1

d

√
η1

µ
is
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µ
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D
is the Schmidt number and J = Ha2Br is the Joule

heating parameter.
The physical quantities of interest in this problem are the skin fric-

tion coefficient, the Nusselt number and the Sherwood number. The
shearing stress, heat, mass fluxes at the vertical plate surfaces can be ob-
tained from

τw = µ
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The non-dimensional shear stress Cf =
τw

ρu2
0

, the Nusselt number

Nu =
qwd

Kf (T2 − T1)
and the Sherwood number Sh =

qmd

D(C2 − C1)
are given by

ReCf 1 = 2f ′(−1); ReCf 2 = 2f ′(1), Nu1,2 = − θ′(η)
∣∣
η=−1,1

Sh1,2 = − φ′(η)
∣∣
η=−1,1

;

(14)

Effect of the various parameters involved in the investigation on
these coefficients is discussed in the following section.
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Figure 2: The average residual error of f(η)
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Figure 3: The average residual error of g(η)

3. THE HAM SOLUTION OF THE PROBLEM

The initial approximations of the velocities (f(η), g(η)), temperature
θ(η) and the concentration φ(η) are chosen for HAM solutions as:

f0(η) = 0, g0(η) = 0, θ0(η) =
1 + η

2
, φ0(η) =

1 + η

2
(15)

with the auxiliary linear operators are

L1 =
∂4

∂η4
and L2 =

∂2

∂η2
(16)

such that

L1(c1η
3 + c2η

2 + c3η + c4) = 0, L2(c5η + c6) = 0 (17)

where c1, c2, ..., c6 are constants. The non-zero convergence control pa-
rameters h1, h2, h3 and h4 are introduced in zeroth-order deformations.

For HAM solutions the zeroth-order deformations; non-linear oper-
ators N1, N2, N3 and N4; average residual errors of f, g, θ and φ are con-
sidered as explained in the work of Srinivasacharya and Kaladhar (2012).

For the optimal values of the auxiliary parameters h1, h2, h3 and
h4, h-curves are plotted by taking the values of the parameters as GrT =
4, GrC = 4, Ha = 5, βh = 2, Da = 0.5, Re = 2, P r = 0.71, S =

3
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Figure 10: Magnetic parameter effect on f(η) when βh = 2, S =
0.5, Ha = 5, Sr = 2.0, Da = 0.5

0.5, Sc = 0.22, Br = 0.1, J = 1, A = 0.5, Sr = 1. The permissi-
ble values of h1, h2, h3 and h4 are obtained as -0.666044, -0.404893, -
0.805937, -1.0981 respectively with the average residue errors (explained
in Srinivasacharya and Kaladhar (2012)) shown in Figs. 2-5. Finally the
total average residual errors are presented in Table 1 at different order of
approximations and the convergence of the series solutions are shown in
Table 2.

In order to pursue the convergence of the HAM solutions to the ex-
act ones, the graphs for the ratio (following the recent work of Turkyil-
mazoglu (2011a,b))
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against the number of terms m in the homotopy series is presented in
Figs. 6-9. Figures strongly indicate that a finite limit of β will be attained
in the limit of m → ∞, which will remain less than unity. The velocity
and temperature solutions seem to converge in an oscillatory manner re-
quiring more terms in the homotopy series. Thus, the convergence to the
exact solution is assured by the HAM method.

4. DISCUSSION OF RESULTS

In absence of Hartmann number Ha, suction/injuction parameter R, Darcy
effect and the Buoyancy ratios (GrT /Re and GrC/Re), Eqn. (8) reduces
to the equation of motion for the flow between parallel plates given in text
book (Stokes (1966), page no. 44). Analytical solution of that equation
with type A conditions and HAM solution at different S are shown in
Table 3. The comparisons are found to be in a very good agreement.
Therefore, the HAM code can be used with great confidence to study the
problem considered in this paper.

