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ABSTRACT 

This paper presents the effects of protrusions on heat transfer in a microtube and in a two-dimensional microchannel of finite wall thickness. The 
effects of protrusion shape, size, and number were investigated. Calculations were done for incompressible flow of a Newtonian fluid with 
developing momentum and thermal boundary layers under uniform and discrete heating conditions. It was found that the local Nusselt number near a 
protrusion changes significantly with the variations of Reynolds number, height, width, and distance between protrusions, and the distribution of 
discrete heat sources. The results presented in the paper demonstrate that protrusions can be used advantageously for the enhancement of local heat 
transfer whereas the global performance may be enhanced or diminished based on the channel geometry.   
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1. INTRODUCTION 

There has been a remarkable growth in the field of Micro Electro 
Mechanical Systems (MEMS) over the last twenty five years. 
Experimental and theoretical studies in the literature have shown that a 
very high rate of heat and mass transfer in microchannels is the key to 
the extreme technologies being developed. As a matter of fact, the 
increase in power dissipation of electrical circuits has led to the usage 
of different geometries, different materials and different coolants as 
substrates and working fluids to effectively remove the generated heat. 
This paper explores the steady state heat transfer characteristics in 
circular microtubes and two-dimensional microchannels with 
protrusions of various shapes and sizes in the flow field.  

A review of experimental data on microchannels has been 
presented by Morini (2004) and a review of micro-fabrication 
techniques has been presented by Kandlikar and Grande (2003). 
Although a large pool of experimental data for both pressure drop and 
Nusselt number are available, a complete understanding of convection 
in a microtube or microchannel is still an open problem. A major issue 
that received considerable attention in recent literature is whether the 
continuum/classical model (the conventional Navier-Stokes equations 
and the conventional energy equation) are valid at the microscale. 
Adams et al. (1998) reported experimental data for turbulent, forced 
convection of water in circular microtubes with diameters of 0.76 and 
1.09 mm. They noted that the classical correlations for Nusselt number 
under-predicted the measured values and they proposed a specialized 
correlation. More recently, a similar experiment was performed by 
Owhaib and Palm (2004) in which turbulent forced convection of R-
134a was investigated in a single microtube (0.8, 1.2, or 1.7 mm 
internal diameter). Their results showed good agreement with classical 
correlations, while none of the specialized correlations including the 
one by Adams et al. (1998) agreed with the test data. Guo and Li (2003) 
argued that discrepancies between the experimental results for 

microchannels and the classical correlations might be due to 
measurement errors and should not be misinterpreted as being caused 
by novel phenomena at the microscale. Harms et al. (1999) carried out 
experiments on single phase forced convection in deep rectangular 
microchannels. Two configurations were tested, a single channel system 
and a multiple channel system. The experimentally obtained local 
Nusselt number agreed reasonably well with classical developing 
channel flow theory. Quadir et al. (2001) applied a finite element 
method to evaluate the performance of microchannel heat exchangers. 

Liu et al. (2007) conducted a numerical investigation for fluid flow 
and heat transfer in microchannel cooling passages taking into account 
the effects of viscosity and thermal conductivity variations at low 
Reynolds numbers. It was found that the velocity fields were highly 
coupled with distribution of temperature and got distorted by variations 
of viscosity and thermal conductivity. Lelea et al. (2004) conducted 
experimental and numerical research on fluid flow and heat transfer in 
microtubes of diameters of 0.1, 0.3 and 0.5mm for laminar flow with 
Reynolds numbers up to 800 and distilled water as the working fluid. 
They confirmed that the classical or conventional theories are 
applicable for water flow through microtubes when the entrance effects 
are considered.  

Lee et al. (2004) conducted an experimental investigation to 
explore the validity of classical correlations based on conventional 
sized channels for predicting the thermal behavior in single-phase flow 
through rectangular microchannels. The microchannels considered 
ranged in width from 194 µm to 534 µm, with the channel depth being 
nominally five times the width in each case. Each test piece was made 
of copper and contained ten microchannels in parallel. The experiments 
were conducted with water, with the Reynolds number ranging from 
approximately 300 to 3500. Numerical predictions based on a classical, 
continuum approach was found to be in good agreement with 
experimental data. Shevade and Rahman (2007) investigated the 
velocity and temperature distributions in microchannels with 
rectangular and square cross sections during volumetric heat generation 
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due to an imposed magnetic field. Gandolinium was used as the 
substrate material and water was used as the working fluid. Wang and 
Ding (2008) presented the experimental investigation of a complicated 
microchannel system that contained parallel longitudinal microchannels 
etched in a silicon substrate and transverse microchannels electroplated 
on a copper heat spreader. The addition of transverse channels resulted 
in an overall enhancement of heat transfer. 

Chen and Wang (1998) experimentally examined the forced 
convective flow over two sequentially heated blocks mounted on one 
principal wall of a channel. In these experiments, the various block 
spacing were used and the Reynolds numbers were set at 1300 and 
10000 which corresponded to the laminar and turbulent convective 
flow cases, respectively. Chang and Yang (2004) numerically 
investigated electrokinetically driven flow mixing in microchannels by 
incorporating pattered rectangular blocks to enhance species mixing. 
They found that the species mixing was enhanced by creating a stronger 
diffusion effect due to the constriction in the bulk flow. They also 
showed that patterning heterogeneous upper surfaces on the rectangular 
blocks enhance species mixing. Korichi and Oufer (2005) investigated 
the effect of the presence of three blocks, two on the lower wall and one 
on the upper wall on laminar convective heat transfer. The effects of 
Reynolds number, block spacing and dimensions and solid to fluid 
thermal conductivity ratio were studied for a uniform heat flux through 
the blocks. They found that as the value of Reynolds number was 
increased, the heat removal rate from the obstacles also increased with a 
maximum heat removal around the obstacle corners. They also showed 
that the temperature difference between the three obstacles decreased 
with increase in Reynolds number. Croce and D’Agaro (2005) 
investigated the roughness effect on heat transfer and pressure loss in 
microscale tubes and channels using a finite element CFD code. Surface 
roughness was explicitly modeled through a set of randomly generated 
peaks along the ideal smooth surface. Different peak shapes and 
distributions were considered. They assumed a fully developed flow in 
their analysis. In a later study, Croce et al. (2007) modeled surface 
roughness in microchannel as a set of three-dimensional conical peaks. 
Different peak heights and distributions in transverse and streamwise 
directions were considered. They found that there is a remarkable effect 
of roughness on pressure drop but a weaker effect of it on Nusselt 
number. The performance was also found to depend strongly on the 
geometric details of the roughness elements.  

Arora et al. (2007) investigated wall features that create stable 
disrupted flow and break the laminar boundary layer in a microchannel 
over a wide range of flow rates. Experiments with gas flow with and 
without wall features showed that heat transfer increase is 20-80% more 
compared to the pressure drop increase in the laminar regime. Xua et al. 
(2008) presented three-dimensional numerical simulations of conjugate 
heat transfer in conventional and interrupted microchannel heat sinks. 
The interrupted design consisted of shortened parallel microchannels 
and transverse microchambers. The periodic developing flow resulted 
in significant enhancement of heat transfer. Lee and Teo (2008) 
numerically studied the effects of slanted grooves on the microchannel 
wall. The heat transfer was found to increase up to 12% without 
incurring substantial additional pressure drop. Abouali and 
Baghernezhad (2010) numerically studied the effects of rectangular and 
arc shaped grooves on microchannel surfaces.  

This paper presents a numerical analysis of fluid flow and heat 
transfer processes in a circular microtube and in a two-dimensional 
microchannel that have obstructions in the flow path due to protrusions 
from the wall. We take into consideration the wall thickness and study 
the effects of strategically applying heat flux at the location where the 
surface effects (protrusions) are located and then compare with cases 
where the heat flux is applied at locations away from the protrusion or 
uniformly over the entire channel or tube outer wall. Different 
protrusion shapes modeled are rectangular, triangular, and semi-
circular. For the rectangular one, the height and the width of the 
protrusions are varied from 5% to 10% of the diameter of the 

microtube. Also the effect of more than one protrusion in the flow path 
is investigated by placing three and five equally spaced protrusions in 
the flow. The objective is to come up with a detailed understanding of 
the conjugate heat transfer and the effects of protrusion dimensions, 
spacing between them, and flow rate on the variations of Nusselt 
number. The novelty of this research is to find the details of fluid flow 
and convective heat transfer around a protrusion in a microchannel or 
microtube that has not been explored in any previous study. It may be 
noted that results obtained in previous studies on turbulent fluid flow 
and heat transfer in large size channels with obstructions particularly 
those done in relation to turbine blade cooling cannot be applied to the 
design of microchannel heat exchangers having laminar flow, because 
of significant difference in channel geometry as well as the fact that the 
flow pattern around a protrusion is quite different for laminar and 
turbulent flow regimes.  The results presented here quantitatively 
demonstrate the effects of all related parameters. 