The profiles of velocities (f(η), g(η)), temperature (θ(η)) and con-
centration (φ(η)) are computed and presented through plots in Figs. 10 to
29 with different values of Ha, βh, Sr, S. Computations were carried out
by fixing the parameters GrT = 4, GrC = 4, Re = 2, P r = 0.71, Sc =
0.22, Br = 0.1, J = 1, A = 0.5 to analyze the effects of the emerging
parameters Ha, βh, Sr and S.

Figure 10 presents the influence of the Hartman number Ha on
f(η). It is clear that increase in the parameter Ha leads to decrease the
flow velocity f(η). It is obvious that the nature of the transverse magnetic
field normal to the flow direction has an affinity to create drag (nothing
but Lorentz force), which leads to resist the flow. Therefore increase
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Figure 11: Magnetic parameter effect on g(η) when βh = 2, S =
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in magnetic parameter influences to decrease the flow velocity. Figure
11 shows that the effect of Ha on the induced flow velocity g(η). It is
noticed that the cross flow velocity increases as the magnetic parameter
increases. Figure 12 shows the influence of Ha on temperature profile.
It can be noticed from this figure that as Ha increases the temperature
of the flow decreases. The effect of magnetic parameter on φ(η) is re-
vealed in Fig. 13. From this figure it is clear that increase in Ha leads to
increase in concentration. As discussed above, the Lorentz force creates
resistance in the fluid which leads to the friction between the fluid layers.
Hence the temperature of the fluid decreases and concentration increases.

The variation of velocity components (f(η) and g(η)), temperature
θ(η) and concentration φ(η) with βh are shown in Figs.14 to 17. We
see that the dimensionless velocity component f(η) increases with an in-
crease in the Hall parameter. It can be seen from Fig. 15 that the induced
velocity decreases as βh increases. This is due to the inclusion of Hall pa-
rameter decreases the resistive force imposed by the magnetic field due to
its effect in reducing the effective conductivity. The effect of Hall param-
eter on temperature profile is shown in Fig. 16. It is clear from this figure
that the non-dimensional temperature profile increases with the increase
of Hall parameter. Literature shows that the hall effect is not significant
on temperature profile, but in this study the effect of βh on temperature
is markable because of joule heating and dissipation effects. Finally the
influence of Hall number on concentration is shown in Fig. 17. It is
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Figure 16: Hall effect on θ(η) when S = 0.5, Ha = 5, Sr = 2.0, Da =
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Figure 20: Effect of S on θ at Ha = 2, βh = 2, Sr = 2.0, Da = 0.5

observed from the figure that the dimensionless concentration decreases
with an increase in Hall parameter. This is due to the fact that increase in
temperature suppresses the concentration.

Influence of couple stress fluid on velocities, temperature and con-
centration are shown in Figs. 18 to 21. The flow velocity f(η), the in-
duced flow in the z-direction f(η) and the non dimensional temperature
profile decreases with the increase in S. Since increase in couple stress
parameter leads to the increase in the stress between all the coupled fluid
particles, this leads to the decrease in the velocities and the temperature
profile. It can be seen from fig. 21 that the increase in S leads to increase
in φ(η). It is observed that the newtonian fluid velocity is more than that
of the non-Newtonian fluid (Couple stress fluid).

Figures 22-23 reveal that the higher values of soret number Sr de-
creases the velocities. Since the values of Sr increases due to either
decrease in the temperature difference or increase in the concentration
difference. Therefore the velocity profiles decreases with the increase of
the Soret number i.e., the lowest peak of the reverse flow velocity com-
patible with the highest Soret parameter. Fig. 24 shows the influence
of Sr on temperature profile. It can seen from this figure that the tem-
perature decreases with the higher values of Sr. this is due to the flow
heats vigorously with the decrease of the Soret parameter. Figure 25 ex-
plains the nature of the concentration profile for different values of Sr.
It is seen that the concentration of the fluid increases with the increase of
Soret number. This is because of temperature gradients contribution to
diffusion of the species. The present analysis shows that the flow field is
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Figure 22: Effect of Sr on f at S = 1, Ha = 2, βh = 2.0, Da = 0.5
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Figure 23: Effect of Sr on g at S = 1, Ha = 2, βh = 2.0, Da = 0.5
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Figure 24: Effect of Sr on θ at S = 1, Ha = 2, βh = 2.0, Da = 0.5
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Figure 25: Effect of Sr on φ at S = 1, Ha = 2, βh = 2.0, Da = 0.5
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Figure 26: Effect of Da on f at S = 1, Ha = 2, βh = 2.0, Sr = 2
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Figure 27: Effect of Da on g at S = 1, Ha = 2, βh = 2.0, Sr = 2
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Figure 28: Effect of Da on θ at S = 1, Ha = 2, βh = 2.0, Sr = 2