2. ANALYSIS AND COMPUTATION 

A schematic diagram of the microtube or microchannel is shown in 
figure 1(a). The y-z axes refers to the Cartesian coordinate system used 
for the analysis of flow and heat transfer in a two-dimensional 
microchannel whereas the r-z axes refer to the cylindrical coordinate 
system used for the analysis of axi-symmetric flow and heat transfer in 
a microtube. The length of the channel or tube is divided into five 
sections and heat is supplied in three different configurations as shown 
in figure 1(a). In case I all sections are heated, in case II Sections 1, 3, 
and 5 are heated and in case III sections 2 and 4 are heated. The total 
length of the tube or channel is “L” and its wall thickness is “t”. Heat is 
applied to the outer surface of the channel or tube and two-dimensional 
protrusions of height “e” and length “b” are present at the inner surface. 
In case of semi-circular shaped protrusion, the length is “bc” which is 
twice of “e”. In case of multiple protrusions, they are equally spaced 
around the center protrusion with a spacing “s”.  

 
(a) 

 
(b) 

Fig. 1 Schematic diagram of the physical problem: (a) microchannel 
(microtube) cross-section; (b) Enlarged view of various shapes 
of the protrusions used. 
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Figure 1(b) shows the various geometries of the protrusions 
investigated. The liquid coolant enters the micro-tube with a uniform 
velocity win and uniform temperature Tin. The flow is assumed to be 
incompressible, laminar, and steady. The applicable equations for the 
conservation of mass, momentum, and energy in the fluid region are 
(Kays et al., 2005), 

( ) 0=⋅∇ V
�

ρ      (1) 

VPVV
���

2)( ∇+−∇=∇⋅ µρ    (2) 

ffp TkTVC ∇⋅∇=∇⋅ )(
�

ρ    (3) 

Assuming constant thermal conductivity, the energy conservation 
equation in the solid structure is (Özisik, 1993), 

∇ 2
Ts = 0      (4) 

The boundary conditions for the fluid flow in a microtube or a two-
dimensional microchannel are: 
At z = 0, 0 ≤ r < D/2 or 0 ≤ y < B/2:  

vr = 0 or v = 0, w = win, T = Tin   (5) 
At z = L, 0 ≤ r < D/2 or 0 ≤ y < B/2: P = 0  (6) 
At 0 ≤ z ≤ L, r = 0 or y = 0:  

vr = 0, 
∂w
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= 0 , 0=
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The boundary conditions for conduction in the solid region are: 

At z=0, D/2 < r < D/2+t or B/2 < y < B/2+t: 
∂Ts

∂z
= 0  (8) 

At z=L, D/2 < r < D/2+t or B/2 < y < B/2+t: 
∂Ts

∂z
= 0  (9) 

At 0 ≤ z ≤ L, r = D/2+t or y = B/2+t:  
∂Ts

∂r
= qw

    or     
∂Ts
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   (10) 

At the solid-fluid interface (tube or channel inner wall or on the 
surfaces of the protrusions: 
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n

T
k

n

T
k s

s

f

f
∂

∂
=

∂

∂
     (11) 

where n is the direction perpendicular to the surface. 
The governing equations along with the boundary conditions were 

solved using the Galerkin finite element method. Four node 
quadrilateral elements were used. The aspect ratio (the ratio of the 
element lengths in the z-direction to the r- or y-direction) was 
maintained greater than 1 and less than 8. In each element, the velocity, 
pressure, and temperature fields were approximated which led to a set 
of equations that defined the continuum. The Newton-Raphson 
algorithm was used to solve the nonlinear system of discretized 
equations.  An iterative procedure was used to arrive at the solution for 
the velocity and temperature fields. The solution was considered 
converged when the field values became practically constant and the 
relative change from one iteration to the next reduced below 10E-6. 

The distribution of cells in the computational domain was 
determined from a series of tests with different number of elements. 
Results for the variation of local Nusselt number were generated for 
two cases: the first one being a microtube containing a rectangular 
protrusion of e=0.05D, and the other for the two-dimensional 
microchannel with a rectangular protrusion of e=0.05B using different 
mesh sizes in each case. The numbers of elements were 150x8 (150 in 
the axial direction x 8 in the radial/vertical direction), 300x16, 450x24 
and 600x32. The results of these simulations showed that for both 
cases, grid independence is attained if 450x24 mesh is used for 
simulation. Therefore, the results reported in this paper used 450x24 
elements in axial and radial/vertical directions. 