appreciably influenced by the Soret number.
The nature of velocity components (f(η) and g(η)), temperature

θ(η) and concentration φ(η) with Da are presented in Figs.26 to 29. We
see that the dimensionless velocity component f(η) increases with an in-
crease in the darcy number. It can be seen from Fig. 27 that the induced
velocity increases as Da increases. This is due to the fact that the lower
permeability enhances the flow, which leads to increases the velocities of
the flow. The effect of darcy parameter on temperature profile is shown
in Fig. 28. It is clear from this figure that the non-dimensional temper-
ature profile increases with the increase of darcy parameter. Finally the
influence of darcy number on concentration is shown in Fig. 29. It is
observed from the figure that the dimensionless concentration decreases
with an increase in darcy parameter. From this study we find that lesser
the permeability of porous medium smaller the magnitude of the veloc-
ities, temperature and for further lowering of the permeability larger the
magnitude of concentration in the entire flow region.

Variation of couple stress parameter (S), thermal diffusion param-
eter (Sr), magnetic parameter Ha together with the Hall number (βh)
is presented in Table 4 with fixed values of other parameters. It is ob-
served from this table that the skin friction coefficient increases with the
increase of Soret parameter (Sr), where as heat transfer rate and mass
transfer rates have reverse trend at both the plates, this is because of the
applied magnetic field which is applied from one plate η = −1. It can be
seen that the skin friction coefficient and heat transfer rate decreases at the
initial plate and increases at the terminal plate where as the reverse trend
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Figure 29: Effect of Da on φ at S = 1, Ha = 2, βh = 2.0, Sr = 2

Table 1: Total average residual errors at different order of approximations

Order Error

10 4.11× 10−7

14 1.93× 10−10

16 1.39× 10−11

18 1.91× 10−12

20 1.68× 10−14

30 4.19× 10−20

is noticed on mass transfer rate with an increase in Ha. As magnetic pa-
rameter increases, the resistive force slow downs the friction factor and
heat transfer rate at η = −1. The effect of couple stress parameter S on
friction factor, heat and mass transfer rates are shown in Table 4. It is
clear that the values of f ′ are increases with an increase in S. The heat
and mass transfer rates are decreases at the initial plate and those are in-
creases at the other plate with the enhance in S. Finally, for fixed values
of S, Sr and Ha the effect of hall parameter on the skin-friction coef-
ficient, the rate of heat and mass transfers are shown in this table. The
behavior of these parameters are self-evident from the Table 4 and hence
are not discussed for brevity.

5. CONCLUSIONS

The present study investigates the steady manetohydrodynamic flow of
couple stress fluid in a vertical channel saturated with porous medium in
presence of Hall, joule heating and the soret effects. HAM is used to solve
the final dimensionless governing equations. The significant findings are
summarized as:

Table 2: Convergence of HAM solutions for different order of approxi-
mations

m f(0) g(0) θ(0) φ(0)

05 0.09613224020 0.01396554134 0.2009053728 0.4545198791
10 0.09771396108 0.01381574081 0.1975840548 0.4540248490
15 0.09776432443 0.01380893259 0.1975921270 0.4539927535
20 0.09776431461 0.01380895941 0.1975939094 0.4539927247
25 0.09776431461 0.01380895907 0.1975939006 0.4539927229
30 0.09776431461 0.01380895907 0.1975939006 0.4539927229

Table 3: Comparison of flow velocity (f ) for Ha = R = GrT /Re =
GrC/Re = 1/Da = 0