3. RESULTS AND DISCUSSION 

We considered three different heating cases for both microtube and two-
dimensional microchannel. In case I, a constant heat flux was applied to 
all the sections resulting in uniform heating. In case II, sections 1, 3, 
and 5 were heated. Section 3 is the part of the tube where the protrusion 
is present (for the single protrusion case). In this case, sections 2 and 4 
were not heated (insulated). In case III, sections 2 and 4 were supplied 
with a constant heat flux and sections 1, 3 and 5 were kept insulated. 
Magnitude of heat flux was adjusted for each of the discrete heating 
cases in order to make the same total heat input for all the cases. The 
fluid entering the microtube or microchannel was maintained at Tin = 
20oC. The diameter of the microtube (D) or the distance between walls 
in the two-dimensional microchannel (B) was also kept at a constant 
value of 700 µm. The inlet velocity (win) was varied to provide a range 
of Reynolds number from 500 to 1500. The height of the protrusion 
was varied between e = 0.05D to e = 0.1D and the width was varied 
between b = 0.05D and b = 0.1D for the rectangular protrusion. For the 
triangular protrusion, e = 0.05D and b = 0.05D were used. The semi-
circular protrusion had a radius of 0.05D. A length of L=1cm was used. 
The wall thickness was varied in the range t=100-700 µm. Aluminum 
was used as the solid material. Its properties were assumed to remain 
constant over the working temperature range. Water and R-134a were 
used as working fluids. The properties of these fluids were correlated 
according to the following equations. For water between 293 K < T < 
400 K; Cpf = 9.5x10-3T2 – 5.9299T + 5098.1; kf = -7.0x10-6T2 + 
5.8x10-3T – 0.4765; ρf = -2.7x10-3T2 + 1.3104T + 848.07; and   ln(µf) = 
-3.27017 – 0.0131T. For R-134a between 230 K < T 360 K;   Cpf = 
1x10-4T2 – 0.0493T + 7.6462; kf = 0.0003T2– 0.5937T + 234.62;    ρf = 
-0.0224T2 + 9.0255T + 5.18.72; ln(µf) = -0.014217T + 4.880646. 
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Fig. 2 Local Nusselt number variation for different heat input scenario 
(Re=500): (a) Microtube, (b) Two-dimensional microchannel. 
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Figure 2 compares local Nusselt number variation along the length 
of the microchannel and microtube with rectangular protrusion for the 
three heating cases. In figure 2(a), we see that in heating case I, where 
all the sections of the microtube are heated, has a gradual decrease in 
Nusselt number as the flow moves downstream until the protrusion is 
encountered. At the location where the protrusion is present, there is a 
rapid fall in the value of the local Nusselt number as the flow is 
interrupted by the presence of the protrusion and the fluid moves away 
from the heated wall to go over the protrusion. At the leading edge of 
the protrusion, there is a gradual increase in local Nusselt number along 
the front wall. At the top front corner, the value of local Nusselt number 
is the highest because the momentum and the thermal boundary layers 
begin to form again using the corner of the protrusion as the leading 
edge. As the boundary layer thickness increases, we can see a gradual 
decrease of local Nusselt number until the flow reaches the trailing 
corner. Then at the rear wall of the protrusion, we observe a gradual fall 
in local Nusselt number due to expansion of the flow and associated 
recirculation. Starting with the bottom trailing edge of the protrusion, 
Nusselt number gradually increases downstream in the recirculating 
region following the protrusion. Then the local Nusselt number value 
recovers to the trend followed by a smooth microtube.  

In heating case II, the value of local Nusselt number dips at 
ξ/L=0.2 because the section from ξ/L=0.2 and ξ/L=0.4 is not heated and 
then the curve loops up as the heat flux is applied at section 3 i.e. 
ξ/L=0.4 to ξ/L=0.6. Section 3 is where the protrusion is located and we 
see a similar behavior in the variation of local Nusselt as seen in case I. 
In section 4, the value of Nusselt number goes down as we don’t have 
heating at this section. The value of Nusselt number goes up again in 
section 5. At the front top corner of the protrusion, the jump in the 
value of local Nusselt number in this case is higher compared to case I. 
This is due to localized heating with higher heat flux at section 3 where 
the protrusion is present. In case III, as the section 2 is heated, the 
Nusselt number is more at ξ/L=0.2 and then falls a little at ξ/L=0.4. At 
the protrusion the values of Nusselt number is lower than that of cases I 
and II, but follows the same trend in the variation of local Nusselt 
number. We observe that the value of Nusselt number is more for this 
case in section 4 due to the fact that a localized heating is done at that 
section. In section 5 which starts from ξ/L=0.8 we see that the value of 
Nusselt number goes down as there is no heat flux being applied at that 
section. 

Figure 2 (b) shows the variation of local Nusselt number for two-
dimensional microchannel for the three heating cases. The trend of the 
local Nusselt number variation is exactly identical to the trend observed 
in the microtube; the only difference is that the value of local Nusselt 
number is approximately twice that of the microtube. This is because 
the hydraulic diameter used in the calculation of Nusselt number is 2B 
for the case of two-dimensional microchannel, whereas it is the tube 
diameter D for the case of microtube. The heat transfer coefficients for 
the two cases are on the same order of magnitude. It may be also noted 
in Figure 2 that local Nusselt number decreases to a very small value 
(but not zero) at the trailing end of the protrusion. This is because of 
low rate of convective heat transfer due to stagnant fluid at the trailing 
corner of the protrusion. 

Figure 3 shows the variation of local Nusselt number along 
various geometries of the protrusions such as rectangular, triangular, 
and semicircular protrusions and compared those with the smooth 
microtube case for all the three heating cases. Figure 3(a) shows the 
local Nusselt number variation for various shapes for heating case I 
where the heat flux is applied uniformly along the outer wall of the 
microtube. Here the rectangular and the triangular protrusions start at 
ξ/L=0.5 and end at ξ/L=0.507 and the semicircular protrusion starts at 
ξ/L=0.5 and ends at ξ/L=0.51. In the protrusions of rectangular and 
triangular shapes we observe that there is a drop in the local value of 
Nusselt number before the beginning of the protrusion because the flow 
is interrupted by the presence of the protrusion and the fluid moves 
away from the heated wall to go over the protrusion. This creates  
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(c)  

Fig. 3 Local Nusselt number along streamwise direction for 
rectangular, triangular and semicircular protrusions in a 
microtube (Re=500): (a) Heating case I, (b) Heating case II, (c) 
Heating case III. 

 
a small recirculation region before the protrusion where the heat 
transfer rate falls below the smooth microchannel. For the rectangular 
shaped protrusion, there is a gradual increase of local Nusselt number 
along the front wall followed by an abrupt increase as we reach the top 
wall of the protrusion. At the top front corner, the value of local Nusselt 
number is the highest because the momentum and the thermal boundary 
layers begin to form again using the corner of the protrusion as the 
leading edge. As the boundary layer thickness increases we can see a 
gradual decrease of Nusselt number until the flow reaches the trailing 
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corner. Then at the rear wall of the protrusion, we observe a gradual fall 
in local Nusselt number due to expansion of the flow and associated 
recirculation. Starting with the bottom trailing edge of the protrusion, 
Nusselt number gradually increases downstream in the recirculating 
region following the protrusion.  

In the case of the triangular shaped protrusion we see a steady 
increase in the value of local Nusselt number as the cross-sectional area 
of the flow decreases and local fluid velocity increases in the direction 
of the flow. A peak is seen at the vertex of the triangle. At the 
downstream side of the triangle, the Nusselt number first decreases 
abruptly and then gradually. The sharp corner directs the main flow to a 
larger distance downstream and the rear wall of the protrusion is 
essentially occupied by the recirculating flow. A minimum is seen at a 
location just downstream from the protrusion. Further downstream, the 
Nusselt number increases gradually. For the case involving the 
semicircular protrusion, the rise and fall of local Nusselt number along 
the protrusion is quite gradual showing much smoother transition 
compared to the other two shapes of the protrusion. The maximum 
Nusselt number is seen at the tip of the semi-circle where the flow area 
is the minimum. When the inlet velocity of the fluid was increased to 
obtain higher Reynolds numbers, we saw an increase in the magnitude 
of the Nusselt number at the location of the protrusion. The distribution 
pattern, however, remained the same. 

Figure 3(b) shows the variation of local Nusselt number for 
heating case II in which the heat flux is applied at sections 1, 3, and 5 
and the protrusion is located at section 3. Here we see that the value of 
local Nusselt number jump at all the three protrusion shapes is higher 
compared to the other two heating cases. This is again due to fact that 
the heat flux is discretely applied at the protrusion and in the heated 
portion of the tube immediately preceding the protrusion resulting in 
the development of a new thermal boundary layer at the start of section 
3. Figure 3(c) shows the local Nusselt number variation for the third 
heating case where the heat flux is applied at sections away from the 
location of the protrusion, i.e. sections 2 and 4. Here the peak Nusselt 
number came out to be lower because of lower Nusselt number 
compared to other cases immediately before the protrusion. It may be 
also noted that heat is transferred by axial conduction in the tube and 
eventually dissipated by convection from the inner walls of the tube and 
the protrusion. 