S = 0.5 S = 1
η Analytical HAM Analytical HAM
-1 0 0 0 0
-0.5 0.2275 0.2275 0.1057 0.1057
0 0.3164 0.3164 0.1480 0.1480
0.5 0.2275 0.2275 0.1057 0.1057
-1 0 0 0 0

Table 4: Effects of skin friction coefficient, heat and mass transfer rates
for various values of Sr, Ha, βh and S when Re = 2, N = 5, P r =
0.7, Br = 0.5, Gr = 0.5 and Sc = 0.22

Sr Ha βh S f′(−1) f′(1) Nu1 Nu1 Sh1 Sh2

0.2 2 2 0.5 0.1046 -0.3918 -0.0366 0.0630 -0.1003 -1.4130
0.6 2 2 0.5 0.1133 -0.4061 -0.0387 0.0661 -0.1018 -1.4055
1 2 2 0.5 0.1219 -0.4202 -0.0407 0.0692 -0.1035 -1.3977
1 1 2 0.5 0.1499 -0.4655 -0.0130 0.0215 -0.1085 -1.3746
1 3 2 0.5 0.0793 -0.3496 -0.0474 0.1063 -0.0928 -1.4311
1 5 2 0.5 0.0119 -0.2130 -0.0592 0.1116 -0.0936 -1.4721
1 2 2 0.2 0.0295 -0.7361 -0.0220 0.1223 -0.1035 -1.3272
1 2 2 0.4 0.1000 -0.4983 -0.0382 0.0843 -0.1029 -1.3792
1 2 2 0.6 0.1332 -0.3599 -0.0398 0.0563 -0.1049 -1.4123
1 2 1 0.5 0.0941 -0.3722 -0.0359 0.0636 -0.0999 -1.4172
1 2 3 0.5 0.1369 -0.4449 -0.0354 0.0591 -0.1059 -1.3873
1 2 5 0.5 0.1486 -0.4638 -0.0251 0.0415 -0.1078 -1.3792

• Fluid flow velocity and the temperature profiles are disintegrate
where as the flow in z-direction and the concentration profile in-
creases with an increase in Ha.

• As βh increases, the flow direction velocity and temperature pro-
files are increases but reverse trend can be observed in case of in-
duced flow velocity and the concentration.

• It is noticed that the presence of couple stresses in the fluid de-
creases the velocity, temperature and increases the concentration
of the fluid.

• The velocities and temperature are decreases, while mass transfer
rate increases with the increase in the soret parameter.

• Increase in the darcy number increases the velocities and tempera-
ture but decreases the concentration.

NOMENCLATURE

A Constant pressure gradient.
B0 Uniform magnetic field.
Br Brinkman number.
C Concentration.
CP Specific heat.
D Solutal diffusivity.
Da Darcy number.
f Reduced stream function.
ga Acceleration due to gravity.
GrC Thermal Grashof number.
GrT Energy Grashof number.
Ha Magnetic parameter.
Kf Thermal conductivity.
Nu Nusselt number.
Pr Prandtl number.
qm Mass transfer from the plate.
qw Heat transfer from the plate.
R Suction/induction parameter.
Re Reynolds number.
S Couple stress fluid parameter.

9



Frontiers in Heat and Mass Transfer (FHMT), 7, 6 (2016)
DOI: 10.5098/hmt.7.6

Global Digital Central
ISSN: 2151-8629

Sc Schmidt number.
Sh Local Sherwood number.
Sr Soret Parameter.
T Temperature.
Tm Mean fluid temperature.
u0 Entrance flow velocity.
u, v Velocities in x and y directions.
x, y Coordinates along and normal to the plate.
βT Thermal expansion coefficient.
βC Solutal expansion coefficient.
η Pseudo-similarity variable.
η1 The coupling material constant.
µ Dynamic viscosity.
ν Kinematic viscosity.
φ non-Dimensional concentration.
ρ fluid Density.
θ non-Dimensional temperature.

SUPERSCRIPT

′ Differentiation with respect to η.
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