The effects of various sizes of the protrusion for the three heating 
cases can again be interpreted by comparison of local Nusselt number. 
Here, we varied two parameters height “e” and width “b” of the 
protrusion: first the height of the protrusion “e” was varied (from 0.05 
to 0.1 times “D”) keeping the width “b” constant, next the height “e” 
was kept constant and the width “b” was varied (from 0.05 to 0.1 times 
“D”). It was thought that a protrusion height of 5-10% of channel 
diameter will be adequate to enhance the local heat transfer rate at the 
protrusion without blocking the flow too much that may adversely 
affect the pumping power. 

Figure 4(a) shows the variation of local Nusselt number along the 
streamwise direction for a constant width of b/D=0.05 for the heating 
case I where a constant heat flux is applied all along the length of the 
tube. We see that as the height of the protrusion increases the value of 
local Nusselt number also increases. The highest Nusselt number for 
each case is seen at the top front corner. This is due to the formation of 
both thermal and momentum boundary layers at the top of the 
protrusion with the front top corner as the leading edge. With the 
increase of protrusion height i.e. “e/D”, the flow cross-sectional area 
reduces and causes a larger velocity of flow in the area covered by the 
protrusion. This enhances the local convection heat transfer coefficient. 
A larger “e/D” however, means a larger jump for the flow and therefore 
a longer recirculation region before and after the protrusion. In those 
areas, Nusselt number decreases with increase of “e/D”. 

Figure 4(b) shows the streamwise local Nusselt number variation 
for the heating case II where sections 1, 3, and 5 are heated and the 
protrusion is located in the middle of the 3rd section. Here again we 

observe similar local Nusselt number variation as seen in heating case I 
but the value of the maximum Nusselt number is greater than the 
previous case. Figure 4(c) shows the variation of local Nusselt number 
for the heating case III in which the heat flux is not applied to the 
section where the protrusion is located. Here the jump in the value of 
local Nusselt number of each height is lesser than those in cases I and 
II, due to the fact that Nusselt number starts up with a lower value as 
the flow approaches the protrusion since no heat flux is being applied at 
section 3 where the protrusion is located. 
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Fig. 4 Local Nusselt number when varying height ‘e’ keeping ‘b’ 

constant for a rectangular protrusion in a microtube (Re=500): 
(a) Heating case I, (b) Heating case II, (c) Heating case III. 
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Fig. 5 Local Nusselt number when varying width ‘b’ keeping ‘e’ 
constant for a rectangular protrusion in a microtube (Re=500): 
(a) Heating case I, (b) Heating case II, (c) Heating case III. 

 
Now the height i.e. “e/D” is kept constant and the width i.e. “b/D” 

of the protrusion is varied and the variation of local Nusselt number is 
shown in figure 5 for all three heating cases. Figure 5(a) shows the 
variation of local Nusselt Number for the heating case I where the heat 
flux is applied uniformly along the length of the microtube. Here, we 
can notice that the value of local Nusselt number remains the same for 
all three protrusions until the trailing edge of the protrusion is 
approached. Different values in the recirculation region downstream of 
the protrusion are primarily due to different locations for the start of the 
new thermal boundary layer. Figures 5(b) and 5(c) respectively present 
the variations of local Nusselt number along the streamwise direction 

for the heating cases II and III. The trend in the variation of local 
Nusselt number in these figures is the same as that in Figure 5(a) but 
the values are different. The highest value of local Nusselt number is 
obtained for the heating case II because there is discrete heating with 
higher heat flux at the section of the microtube where the protrusion is 
located. 
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(a) Heating Case I. 

0

5

10

15

20

25

0.495 0.500 0.505 0.510 0.515 0.520 0.525

ξ/L

L
o
c
a
l 

N
u

ss
e
lt

 N
u

m
b

e
r

t/D = 0.1428

t/D = 0.28571

t/D = 0.5714

t/D = 1

 
(b) Heating Case II. 
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(c) Heating Case III. 

 
Fig. 6 Local Nusselt number variation with wall thickness in aluminum 

microtubes with refrigerant R-134a as the working fluid. 
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All the above results obtained were for the wall thickness of 100 
µm i.e. t/D = 0.1428; now we can increase the wall thickness to 200 µm 
(t/D = 0.28571), 400 µm (t/D = 0.5714) and 700 µm (t/D = 1). Figures 
6 (a), (b), and (c) show the variation of local Nusselt number for 
different wall thicknesses used in the circular microtube with a 
rectangular protrusion at the 3rd section, for the three heating cases. 

Figure 6 (a) shows the variation of local Nusselt number for case I 
where the heat flux is applied uniformly all along the protrusion. We 
observe a steady decrease in the value of jump in Nusselt number at the 
start of the protrusion as the wall thickness increases. This is due of the 
smoothening effect of the wall of the microtube because as the wall 
thickness is increased the distance the heat has to travel to the inner 
wall is increased and also the heat gets more evenly conducted within 
the solid medium, thus causing the reduced temperature gradient and in 
turn the reduced local Nusselt number value. Figure 6 (b) shows the 
variation of local Nusselt number at the protrusion for various 
thicknesses for case II where the heat flux is applied at the protrusion. 
Here we see that there is a similar decrease in the jump of value of 
Nusselt number at the protrusion but the maximum values reached for 
this case is higher than the values seen in figure 6 (a) for the first case. 
In figure 6 (c) we see the local Nusselt number variation at the 
protrusions for various thicknesses for case III, where no heat flux is 
being applied at the protrusion. In this case the distance traveled by the 
heat is larger which causes the temperature gradient at the inner wall 
i.e. the solid-fluid interface to be lower causing the reduction in the 
value of local Nusselt number. Here, we also observe that the decrease 
in the value of local Nusselt number with thickness is smaller compared 
to the other two cases. 

0

5

10

15

20

25

30

35

40

45

0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00

ξ/L

L
o
ca

l 
N

u
ss

e
lt

 N
u

m
b

er

Smooth Microtube

Rectangular Obstruction Microtube

Smooth Microchannel

Rectangular Obstruction Microchannel

 
Fig. 7 Local Nusselt number comparison for aluminum microchannels 

and microtubes with three protrusions using water as the 
working fluid. 

 
Till now we have seen the effects of a single protrusion on the 

variation of local Nusselt number. Now we consider more than one 
protrusion in the flow path. For this we consider two configurations, the 
first configuration consists of three protrusions and the second 
configuration consist of five protrusions in both cases equally spaced 
along the length of the microtube or microchannel. Figure 7 presents 
the results for the three equally spaced protrusions in the flow path for 
both the microtube and microchannel and compared those with the 
smooth microtube and microchannel for the case where a uniform heat 
flux is applied all along the length of the microtube or microchannel. It 
can be observed that the local Nusselt number again peaks at the top 
front corner of the protrusion similar to case of the single protrusion. 
But the highest value of local Nusselt number at the protrusion goes on 
decreasing along the length even though the protrusions are of the same 
height and width. This is because of the larger bulk fluid temperature as 
the flow moves downstream. The local heat transfer rate is intimately 
related to the wall to fluid temperature difference. As the wall to fluid 

temperature difference drops, the local heat transfer coefficient or 
Nusselt number drops. Another interesting observation from figure 7 is 
that after each protrusion the local Nusselt number recovers to the 
distribution shown by smooth tube or channel. Therefore, if sufficient 
distance is provided between protrusions, the local Nusselt number over 
a good portion of the tube or channel that are away from restricted areas 
will not be affected by the presence of the protrusion or there is no 
significant history effect of the flow. It suggests that protrusions can be 
conveniently used to trigger local enhancement without greatly 
affecting the overall heat transfer pattern. Similar characteristics were 
seen in the case of the triangular and semi-circular protrusions. 

Figure 8 presents the results for the second configuration 
containing five equally spaced protrusions. It can be observed that the 
local Nusselt number variation is similar to that of the three protrusion 
configuration, but the distance between the consecutive protrusions is 
smaller and hence the flow just stabilizes and the momentum and 
thermal boundary layers are not fully established in the region between 
protrusions before the flow is again disturbed. Hence we see that the 
local Nusselt number values do just catch up with the smooth microtube 
or microchannel values. Due to smaller distance between protrusions, 
the flow cannot recover before being disturbed by the subsequent 
protrusion. Therefore, the number of protrusions and spacing between 
them have very important roles in controlling the overall heat transfer 
characteristics of the system. 
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Fig. 8 Local Nusselt number comparison for aluminum microchannels 

and microtubes with five protrusions using water as the working 
fluid. 

 
Until now we studied the local Nusselt number variation for 

microchannels and microtubes with protrusions. Average Nusselt 
number can be calculated by taking an area weighted average of all the 
local values of Nusselt number along the length of the microchannel or 
microtube. Figure 9 shows the average Nusselt number for different 
Reynolds numbers and shapes of protrusion for the heating case I in 
which the heat flux is applied uniformly all along the length of the tube. 
In figure 9(a), we find that a reduction in the global heat transfer rate 
for a microtube containing a protrusion when compared to a smooth 
microtube. This decrease is a function of both the shape of the 
protrusion and the Reynolds number. The actual shape of the protrusion 
has an effect on the numerical values of Nusselt number, but does not 
change the qualitative behavior. The decrease in the heat transfer 
coefficient is more for the rectangular shape. This can be explained as: 
the global Nusselt number is the surface area weighted average of 
values at the peaks (higher than the smooth microtube) and values at 
the valleys (lower than smooth microtube). The peaks cover a lower 
area (smaller radius) compared to the valley (higher radius). In addition, 
the peak happening at the protrusion covers a smaller length compared 
to the lengths covered by the two recirculating regions at the valley. 
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Hence, the balance is shifted to a lower average Nusselt number. In 
Figure 9(b) we compare the average Nusselt number for various shapes 
of the protrusions in a two-dimensional microchannel with the smooth 
two-dimensional microchannel for Reynolds numbers varying from 500 
to 1500. Here we find an increase in the average Nusselt number for the 
channel containing the protrusion when compared to the smooth 
channel. This increase is again a function of both the shape of the 
protrusion and the Reynolds number. A rectangular protrusion provides 
the largest enhancement of average Nusselt number. It may be noted 
that all locations of local Nusselt number are now associated with the 
same area unlike the case of microtube and that results in an overall 
enhancement of average Nusselt number when a protrusion is present. 
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(b) 

Fig. 9 Average Nusselt number for various protrusion shapes: (a) 
circular microtube; (b) two-dimensional microchannel. 

 
In Figure 10(a) we see the variation of average Nusselt number for 

smooth microtube and the microtubes with one, three and five 
protrusions for heating case I. The smooth tube has the highest Nusselt 
number and the other three configurations have lesser average values. 
But in Figure 10(b) the smooth channel has the lowest Nusselt number 
when compared to the other three configurations. It can be noticed that 
1-protrusion case has the highest enhancement compared to multiple 
protrusions in the flow path. 

4. CONCLUSIONS 

Effects of protrusions on the conjugate heat transfer in microtubes 
and microchannels were investigated. The Nusselt number is found to 
be sensitive to the shape and the size of the protrusion. For a 
rectangular protrusion, we noticed a sudden jump in local Nusselt 
number value due to the start of a new thermal boundary layer at the 

front corner of the protrusion. For other protrusion shapes, a gradual 
increase in Nusselt number along the protrusion happens until 
minimum flow area is reached and then a gradual decrease happens 
further downstream. When the height of the protrusion is increased, the 
peak value of local Nusselt number also increases. The trend of 
variation of local Nusselt number around the protrusion was the same 
for circular microtube and two-dimensional microchannel, but the 
values in the case of microchannel was significantly higher. In the 
circular microtube with protrusion case, we noticed a reduction in 
average Nusselt number when compared to the smooth tube. The single 
protrusion configuration has the lowest average Nusselt number value 
when compared to the three protrusion and the five protrusion 
configurations for the microtube. On the other hand, in the two-
dimensional microchannel case we noticed an increase in global value 
of Nusselt number when compared to smooth microchannel. 
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Fig. 10 Average Nusselt number for repeated protrusions: (a) circular 
microtube; (b) two-dimensional microchannel. 

NOMENCLATURE 

b Length of rectangular protrusion, m 
bc Length of semi-circular protrusion, m 
B Height of two-dimensional microchannel, m 
Cp Specific heat, J/kg-K 
D Tube diameter, m 
d Diameter of the tube or height of the channel at the  peak of 

the protrusion, m 
e Height of the protrusion, m  
k Thermal conductivity, W/m.K 
L Tube length, m 
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Nu Local peripheral average Nusselt number, (q”w D)/(k (Tw-
Tb))[tube], (2q”w B)/(k (Tw-Tb))[channel] 

Nuavg Average Nusselt number for the entire tube or channel 
P Pressure, N/m2 
Re Reynolds number, (winD)/ν)[tube], (winB)/ν)[channel] 
r  Radial coordinate, m 
s Spacing between two consecutive protrusions, m 
T Temperature, oC 
t Wall thickness, m 
v Velocity component in the y-direction 
vr Velocity component in the radial direction, m/s 

V
�

 Velocity vector, m/s 
w Velocity component in the axial direction, m/s 
y y-coordinate, m 
z Axial coordinate, m 
Greek symbols  

µ Dynamic viscosity, kg/ m.s 
ξ Distance along the wall, m 
ρ Density, kg/m3 
Subscripts  

b Bulk 
f Fluid 
in Inlet 
s Solid 
w Wall 
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